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Preface 


In 1977 the Mathematics Department at the University of California, Berkeley, 
instituted a written examination as one of the first major requirements toward the 
Ph.D. degree in Mathematics. This examination replaced a system of standardized 
Qualifying Exams. Its purpose was to determine whether first-year students in the 
Ph.D. program had mastered basic mathematics well enough to continue in the 
program with a reasonable chance of success. 

Historically, any one examination is passed by approximately half of the stu- 
dents taking it and students are allowed three attempts. Since its inception, the 
exam has become a major hurdle to overcome in the pursuit of the degree and, 
therefore, a measure of the minimum requirements to successful completion of 
the program at Berkeley. Even though students are allowed three attempts, most 
would agree that the ideal time to complete the requirement is during the first 
month of the program rather than in the middle or end of the first year. This book 
was conceived on this premise, and its intent is to publicize the material and aid 
in the preparation for the examination during the undergraduate years, when one 
is deeply involved with the material that it covers. 

The examination is now offered twice a year in the second week of each semester, 
and consists of 6 hours of written work given over a 2-day period with 9 problems 
each (10 before 1988). Students select 6 of the 9 problems (7 of 10 before 1988). 
Most of the examination covers material, mainly in analysis and algebra, that 
should be a part of a well-prepared mathematics student's undergraduate training. 
This book is a compilation of the more than 1000 problems which have appeared 
on the Prelims during the last few decades and currently make up a collection 
which is a delightful field to plow through, and solutions to most of them. 



When Berkeley was on the Quarter system, exams were given three times a 
yean Spring, Summer, and Fall. Since 1986, the exams have been given twice a 
year, in January and September. 

From the first examination through Fall 1981, the policy was: two attempts 
allowed; each examination 6 hours; total 14/20 problems. From Winter 1982 
through Spring 1988, the policy was: two attempts allowed; each examination 
8 hours; total 14/20 problems. Starting Fall 1988, the policy was: three attempts 
allowed; each examination 6 hours; total 12/18 problems. In all cases, the exami- 
nation must be passed within 13 months of entering the Ph.D. program. 

The problems are organized by subject and ordered in increasing level of dif- 
ficulty, within clusters. Each one is tagged with the academic term of the exam 
in which it appeared using abbreviations of the type Fa87 to designate the exam 
given in the Fall semester of 1987. Problems that have appeared more than once 
have been merged and show multiple tags for each exam. Sometimes the merge 
required slight modifications in the text (a few to make the problem correct!), but 
the original text has been preserved in an electronic version of the exams (see 
Appendix A). Other items in the Appendices include the syllabus, passing scores 
for the exams and a Bibliography used throughout the solutions. 

Classifying a collection of problems as vast as this one by subjects is not an easy 
task. Some of the problems are interdisciplinary and some have solutions as varied 
as Analysis and Number Theory (1.1.18 comes to mind!), and the choices are 
invariably hard. In most of these cases, we provide the reader with an alternative 
classification or pointers to similar problems elsewhere. 

We would like to hear about other solutions to the problems here and comments 
on the existing ones. They can be sent by e-mail to the authors. 

This project started many years ago, when one of us (PNdS) came to Berke- 
ley and had to go through the lack of information and uncertainties of the exam 
and got involved with a problem solving group. First thanks go to the group’s 
members: Dino Lorenzini, Hung The Dinh, Kin-Yin Li, and Jorge Zubelli, and 
then to the Prelim Workshop leaders, many of whose names escape us now but 
the list includes, besides ourselves, Matthew Wiener, Dmitry Gokhman, Keith 
Keames, Geon Ho Choe, Mike May, Eliza Sachs, Ben Lotto, Ted Jones, David 
Cruz-Uribe, Jonathan Walden, Saul Schleimer and Howard Thompson; and also 
to the many people we have discussed these problems with like Don Sarason, 
George Bergman, Reginald Koo, D. Popa, C. Costara, J6zsef S&ndor, Elton Hsu, 
Enlin Pan, Bjorn Poonen, Assaf Wool and Jin-Gen Yang. Many thanks to Deb- 
bie Craig for swift typesetting of many of the problems and to Janet Yonan for 
her help with the archeological work of finding many of the old and lost problem 
sets, and finally to Nefeli’s for the best coffee west of Rome, we would not have 
survived without it! 

We thank also the Department of Mathematics and the Portuguese Studies Pro- 
gram of UC Berkeley, MSRI, University of Lisbon, CMAF, JNICT, PRAXIS 
XXI, FEDER, project PRAXIS/2/2.1/MAT/125/94 and FLAD, which supported 
one of the authors on the Summers of 96, 97, 2000 and 2002, and CNPq grant 
20.1553/82-MA that supported the other during the initial phase of this project. 



This is a project that could not have been accomplished in any typesetting 
system other than T|X. The problems and solutions are part of a two-pronged 
database that is called by sourcing programs that generate several versions (work- 
ing, final paper version, per-exams list, and the on-line HTML and PDF versions) 
from a single source. Silvio Levy’s T 13 X support and counseling was a major re- 
source backing our efforts and many thanks also to Noam Shomron for help with 
non-standard typesetting. 


Berkeley, California 
August 2003 

Jorge Nuno Silva 
jnsilva@lmc . fc.ul .pt 


Paulo Ney de Souza 
desouza@math . berkeley . edu 
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Parti 


Problems 




1 

Real Analysis 


1.1 Elementary Calculus 

Problem 1.1.1 (Fa87) Prove that (cos 6) p ^ cos(p&) for 0 ^ 6 < jr/2 and 

0 < p < 1. 

Problem 1.12, (Fa77) Let f : [0, 1] R be continuously differentiable, with 
/( 0) = 0. Prove that 


sup |/(*)| ^ 

Problem 1.13 (Sp81) Let /( x) be a real valued function defined for all x ^ 1, 
satisfying /( 1) = 1 and 

f ' M = sviw 

Prove that 

lim fix) 

x->oo 

7t 

exists and is less than 1 + — • 

4 

Problem 1.1.4 (Sp95) Let f, g: [0, 1] [0, oo ) be continuous Junctions satis- 

fying 

sup fix) = sup gix). 

0^1 

Prove that there exists t € [0, 1] with fit) 2 + 3 /(f) = git) 2 + 3g(f). 




Problem 1.1.5 (Fa86) For f a real valued function on the real line, define the 
function A / by A /(*) = f(x + 1) - /(*). For n ^ 2, define A n f recur- 
sively by A n f = A(A 11-1 /). Prove that A n f — 0 if and only if f has the form 

fix) = ao(x)+ai (jc)jc H ba n ~i (x)x n ~ l where ao, fli» . • • » <*n- 1 are periodic 

functions of period 1. 

Problem 1.1.6 (FaOO) Suppose that f : E E is a nonconstant function such 
that fix) ^ fiy) whenever x ^ y. Prove that there exist a € M and c > 0 such 
that fia + x) — fia—x)^cx for all x e [0, 1], 

Problem 1.1.7 (Fa81) Either prove or disprove (by a counterexample ) each of 
the following statements: 

1. Let f : R R, g : R R be such that 

lim g(t) = b and lim fit) = c. 

t—>b 


Then 

lim f(g(t)) = c. 

t—±a 

2. Iff : R -* R is continuous and U is an open set in R, then fiU) is an 
open set in R. 

3. Let fbe of class C°° on the interval (—1, 1). Suppose that |/^(*)| ^ 1 for 
all n ^ 1 and all x in the interval Then f is real analytic; that is, it has a 
convergent power series expansion in a neighborhood of each point of the 

interval. 

Problem 1.1.8 (Fa97) Prove that for all x > 0, sin a: > x — — . 

6 

Problem 1.1.9 (Su81) Let 

yih) = 1-2 sm 2 i2nh), fiy) = - — 2 • 

1 + V 1 - y 

Justify the statement 


f ( y(h )) = 2 - 4n/2tt \h\ + 0(h 2 ) 


where 


lim sup 

/j-vO 


0(h 2 ) 


< 00 . 


Problem 1.1.10 (Fa82) 1. Prove that there is no continuous map from the 

closed interval [0, 1] onto the open interval (0, 1). 


2. Find a continuous surjective map from the open interval (0, 1) onto the 
closed interval [0, 1]. 



3. Prove that no map in Part 2 can be bijective. 

Problem 1.1.11 (Sp99) Suppose that f is a twice differentiable real function 
such that f"(x) > 0 for all x e {a, b]. Find all numbers c € [a, b] at which 
the area between the graph y = f(x), the tangent to the graph at (c, /(c)), and 
the lines x — a, x — b, attains its minimum value. 

Problem 1.1.12 (Fa94, Sp98) Find the maximum area of all triangles that can 
be inscribed in an ellipse with semiaxes a and b, and describe the triangles that 
have maximum area. 

Note: See also Problem 2.2.2. 

Problem 1.1.13 (Fa93) Let f be a continuous real valued function on (0, oo). 
Let A be the set of real numbers a that can be expressed as a — lim„_>oo f(x n ) 
for some sequence (x n ) in [0, oo) such that lim^oo x n = oo. Prove that if A 
contains the two numbers a and b, then contains the entire interval with endpoints 
a and b. 

Problem 1.1.14 (Su81) Show that the equation 

x ^1 4* log = 1, x > 0, e > 0 , 

has, for each sufficiently small £ > 0, exactly two solutions. Let x(e) be the 
smaller one. Show that 

1. x(e) -► 0 as e -► 0+; 
yet for any s > 0, 

2. £“**(£) -> oo as £ — ► 0-h 

Problem 1.1.15 (Sp82) Suppose that f(x) is a polynomial with real coefficients 
and a is a real number with f ( a ) 0. Show that there exists a real polynomial 

g(x) such that if we define p by p{x) — f(x)g(x ), we have p{a ) = 1, p'(a) = 0, 
and p"{a) — 0. 

Problem 1.1.16 (Su84) Let p{z) be a nonconstant polynomial with real coeffi- 
cients such that for some real number a, p(a) ^ 0 but p'(a) = p"(a) = 0. Prove 
that the equation p(z) = Okas a nonreal root. 

Problem 1.1.17 (Fa84, Fa97) Let f be a C 2 function on the real line. Assume f 
is bounded with bounded second derivative. Let 

A = sup |/(*)|, B = sup \ f”(x)\. 
x € R xeR 


sup |/'(JC)| < 2<jAB. 

xgR 


Prove that 



Problem 1.1.18 (Fa90) Find all pairs of integers a and b satisfying 0 < a < b 
and a b = b a . 

Problem 1.1.19 (Sp92) For which positive numbers a and b, with a > 1, does 
the equation log fl x—x b have a positive solution for x? 

Problem 1.1.20 (Sp84) Which number is larger, n 3 or 3 n ? 

Problem 1.1.21 (Sp94) For which numbers a in (1, oo) is it true that x° ^ a x 
for all x in (l, oo) ? 

Problem 1.1.22 (Sp96) Show that a positive constant t can satisfy 

e* > x* for all x > 0 

if and only ift < e. 

Problem 1.1.23 (Su77) Suppose that f(x) is defined on [— 1 , 1], and that f'"{x) 
is continuous. Show that the series 


converges. 

Problem 1.1.24 (Fa96) If f is a C 2 function on an open interval, prove that 


lim 

h -+0 


f(x + h)-2f(x) + f(x-h) 

h 2 



Problem 1.1.25 (Su85) /. For 0 < 9 < show that 


sin^ ^ —6 . 

jt 


2. By using Part I, or by any other method, show that ifX. < 1, then 

lr 8 si " # d« = o. 

o 

Problem 1.1.26 (Su78) Let f : M M be continuous. Suppose that R contains 
a countably infinite subset S such that 


f 


fix) dx 



if p and q are not in S. Prove that f is identically 0. 


Problem 1.1.27 (Fa89) Let the function f from [0, 1] to [0, 1] have the following 
properties: 



• / is of class C 1 ; 

• /(0) = /(l) = 0; 

• /' is nonincreasing (i.e., f is concave). 

Prove that the arclength of the graph of f does not exceed 3. 

Problem 1.1.2 8 (Sp93) Let f be a real valued C 1 function on [0, oo) such that 
the improper integral \f\x)\dx converges. Prove that the infinite series 
fW converges if and only if the integral /j°° f{x)dx converges. 

Problem 1.1.29 (Su82) Let E be the set of all continuous real valued functions 
u : [0, 1] — ► R satisfying 

|k(*) - u(y)\ < \x - y\, «(0) = 0. 

Let <p : E R be defined by 

<p(u) = j (u(x) 2 — u(x)j dx . 

Show that (p achieves its maximum value at some element of E. 

Problem 1.1.30 (Fa87) Let S be the set of all real C 1 functions f on [0, 1] such 
that f (0) = 0 and 

f f\x) 2 dx < 1. 

Jo 

Define 

J(f)=[ fix)dx. 

Jo 

Show that the function J is bounded on S, and compute its supremum. Is there a 
function fo € S at which J attains its maximum value? If so, what is fo ? 

Problem 1.1.31 (Fa82, Fa96) Letfbeareal valued continuous nonnegative func- 
tion on [0, 1] such that 

f[t) 2 C 1+2 / f(s)ds 

Jo 

fort € [0, 1], Show that f(t) ^ 1 + 1 fort € [0, 1]. 

Problem 1.1.32 (Sp96) Suppose (pis a C l function on R such that 

(p(x) — ► a and <p'(x) -> b as x -> oo. 


Prove or give a counterexample: b must be zero. 



Problem 1.133 (Su77) Show that 



I* 7 */ 2 dx 
0 Vl — k cos 2 x 


0 < k < 1, is an increasing function of k. 

Problem 1.134 (Fa79) Given that 

/ OO 2 

e~ x dx — Vn » 

-OO 


find /'(/) explicitly, where 

m = f°° e-'* 2 dx, 

J — OO 


t > 0. 


Problem 1.1.35 (Fa8«) Define 

fCOSX 

F(x) = / e (r +x ° dt. 
Jsmx 


Compute F'{ 0). 

Problem 1.136 (Fa95) Le/ / : R -> E fce a nonzero C°° function such that 
/ 00/00 = / (\/ x 2 -f- )> 2 j for all x and y and that f(x) 0 as jx| -> oo. 

1. Prove /to f is an even function and that /( 0) is 1. 

2. Prove /to / satisfies the differential equation f'(x) = /"(0);t/(;t), one/ 
find the most general function satisfying the given conditions. 

Problem 1.137 (FaOl) Let S be the set of continuous real-valued functions on 
[0, 1] such that f(x) is rational whenever x is rational. Prove that S is uncount- 
able. 


1.2 Limits and Continuity 


Problem 13.1 (Sp02) Let f be a bounded, continuous, real-valued function on 
M 2 . Define the function g on E by 



Prove that g is continuous. 



Problem 1.2.2 (Fa90) Suppose that f maps the compact interval I into itself and 
that 

I m - fiy) I < \x - y\ 

for all x,y e I, x ^ y. Can one conclude that there is some constant M < 1 
such that, for all x, y € /, 


\fix)-f(y)\<M\x-y\? 

Problem 1.23 (Sp90) Let the real valued function f on [0, 1] have the following 
two properties: 

• If [a, b) C [0, 1], then f ([a, b]) contains the interval with endpoints f{a) 
and f(b) (i.e.,fhas the Intermediate Value Property). 

• For each c € M, the set f~ l (c) is closed. 

Prove that f is continuous. 

Problem 13.4 (FaOO) Let f : R M be uniformly continuous with /( 0) = 0. 
Prove: there exists a positive number B such that \f (jc)| < 1 4- B\x\,forall x. 

Problem 1.2.5 (Sp83, SpOl) Suppose that f is a continuous function on 3R which 
is periodic with period 1, i.e., f{x + 1) = fix). Show: 

1. The function f is bounded above and below and achieves its maximum and 

minimum. 

2. The function f is uniformly continuous on K. 

3. There exists a real number xq such that 

fix o + n) - fix o). 

Problem 1.2.6 (Sp77) Let h : [0, 1) -► K be a function defined on the half- 
open interval [0, 1). Prove that if h is uniformly continuous, there exists a unique 
continuous function g : [0, 1] -> R such that gix) — h{x) for all x € [0, 1). 

Problem 1.2.7 (Fa99) Let f be a continuous real valued function on [0, oo) such 
that lim fix) exists (finitely). Prove that f is uniformly continuous. 

x->oo 

Problem 1.2.8 (Sp84) Prove or supply a counterexample: If the function f from 
K to M has both a left limit and a right limit at each point ofR, then the set of 
discontinuities of f is, at most, countable. 

Problem 1.2.9 (Fa78) Let f : R M satisfy fix) < fiy)forx < y. Prove 
that the set where f is not continuous is finite or countably infinite. 



Problem 1.2.10 (Su85, Fa96) A function / : [0, 1] — ► M is said to be upper 
semicontinuous if given x € [0, 1] and £ > 0, there exists a 8 > 0 such that 
if \y — x\ < 8, then f(y ) < f(x) + e. Prove that an upper semicontinuous 
function f on [0, 1] is bounded above and attains its maximum value at some 
point p € [0, 1]. 

Problem 1.2.11 (Su83) Prove that a continuous function from K to K which 
maps open sets to open sets must be monotonic . 

Problem 1.2.12 (Fa91) Let f be a continuous function from M to R such that 
| / (*) — f(y)\ ^ \x — y\forallx and y. Prove that the range of f is all ofR. 
Note: See also Problem 2.1.8. 

Problem 1.2.13 (Fa81) Let f be a continuous function on [0, 1]. Evaluate the 
following limits. 

1 . 



r 1 

lim 

/ x n f{x)dx. 

rt-*oo J 



r 1 

lim n 

/ x n f(x)dx. 

n-+ oo 

Jo 


Problem 1.2.14 (Fa88, Sp97) Let f be a function from [0, 1] into itself whose 
graph 

G f = {(*, fix)) \x € [0, 1]} 

is a closed subset of the unit square. Prove that f is continuous. 

Note: See also Problem 2.1.2. 

Problem 1.2.15 (Sp89) Let f be a continuous real valued function defined on 
[0, 1] x [0, 1]. Let the function g on [0, 1] be defined by 

g(x) = max {/(*, y)ly € [0, 1]} . 

Prove that g is continuous. 

Problem 1.2.16 (FaOl) Let the function f : E E be bounded on bounded 
sets and have the property that f~ l (K) is closed whenever K is compact. Prove 
f is continuous. 


1 .3 Sequences, Series, and Products 

Problem 1.3.1 (Su85) Let A\ > A 2 > ■ - • > A k > 0. Evaluate 

lim (4” + ,!!>+... + a") V". 

n-voo ' 1 z *' 

Note: See also Problem 5.1.11. 



Problem 13.2 (Sp96) Compute 


L = lim 

n~> oo 


er 


Problem 133 (Sp92) Let xq~ 1 and 


Prove that Xoo 


*n + 1 — 


3 + 2x„ 
3-j-*« 


n 


lim ex/srs, and find its value . 

/j-»oo 



Problem 13.4 (Fa97) Define a sequence of real numbers (x n ) by 

*0 = 1, * w +i = ^ — for O 0. 
Sftow that (x n ) converges , and evaluate its limit. 


Problem 133 (Fa89, Sp94) Let a be a number in (0, 1). Prove that any se- 
quence (x n ) of real numbers satisfying the recurrence relation 


x n +\ = ax n + (1 - a)x n -i 


has a limit , and find an expression for the limit in terms of a, xo and x\. 

Problem 13.6 (Fa92) Let k be a positive integer. Determine those real numbers 
c for which every sequence (x„) of real numbers satisfying the recurrence relation 

^(x n + 1 + X n -l) = CX n 

has period k (i.e., x n +fc = x n for all n). 

Problem 13.7 (Sp84) Let a be a positive real number. Define a sequence (x n ) by 

xo = 0, x n +i = a+x%, n > 0 . 

Find a necessary and sufficient condition on a in order that a finite limit Jim^ x n 
should exist. 


Problem 13.8 (Sp03) Let x n be a sequence of real numbers so that 

lim (2x n +i - x n ) = x. 

7I->00 


Show that lim x n = x. 

n->oo 

Problem 13.9 (SpOO) Let a and xo be positive numbers, and define the sequence 
(x n y%Li recursively by 





Prove that this sequence converges, and find its limit. 



Problem 13.10 (Fa95) Let x\ be a real number, 0 < x\ <1, and define a se- 
quence by x n +\ = x n — jc* +1 . Show that liminf.X/i > 0. 

Problem 13.11 (Fa80) Let f(x) = \+x-x 2 . For any real number x, define 
a sequence (x n ) byx o = x and x n +\ = / (x n )- If the sequence converges, let *oo 
denote the limit. 

1. For x = 0, show that the sequence is bounded and nondecreasing and find 

Xqq — A,. 

2. Find all y € M such that y 0 0 = X. 

Problem 13.12 (Fa81) The Fibonacci numbers f \ , f 2 > . . . are defined recursively 
by f\ = 1, fz = 2, and f n +\ = f n 4* fit- 1 for n > 2. Sfcow fto 

Iim 

rt->oo /„ 

ixto, < 2 /zd evaluate the limit. 

Note: See also Problem 7.5.20. 


Problem 13.13 (Fa79) Prove that 


oo \n + 1 




= log 2. 


Problem 13.14 (Sp02) For n a positive integer, let H n denote the n lh partial sum 
of the harmonic series 



Let k > 1 be an integer. Prove that 


C 

logfc - — < Hnk - H n < log A: (n = 1, 2, . . .) , 

where log k is the natural logarithm ofk, and C is a constant. 

Problem 13.15 (Sp90) Suppose x\,xz, X 3 , . . . is a sequence of nonnegative real 
numbers satisfying 

^ 1 

*/H-l < x n + 

n z 

for all n ^ 1. Prove that lim x n exists. 

n~+oo 

Problem 1.3.16 (Sp93) Let (a n ) and (€n) be sequences of positive numbers. As- 
sume that lim n _>co e„ = 0 and that there is a number k in (0, 1) such that 

fl/i + 1 ^ ka n + £ n for every n. Prove that lim a n = 0. 

00 



Problem 1.3.17 (Fa83) Prove or disprove (by giving a counterexample), the fol- 
lowing assertion: Every infinite sequence xi,X 2 , ... of real numbers has either a 
nondecreasing subsequence or a nonincreasing subsequence. 

Problem 13.18 (Su83) Let b \ , b 2 , . . . be positive real numbers with 

lim b n — oo and lim (b n /b n +\) = 1. 

rt->oo n-»oo 

Assume also that b\ < b 2 < b 3 < • • -.Show that the set of quotients (b m /b n )]^n<m 
is dense in (1, oo). 

Problem 13.19 (Sp81) Which of the following series converges? 

1 . 


(2n)!(3n)l 

n!(4w>! 

rt=l 


2 . 



Problem 1330 (Fa91) Let a\, a 2 , a 3 , . . . be positive numbers. 

1. Prove that < oo implies £ yfa^a ^. i < oo. 

2. Prove that the converse of the above statement is false. 

Problem 13.21 (Su80, Sp97) For each (a, b, c) 6 JR 3 , consider the series 


OO 


E 


n b ( log n) c 


Determine the values of (a, b, c)for which the series 


1. converges absolutely; 

2. converges but not absolutely; 

3. diverges. 


JProblem 13.22 (Sp91) For which real numbers x does the infinite series 


Jn + 1 ~ y/n 

n=\ 




converge? 



Problem 13.23 (Fa94) For which values of the real number a does the series 




a 


converge? 

Problem 13.24 (Sp91) Let A be the set of positive integers that do not contain 
the digit 9 in their decimal expansions. Prove that 

1 

— < oo; 

4 a 

a€A 

that is, A defines a convergent subseries of the harmonic series. 

Problem 1335 (Sp89) Leta\, < 22 , . . • be positive numbers such that 

oo 

Yl an < 00 • 

1 

Prove that there are positive numbers c \ , C 2 , . • • such that 

oo 

lim c n = oo and / c n a n < oo . 

«->O0 t—* 

n - 1 



Problem 1336 (Fa90) Evaluate the limit 


lim 

«->oo 


jt n n 

COS COS — r ' - COS — 
2 2 2 3 2 n 


1.4 Differential Calculus 


Problem 1.4.1 (Su83) Outline a proof, starting from basic properties of the real 
numbers, of the following theorem: Let f : [a, b\ R be a continuous function 
such that f'(x) = 0 for all x e (a, b). Then f(b) — f {a). 

Problem 1.4.2 (Sp84) Let f(x) = xlog(l 0 < x < oo. 

1. Show that f is strictly monotonically increasing. 


2. Compute lim f(x) as x 0 and x — ► oo. 


Problem 1.43 (Sp85) Let f {x), 0 < x < oo, be continuous, differentiable, with 
/( 0) = 0, and that f'{x) is an increasing function of x for x ^ 0. Prove that 



x>0 
* = 0 


is an increasing function ofx. 



Problem 1.4.4 (Su79, Fa97) 1. Give an example of a differentiable function 

/ : R — * M whose derivative f is not continuous. 

2. Let f be as in Part 1. If f\ 0) < 2 < /'(l), prove that f(x) = 2 for some 
x 6 [0, 1]. 

Problem 1.4.5 (Sp90) Let y : R R be a C°° function that satisfies the differ- 
ential equation 

y" + y' = 0 

for x € [0, L], where L is a positive real number. Suppose that ;y(0) = y{L) — 0. 
Prove that y sO on [0, L]. 

Problem 1.4.6 (Su85) Let u(x), 0 ^ x ^ 1, be a real valued C 2 function which 
satisfies the differential equation 

u'\x) — e x u{x). 

1. Show that ifO<XQ < 1, then u cannot have a positive local maximum at 
*0- Similarly, show that u cannot have a negative local minimum at *o. 

2. Now suppose that u( 0) = «(1) = 0. Prove that u(x) = 0, 0 < x < 1. 

Problem 1.4.7 (Sp98) Let K be a real constant. Suppose that y(t ) is a positive 
differentiable function satisfying y'(t ) < Ky(t) for t ^ 0. Prove that 
y(t) < e Kt y(0)fort > 0. 

Problem 1.4.8 (Sp77, Su82) Suppose f is a differentiable function from the re- 
als into the reals. Suppose f'ix) > f(x) for all x € R, and f(x o) = 0. Prove 
that f{x) > 0 for all x > xo. 

Problem 1.4.9 (Sp99) Suppose that f is a twice differentiable real-valued func- 
tion on R such that /( 0) = 0, /'( 0) > 0, and f'(x) ^ f{x) for all x > 0. Prove 
that f(x) > 0 for all x > 0. 

Problem 1.4.10 (Sp87) Show that the equation ae x = 1 -f x 4- x 2 J2, where a is 
a positive constant, has exactly one real root. 

Problem 1.4.11 (Su78, Fa89) Suppose f : [0, 1] — > R is continuous with 
/( 0) = 0, and for 0 < x < \,f is differentiable and 0 < f\x) < 2 f(x). 
Prove that f is identically 0. 

Problem 1.4.12 (Sp84) Let f : [0, 1] -> R be continuous function, with 
/( 0) = /( 1) = 0. Assume that f" exists on 0 < x < 1, with f" + 2f + f^0. 
Show that f{x) < 0 for all 0 < x ^ 1. 

Problem 1.4.13 (Sp85) Let v\ and v 2 be two real valued continuous functions on 
R such that v\ (x) < v 2 (x) for all * € R .Let <pi (t) and (pi{t) be, respectively, 
solutions of the differential equations 

— = di(jc) and -j- = V 2 (x) 

dt at 



fora < t < b. If ^ (to) = (P 2 (t 0 ) for some t 0 6 (a,b), show that <p\(t) < <&(?) 
for all t € (/o, b). 

Problem 1.4.14 (Fa83, Fa84) Prove or supply a counterexample: If f and g are 
C 1 real valued functions on (0, 1), if 

lim f(x ) = lim g(x) = 0, 

x-*0 x->0 


if g and g' never vanish, and if 


lim 


m 


g(x) 



then 


Tin, f ^ X) 

lim - — • 
x-+0 g'(x) 


— c. 


Problem 1.4.15 (FaOO) Let f be a real-valued differentiable function on (— 1,1) 
such that f (x)/x 2 has a finite limit as x -> 0. Does it follow that f"( 0) exists? 
Give a proof ora counterexample. 


Problem 1.4.16 (Sp90, Fa91) Let f be an infinitely differentiable function from 
E to E. Suppose that, for some positive integer n, 


/( 1) = /(O) = /'( 0) = /"( 0) = • • • = / w (0) = 0. 


Prove that f^ n+1 \x) = 0 for some x in (0, 1). 

Problem 1.4.17 (SpOO) Let f be a positive function of class C 2 on (0, oo) such 
that /' ^ 0 and f" is bounded. Prove that lim /'(/) = 0. 


Problem 1.4.18 (Sp86) Let f be a positive differentiable function on (0, oo). 
Prove that 



exists (finitely) and is nonzero for each x. 


Problem 1.4.19 (Sp88) Suppose that f(x), — oo < x < oo, is a continuous real 
valued function, that f(x) exists forx ^ 0, and that lim f(x) exists. Prove that 

x ->0 

/'( 0) exists. 

Problem 1.4.20 (Sp88) For each real value of the parameter t, determine the 
number of real roots, counting multiplicities, of the cubic polynomial 
p,(x ) = (1 +/ 2 )JC 3 - 3l 3 x + 1 4 . 


Problem 1.4.21 (Sp9l) Let the real valued function f be defined in an open in- 
terval about the point a on the real line and be differentiable at a. Prove that if 



(xn) is an increasing sequence and (y n ) is a decreasing sequence in the domain 
off, and both sequences converge to a, then 


lim 

/J— >oo 


fiyn) ~ /(*„) 

y n -x n 


f'(a ). 


Problem 1.4.22 (Fa86) Let f be a continuous real valued function on [0, 1] such 
that, for each xq € [0, 1), 


lim sup 
*->*o 


fix) - fjx q ) 

X - XQ 



Prove that f is nondecreasing. 

Problem 1.4.23 (Sp84) Let I be an open interval in M containing zero. Assume 
that f' exists on a neighborhood of zero and /"(O) exists. Show that 

fix) = /( 0) + /'(O) sin x + i/"(0)sin 2 x + o(x 2 ) 


(o(x 2 ) denotes a quantity such that — = > 0 as x ->• 0). 

x L 

Problem 1.4.24 (Sp84) Prove that the Taylor coefficients at the origin of the 
function 



z 

e z-l 


are rational numbers. 

Problem 1.4.25 (Sp79) Give an example of a function f : R -> R having all 
three of the following properties: 

• f( x ) = 0 forx < 0 and x > 2, 


• /'( 1) = 1, 

• f has derivatives of all orders. 

Problem 1.4.26 (Sp99) Prove that if n is a positive integer and a, e are real 
numbers with e > 0, then there is a real function f with derivatives of all orders 

such that 

1. \f (k) (x)\ ^efork-0,l,...,n-landallx e% 

2 /<*>(0) = 0 fork = 0, 1 , ...» n - 1, 

3 . /(«>( 0)=cx. 



Problem 1.4.27 (Su83) Let f : R R be continuously differentiable, periodic 
of period 1, and nonnegative . Show that 

— ( — ^ -» 0 (as c -*■ oo) 
dx \l+cf(x)J 

uniformly in x. 

Problem 1.4.28 (Su81) Let I C R be the open interval from 0 to 1. 
Let f : / -» C be C 1 (i.e., the real and imaginary parts are continuously dif- 
ferentiable). Suppose that f(t) — > 0, f'(t) -> C i=- 0 as t -* 0-h that 
the function g(t) = j/(f)| w C 1 for sufficiently small t > 0 fljw/ f/wf ^lim^CO 
existe, aw*/ evaluate the limit. 

Problem 1.4.29 (Fa95) Let f : R R be a C°° function. Assume that f(x) 
has a local minimum at x = 0. Prove there is a disc centered on the y axis which 
lies above the graph of f and touches the graph at (0, /( 0)). 


1.5 Integral Calculus 

Problem 1.5.1 (Fa98) Let f be a real function on {a, b]. Assume that f is differ- 
entiable and that f is Riemann integrable. Prove that 

/ f(x)dx = f(b) - f(a). 

Ja 

Problem 1.5.2 (Sp98) Using the properties of the Riemann integral, show that 

if f is a non-negative continuous function on [0, 1], and /J f(x)dx = 0, then 
f(x) = 0 for all x e [0, 1], 

Problem 1.53 (Fa90) Suppose f is a continuous real valued function. Show that 

J f(x)x 2 dx = i/(£) 


for some f € [0, 1]. 

Problem 1.5.4 (Sp77) Suppose that f is a real valued function of one real vari- 
able such that 

lim /(*) 

x-*c 

exists for all c e [a, b]. Show that f is Riemann integrable on [a, b]. 

Problem 133 (Sp78) Let / : [0, 1] R be Riemann integrable over [b, l]for 
all b such thatO < b ^ L 

1. Iff is bounded, prove that f is Riemann integrable over [0, 1]. 



2. What iff is not bounded? 


Problem 1.5.6 (Su81) Let f : M — > M be continuous, with 

/ oo 

|/(*)| dx < oo. 

-00 

Show that there is a sequence (x„) such that x„ -> oo, x n f(x n ) 0, and 
x n f ( — Xu ) -v 0 as n -> oo. 

Problem 1.5.7 (Su85) Let 

fix) = e? 1 2 J e ~ f2/2 dt 


forx > 0. 

/. Show that 0 < f{x) < — • 

j: 

2. Sfcow fto /(*) is strictly decreasing for x > 0. 

Problem 1.5.8 (Su84) Lef ^( 5 ) fee a C 2 function on[ 1,2] wz 7 /z ^ awd <p' vanish- 
ing at s = 1, 2. Prove that there is a constant C > 0 jmc/z that for any A. > 1, 


2 

e lkx <p(x)dx 



Problem 1.5.9 (Fa85) Let 0 ^ a ^ 1 be given. Determine all nonnegative con- 
tinuous functions f on [0, 1] which satisfy the following three conditions: 

f f(x)dx = 1, 

Jo 

1 

xf(x)dx = a, 
f x 2 f(x)dx = a 2 . 

Jo 

Problem 1.5.10 (Fa85, Sp90) Let f be a differentiable function on [0,1 ]and let 

sup j/'Cr)! = M < 00 . 

0<x<I 



Let n be a positive integer. Prove that 


g/OW f' 

“ n Jo 




Problem 1.5.11 (Fa83) Let f : [0, oo) -> R be a uniformly continuous function 
with the property that 

lim I f(x)dx 
b-> ooJq 

exists (as a finite limit). Show that 


lim f(x) = 0. 

jc-»oo 

Problem 1.5.12 (Fa86) Let f be a real valued continuous function on [0, oo) 
such that 


lim (f{x)+ ( X fit) dt) 

\ Jo / 


exists. Prove that 


lim fix) = 0. 

x-voo 


Problem 1.5.13 (Sp83) Let f : R + R + be a monotone decreasing function, 
defined on the positive real numbers with 


r OO 

Jo 


fix)dx < oo. 


Show that 

lim xfix) — 0. 

x->-oo J 

Problem 1.5.14 (Fa90, Sp97) Let f be a continuous real valued function satis- 
fying fix) ^ 0, for all x, and 

POO 

I fix)dx < oo. 

Jo 

Prove that 

1 f n 

- I xfix)dx 0 
n Jo 

as n -y oo. 


Problem 1.5.15 (Sp87) Evaluate the integral 

Jo x 

to an accuracy of two decimal places; that is, find a number I* such that 
|7 - /*| < 0.005. 

Problem 1.5.16 (Fa87) Show that the following limit exists and is finite: 


& [l (^4 + r 4)'/4 +1°S^ 



Problem 1.5.17 (Fa95) Let f and f be continuous on [0, oo ) and /( x) = 0 for 
x > 10 10 . Show that 


poo I poo I poo 

J f(x) 2 dx ^ 2J ^ x 2 f(x) 2 dx J f'(x) 2 dx . 

Problem 1.5.18 (Fa88) Let f be a continuous, strictly increasing function from 
[0, oo) onto [0, oo) and let g — f~ l . Prove that 

f f(x)dx+ f g(y)dy^ab 

Jo Jo 

for all positive numbers a and b, and determine the condition for equality. 

Problem 1.5.19 (Sp94) Let fbea continuous real valued function on M such that 
the improper Riemann integral \f(x)\dx converges. Define the function g 
onRby 


/ OO 

f(x)cos(xy)dx. 

-rY"i 


Prove that g is continuous. 

Problem 1.5.20 (Fa99) Let f and g be continuous real valued functions on R 
such that limjjtj-xx, f{x) = 0 and \g(x)\dx < oo. Define the function h on 
M by 


h(x) 


-L 


fix - y)g{y)dy . 


Prove that lim h(x) = 0. 

|x|-*oo 


Problem 1.5.21 (Sp88) Prove that the integrals 

poo poo 

I cos x 2 dx and I sin x 2 dx 
Jo Jo 

converge. 

Problem 1.5.22 (Fa85) Let fix), 0 ^ x < 1, be a real valued continuous Junc- 
tion. Show that i 

lim (n + 1) f x n f(x)dx = f(l). 

n-yoo Jq 


Problem 1523 (Su83, Sp84, Fa89) Compute. 

f°° log* . 

.In * 2 + fl 2 


where a > 0 is a constant. 



Problem 1.5.24 (Sp85) Show that 


1= f log(sin x)dx 

Jo 


converges as an improper Riemann integral. Evaluate /. 


poo 

Problem 1.5.25 (Sp02) Prove that I 

Jo 


sinx _ . gy. 

— — dx converges as an improper Rie 

y/X 


poo 

mann integral, but that I 

Jo 



oo. 


1 .6 Sequences of Functions 

Problem 1.6.1 (Fa84) Prove or supply a counterexample : If f is a nondecreas- 
ing real valued function on [0, 1], then there is a sequence of continuous functions 
on [0, 1], {./*}, such that for each x € [0, 1], 

lim f n (x) = f(x). 

n-±oo 

Problem 1.6.2 (Fa77, Sp80) Let f n : R -► R be differentiable for each 
n = 1,2,... with \f„(x)\ < 1 for all n andx. Assume 

lim /„(*) = £(*) 

n-+oo 

for all x. Prove that g : R R is continuous. 

Problem 1.6.3 (Fa87) Suppose that [f n ] is a sequence of nondecreasing Junc- 
tions which map the unit interval into itself. Suppose that 

lim f n ( x ) = f(x) 
oo 

pointwise and that f is a continuous function. Prove that f n (x) -» /( x) uni- 
formly as n oo, 0 < x < 1. Note that the functions f n are not necessarily 
continuous. 


Problem 1.6.4 (Fa85) Let f and f n , n = 1,2,..., be functions from R to R. 
Assume that f n (x n ) f{x) as n -> oo whenever x n -> x. Show that f is 
continuous. Note: The functions f n are not assumed to be continuous. 


Problem 1.6.5 (Sp99) Suppose that a sequence of functions f n : R R con- 
verges uniformly on R to a function f : R -► R, and that c n = lim /„ (x) exists 

X-¥00 

for each positive integer n. Prove that lim c„ and lim fix) both exist and are 

, ti->oo x->oo 

equal. 



Problem 1.6.6 (Sp81) /. Give an example of a sequence of C 1 functions 


fk : [0, oo) -► E, * = 0,1,2,... 

such that /*( 0) = 0/or all k, and /*(x) /q(x) for all x as k -* oo, 6w/ 

/* (a:) does not converge to /o(x) for all x ask -* oo. 

2. State on ex/ra condition which would imply that fk(x) -* foix) for all x 
ask-* co. 


Problem 1.6.7 (Fa84) Show that if f is a homeomorphism of [0, 1] onto itself, 
then there is a sequence {p n }, n = 1, 2, 3, . . . of polynomials such that p„ -* f 
uniformly on [0, 1] and each p n is a homeomorphism o/[0, 1] onto itself 

Problem 1.6.8 (Sp95) Let f n : [0, 1] — > [0, oo) be a continuous function, for 
n — 1,2 Suppose that one has 

(*) M*)> ••• for all x e [0,1]. 


Let f{x) = lim / n (x) and M = 

n-±oo 


sup fix). 


1. Prove that there exists t € [0, 1] with fit) = M. 


2. Show by example that the conclusion of Part 1 need not hold if instead of 
(*) we merely know that for each x € [0, 1] there exists n x such that for all 
n^n x one has f n (x) ^ f n +i (x). 

Problem 1.6.9 (Fa82) Let f\, f 2 , ...be continuous functions on [0, 1] satisfying 
f\ ^ fi > * * * and such that lim^oo f n (x) = 0 for each x. Must the sequence 
[fn] converge to 0 uniformly on [ 0 , 1 ]? 

Problem 1.6.10 (Sp78) Let k^O be an integer and define a sequence of maps 

x k 

f n 1 E —* E, fni%) ~ 2 1 * n — 1,2,.... 

x L 4-« 

For which values of k does the sequence converge uniformly on E? On every 
bounded subset of E ? 

Problem 1.6.11 (Sp81) Let f : [0, 1] -> E be continuous and k € N. Prove 
that there is a real polynomial P(x) of degree ^ k which minimizes (for all such 
polynomials) 

sup l/(x) - P(x)|. 

0^t<l 

Problem 1.6.12 (Fa79, Fa80) Let [P n ] be a sequence of real polynomials of de- 
gree ^ D, a fixed integer. Suppose that P n ( x ) 0 pointwise for 0 ^ x ^ 1. 
Prove that P n -* 0 uniformly on [0, 1]. 



Problem 1.6.13 (Su85) Let f be a real valued continuous function on a com- 
pact interval [a, b]. Given e > 0, show that there is a polynomial p such that 
p(a ) = f(a), p'(a) = 0, and | p(x) - f(x)\ < eforx e [a, b). 

Problem 1.6.14 (Sp95) For each positive integer n, define f n : M M by 
f n (x) = cos nx. Prove that the sequence of functions {f n } has no uniformly con- 
vergent subsequence. 


Problem 1.6.15 (Fa©3) Let C[o,i] denote the space of continuous functions on 
[0, 1]. Define 

d{f ’ 8) Jo 1 + I/M - sMI 


dx. 


1 . Show that d is a metric on C\ 0,13. 

2 . Show that (C[o,i] , d) is not a complete metric space. 


Problem 1.6.16 (Fa86) The Arzela-Ascoli Theorem asserts that the sequence {f n } 
of continuous real valued functions on a metric space £2 is precompact (i.e., has 
a uniformly convergent subsequence) if 


(i) Q is compact. 


(ii) sup ]| f n II < 00 (where Jj f n II = sup{|/„(.x)| I * € &}), 


(iii) the sequence is equicontinuous. 

Give examples of sequences which are not precompact such that: (i) and (ii) hold 
but (iii) fails; (i) and (iii) hold but (ii) fails; (ii) and (iii) hold but (i) fails. Take 
Q to be a subset of the real line. Sketch the graph of a typical member of the 
sequence in each case. 

Problem 1.6.17 (SpOl) Let the functions f„ : [0, 1] [0, 1] (n — 1,2,.. .) 

satisfy \f n (x) — f n (j)| ^ \x—y\ whenever \x—y\ > l/n. Prove that the sequence 
{/«}J£Li has a uniformly convergent subsequence. 

Problem 1.6.18 (Fa92) Let {/„} be a sequence of real valued C 1 functions on 
[0, 1] such that, for all n, 

\fn(x)\ ^ (0 < * ^ 1 ), 

f fn(x)dx = 0 . 

Jo 

Prove that the sequence has a subsequence that converges uniformly on [0, 1], 

Problem 1.6.19 (Fa96) Let M be the set of real valued continuous functions f 
on [0, 1] such that /' is continuous on [0, 1], with the norm 

ll/ll = sup |/C*)| + sup \f'(x)\ . 

Which subsets of M are compact? 



Problem 1.6*20 (Su80) Let (a n ) be a sequence of nonzero real numbers . Prove 
that the sequence of functions : IR — > IR 

fn (*) = — sin(fl rt x) + cos(x + a n ) 

has a subsequence converging to a continuous function. 

Problem 1.6.21 (Sp82) Let [f n ] be a sequence of continuous functions from [0, 1] 
to R. Suppose that f n (x) 0 as n oo for each x € [0, 1] and also that, for 

some constant K, we have 


for all n. Does 


f fn 

Jo 


(x)dx 


^ K < oo 


lim f l f n 


(x)dx = 0? 


Problem 1.6.22 (Sp82, Sp93) Let {g„} be a sequence of twice differentiable func- 
tions on [0, 1] such that g n ( 0) = g' n (0) = 0 for all n. Suppose also that 
\g'n(x)\ ^ 1 for all n and all x € [0, 1]. Prove that there is a subsequence of 
{#/,} which converges uniformly on [0, 1]. 


Problem 1.6.23 (Fa93) Let K be a continuous real valued function defined on 
[0, 1] x [0, 1]. Let F be the family of functions f on [0, 1] of the form 

/(*)= C g(y)K{x,y)dy 

Jo 

with g a real valued continuous function on [0, 1] satisfying |g| ^ 1 everywhere. 
Prove that the family F is equicontinuous. 

Problem 1.6.24 (Fa78) Let {#„} be a sequence of Riemann integrable functions 
from [0, 1] into R such that l#„(x)| < 1 for all n, x. Define 

G n (X) = f g n (t)dt. 

Jo 

Prove that a subsequence of{G n } converges uniformly. 

Problem 1.6.25 (Su79) Let {/„} be a sequence of continuous real functions de- 
fined [0, 1] such that 

f (fn(y)?d y«5 

Jo 

for all n. Define g„ : [0, 1] R by 

gn C x ) = f Vx + yfn (y) dy. 

Jo 



1. Find a constant K ^ 0 such that jg/i(x)| ^ K for all n. 

2. Prove that a subsequence of the sequence {#„} converges uniformly. 

Problem 1.6.26 (Su81) Let {/„} be a sequence of continuous functions defined 
from [0, 1] -► M such that 

[ ( fn(x ) - fm(x)) 2 dx -» 0 as n,m-> oo. 

Jo 

Let K : [0, 1] x [0, 1] -► M be continuous. Define g n : [0, 

gn(x) = f K(x, y)fn(y)dy. 

Jo 

Prove that the sequence {g n } converges uniformly. 

Problem 1.6.27 (Fa82) Let <p\,<p 2 , ... ,<p n , ... be nonnegative continuous func- 
tions on [0, 1] such that the limit 


lim / x k <p n (x)dx 

n-+oo Jo 


exists for every k = 0, 1 Show that the limit 


lim f f(x)<p n (x)dx 

n-±oo Jo 

exists for every continuous function f on [0, 1], 


Problem 1.6*28 (Sp83) Let X\, A. 2 , . . . , X n , ...be real numbers. Show that the 
infinite series 



e iX n x 



converges uniformly over R to a continuous limit function / : M — ► C. Show, 
further, that the limit 

r“5o wL T f(x)dx 

exists. 


Problem 1.6.29 (Sp85) Define the function £ by 


OO 

too = E 


n—\ 



Prove that £ (x) is defined and has continuous derivatives of all orders in the 
interval 1 < x < oo. 




Prove that f n (x) converges uniformly to a limit on every finite interval [a, b]. 


Problem 1.6.31 (Sp87) Let f be a continuous real valued function on R satisfy- 
ing 


!/(*)! < 


c 

l+x 2 ’ 


where C is a positive constant. Define the function F on R 



OO 

fw= /(•*+»>■ 

OO 


1. Prove that F is continuous and periodic with period 1. 

2. Prove that if G is continuous and periodic with period 1, then 

/>1 roo 

/ F(x)G(x)dx = / f(x)G(x)dx. 

J 0 J — oo 


Problem 1.632 (Sp79) Show that for any continuous function / : [0, 1] -> R 
and e > 0, there is a function of the form 

for some n € Z, wfere Co, . . . , C n € Q and |$(x) - f(x)\ < s for all x in [0, 1]. 


1.7 Fourier Series 


Problem 1.7.1 (Sp80) Let f : R R be the unique function such that 
f{x) = x if —it < x < jt and /(x + 2njr) = /(x)/or a// n e TL. 

1. Prove that the Fourier series of f is 


OO 


E 


(— l) n+1 2sinn;t 

n 


2. Prove that the series does not converge uniformly. 

3. For each x e R, find the sum of the series. 



Problem 1.7.2 (Su81) Let f : R -► R be the function of period 2 tt swc/z that 
fix) = ^ 3 /<?r -7T < x < tt . ^ 

1. Prove that the Fourier series for f has the form ^ b n sin/i* and write an 
integral formula for b n (do not evaluate it). l 

2. Prove that the Fourier series converges for all x. 


3. Prove 



2 TT 6 

7 


Problem 1.7.3 (Su82) Let f : [0, n] — > R be continuous and such that 


r 

Jo 


f(x) sin nxdx = 0 
for all integers n ^ 1. Is f identically 0? 

Problem 1.7.4 (Sp86) Let f be a continuous real valued function on R such that 


f{x) = fix + 1) = / + V2j 


for all x. Prove that f is constant. 

Problem 1.7.5 (Sp88) Does there exist a continuous real valued function fix), 
0 < x ^ 1, such that 

f xfix) dx = \ and f x n fix)dx~ 0 

Jo Jo 

for n = 0, 2, 3, 4 , . . .? Give an example or a proof that no such f exists. 


Problem 1.7.6 (Fa80) Let g be 2n -periodic, continuous on [— Tt , Tt] and have 
Fourier series 


ao 

2 


00 

+ T>n cos nx -f- b n sin nx) . 
n= 1 


Let f be 2 jz - periodic and satisfy the differential equation 


f"ix)+kf(x) = gix) 

where k ^ n 2 , n = 1, 2, 3, . . .. Find the Fourier series of f and prove that it 
converges everywhere. 


Problem 1.7.7 (Su83) Let f be a twice differentiable real valued function on 
[0, 2 71], with fo* f(x)dx = 0 = /( 2n) - /( 0). Show that 




Problem 1.7.8 (Fa81) Let f and g be continuous functions on JR such that 
f(x 4- 1) = / (x), g(x 4- 1) = g(x), for all x € R. Prove that 

f(x)g(nx)dx = f f (x ) dx f g(x)dx. 

Jo Jo 


lim f 

« _>0 ° Jo 


1 . 8 Convex Functions 

Problem 1.8.1 (Sp81) Let f : [0, 1] — > M be continuous with f (0) = 0. Show 
there is a continuous concave function g : [0, 1] -> M such that g(0) = 0 and 
g(x) > f(x)forallx € [0, 1]. 

Note: A function g : / — > R is concave if 

g (i tx + (1 - t)y ) ^ tg(x ) + (1 - t)g(y) 

for all x and y in I and 0 ^ t ^ 1. 

Problem 1.8.2 (Sp82) Let f : / — ► R (where I is an interval ofR) be such that 
f(x)> 0, x E I. Suppose that e cx f (x) is convex in I for every real number c. 
Show that log f(x) is convex in I . 

Note : A function g : / -» R is convex if 

g (tx + (1 - t)y ) ^ tg(x) 4- (1 - t)g(y ) 

for all x and y in I and 0 ^ t ^ 1. 

Problem 1.8.3 (Sp86) Let f be a real valued continuous function on R satisfying 
the mean value inequality below: 

1 fX+h 

f(x) ^ rr / f(y)dy , x eR, h> 0. 

Jh J x -h 


Prove: 

1. The maximum of f on any closed interval is assumed at one of the end- 
points. 


2. f is convex . 




2 

Multivariable Calculus 


2. 1 Limits and Continuity 

Problem 2.1.1 (Fa94) Let the function f : R" — > R" satisfy the following two 
conditions: 

( i) f ( K ) is compact whenever K is a compact subset ofW. 

(ii) If [K n ] is a decreasing sequence of compact subsets ofR n , then 

/ OO \ OO 

/ (n K ») -n/v- >• 


Prove that f is continuous. 

Problem 2.1.2 (Sp78) Prove that a map g :W W 1 is continuous only if its 
graph is closed in R n x M". Is the converse true? 

Note: See also Problem 1.2.14. 

Problem 2.13 (Su79) Let U C R n be an open set. Suppose that the map 
h : U — » R" is a homeomorphism from U onto which is uniformly con- 
tinuous. Prove V — R n . 

Problem 2.1.4 (Sp89) Let f be a real valued function on R 2 with the following 
properties: 


1. For each yo in R, the function x i-> f(x, yo) is continuous. 



2. For each *o in R, the function y /(* o, y) is continuous. 

3. f(K) is compact whenever K is a compact subset of R 2 . 

Prove that f is continuous. 

Problem 2.1.5 (Sp91) Let f be a continuous function from the ball 
B n = [x € R n | ||*|| < 1} into itself. (Here, || ■ || denotes the Euclidean norm.) 
Assume ||/(*)|| < II* II for all nonzero * € B n . Let *o be a nonzero point of B n , 
and define the sequence (**) by setting ** = /(**- 1). Prove that lim** = 0. 

Problem 2.1.6 (Su78) Let N be a norm on the vector space R"; that is, 
N : R” -» R satisfies 

N(x ) ^ 0 and N(x) = 0 only if * = 0, 

N(x + y) < N(x) + 7V(;y), 

N(Xx) = |A.|/V(*) 

/<?r a// *, y € R” and A. e R. 

/. Prove that N is bounded on the unit sphere. 

2. Prove that N is continuous. 

3. Prove that there exist constants A > 0 and B > 0, such that for all 

x <=W, A\\x\\ ^ N(x) ^ B\\x\\. 

Problem 2.1.7 (Fa97) A map f : R m -» R n is proper if it is continuous and 
f~ } (B) is compact for each compact subset B ofW 1 ; f is closed if it is continuous 
and f(A) is closed for each closed subset A ofR m . 

1. Prove that every proper map f : R w — > R w is closed. 

2. Prove that every one-to-one closed map f : R m — ► R” is proper. 

Problem 2.1.8 (Sp83) Suppose that F : R" -» R w is continuous and satisfies 

II F(*> - F(y)\\ > X||* - y\\ 

for all x,y € R" and some X > 0. Prove that F is one-to-one, onto, and has a 
continuous inverse. 

Note: See also Problem 1.2.12. 


2.2 Differential Calculus 


Problem 2.2.1 (Sp93) Prove that 


x 2 + y 2 


e x +y~ 2 forx ^0, y >0. 


4 



Problem 2.2.2 (Fa98) Find the minimal value of the areas of hexagons circum- 
scribing the unit circle in M 2 . 

Note: See also Problem 1.1.12. 

Problem 2.23 (Sp03) Define f : R 2 -* R 2 by f(x, 0) = 0 and 


f(x> y) = — COS— ^ yj x 2 + y‘ 


for y £ 0. 


1. Show that f is continuous at (0, 0). 

2. Calculate all the directional derivatives of f at (0, 0). 

3. Show that f is not differentiable at (0, 0). 

Problem 2.2.4 (Fa86) Let f : M 2 — ► R be defined by: 


fix 


•H; 


4 / 3 sin(>>/x) if x 0 

if x=0 


Determine all points at which f is differentiable. 

Problem 2.2.5 (SpOO) Let F, with components F \ , . . . , F n , be a differentiable 
map ofW into R n such that F(0) = 0. Assume that 


n 


E 

j.k=\ 


9Fj( 0 ) 

dx k 


= c < 1 . 


Prove that there is a ball B in R" with center 0 such that F(B) c B. 

Problem 2.2.6 (Fa02) Let p be a polynomial over R of positive degree. Define 
the function f : R 2 -> R 2 by /( x, y) = (p(x -f ^), p(x — y)). Prove that the 
derivative Df(x, y) is invertible for an open dense set of points (jc, y) in R 2 . 

Problem 23.7 (Fa02) Find the most general continuously differentiable function 
g : R ->■ (0, oo) such that the function h(x, y) = g(x)g(y) on R 2 is constant on 
each circle with center (0, 0). 

Problem 233 (Sp80, Fa92) Let f : W 1 W 1 be continuously differentiable. 
Assume the Jacobian matrix (dfi/dxj) has rank n everywhere. Suppose f is 

proper; that is, / _1 (AT) is compact whenever K is compact. Prove /( R") = R n . 

Problem 23.9 (Sp89) Suppose f is a continuously differentiable map o/R 2 into 
R 2 . Assume that f has only finitely many singular points, and that for each posi- 
tive number M, the set {z e R 2 | \f(z)\ ^ M) is bounded. Prove that f maps R 2 
onto R 2 



Problem 2.2.10 (Fa81) Let f be a real valued function on R” of class C 2 . A 
point x € R" is a critical point off if all the partial derivatives off vanish at x; a 
critical point is nondegenerate if the n x n matrix 



is nonsingular. 

Let x be a nondegenerate critical point off. Prove that there is an open neigh- 
borhood ofx which contains no other critical points (i.e., the nondegenerate crit- 
ical points are isolated). 

Problem 2.2.11 (Su80) Let f : R n -> R be a function whose partial derivatives 
of order < 2 are everywhere defined and continuous. 

1. Let a e R” be a critical point off (i.e., = 0, i — l, ... ,n). Prove 

that a is a local minimum provided the Hessian matrix 



is positive definite at x = a. 

2. Assume the Hessian matrix is positive definite at all x. Prove that f has, at 
most, one critical point. 

Problem 2.2.12 (Fa88) Prove that a real valued C 3 function f on R 2 whose 
Laplacian, 

a 2 / a 2 / 

a* 2 dy 2 ’ 

is everywhere positive cannot have a local maximum. 

Problem 2.2.13 (FaOl) Let the function u on R 2 be harmonic, not identically 0, 
and homogeneous of degree d, where d > 0. ( The homogeneity condition means 
that u(tx , ty) = t d u(x , y)for t > 0.) Prove thatd is an integer. 

Problem 2.2.14 (Su82) Let / : K 3 — > R 2 and assume that 0 is a regular value 
off(i.e., the differential of f has rank 2 at each point of f~ l (0)). Prove that 
R 3 \ / -1 (0) is arcwise connected. 

Problem 2.2.15 (Sp87) Let the transformation T from the subset 
U = {(k, v) \ u > v) ofR 2 into R 2 be defined by T(u, v) = (w + i>, u 2 + v 2 ). 

J. Prove that T is locally one-to-one. 

2. Determine the range ofT, and show that T is globally one-to-one. 



Problem 2.2.16 (Fa91) Let f be a C l function from the interval (—1,1) into R 2 
such that /( 0) = 0 and /'( 0) ^ 0. Prove that there is a number e in (0, 1) such 
that ||/ (r)l| is an increasing function of t on (0, s). 

Problem 2.2.17 (Fa80) For a real 2x2 matrix 



let ||X|| = x 2 + y 2 + z z + 1 2 , and define a metric by d(X , Y) = ||X — Y\\. Let 
E = {X\ det(X) = 0). Let 

-(i ;)• 

Find the minimum distance from A to E and exhibit an S € E that achieves this 
minimum. 

Problem 2.2.18 (Su80) Let 5cl 3 denote the ellipsoidal surface defined by 

2x 2 + (y — l) 2 + (z - 10) 2 = 1. 

Let T Cl * be the surface defined by 

_ 1 
Z x 2 + y 2 + 1 

Prove that there exist points p € 5, q eT, such that the line ~pq is perpendicular 
to S at p and to T at q. 

Problem 2.2.19 (Sp80) Let Pz denote the set of real polynomials of degree < 2. 
Define the map J : Pz-^M. by 

J(f)= f f(x) 2 dx. 

Jo 

Let Q = {/ e Pz | /( 1) = 1). Show that J attains a minimum value on Q and 
determine where the minimum occurs. 

Problem 2.2.20 (Su79) Let X be the space of orthogonal real n x n matrices. 
Let vq € R”. Locate and describe the elements of X, where the map 

f : X R, f(A) = (i>o, Av o) 

takes its maximum and minimum values. 

Problem 2.2.21 (Ea78) Let W c R" be an open connected set and f a real 
valued function on W such that all partial derivatives off are 0. Prove that f is 
constant. 



Problem 2.2.22 (Sp77) In M 2 , consider the region A defined by x 2 + y 2 > 1. 
Find differentiable real valued functions f and g on A such that df/dx — dg/dy 
but there is no real valued function h on A such that f — dh/dy and g = dh/dx- 

Problem 2.2.23 (Sp77) Suppose that u(x, t) is a continuous function of the real 
variables x and t with continuous second partial derivatives. Suppose that u and 
its first partial derivatives are periodic in x with period 1, and that 

d 2 u _ d 2 u 

dx 2 ~'dt 2 ' 


Prove that 

*»- if ((*)*♦(£)> 

is a constant independent oft. 

Problem 2.2.24 (Su77) Let f(x, t) be a C 1 function such that df/dx = df/dt. 
Suppose that f(x , 0) > 0 for all x. Prove that f(x, t) > 0 for all x and t. 


Problem 2.2.25 (Fa77) Let f : -> M have continuous partial derivatives 

and satisfy 




for all x = (jti, . . . , x n ), j = 1 Prove that 


I/to - / 0)1 < JiK\ \x - M| 


( where ||u|| = Ju\ H 1 -u%). 


Problem 2.2.26 (Fa83, Sp87) Let f : W 1 \ {0} — ► M be a function which is 
continuously differentiable and whose partial derivatives are uniformly bounded: 


V. 

dXi 


(x\ , , Xfi) 


< M 


for all (x \ , . . . , x n ) 7^ (0, ... , 0). Show that ifn ^ 2, then f can be extended to a 
continuous function defined on all ofW 1 . Show that this is false ifn = 1 by giving 
a counterexample. 


Problem 2.2.27 (Sp79) Let f : \ {0} — ► M be differentiable. Suppose 


lim 


df 


dx 



exists for each j = 1 , . . . , n. 


1. Can f be extended to a continuous map from to IR? 



2 . Assuming continuity at the origin, is f differentiable from W* to R? 

Problem 2.2,28 (Sp82) Let / : R 2 -> R have directional derivatives in all di- 
rections at the origin. Is f differentiable at the origin ? Prove or give a counterex- 
ample. 


Problem 2.2.29 (Fa78) Let f : R rt -> R have the following properties : f is 
differentiable on R rt \ {0}, f is continuous at 0 , and 


9/ 

lim -M/?) = 0 

p->0 dXi 


for i — 1 ,...,n. Prove that f is differentiable at 0. 

Problem 2.2.30 (Su78) Let U C W 1 be a convex open set and f : U —> W 1 a 
differentiable function whose partial derivatives are uniformly bounded but not 
necessarily continuous. Prove that f has a unique continuous extension to the 
closure ofU. 

Problem 2.2.31 (Fa78) 1. Show that if u, v : R 2 -> R are continuously dif- 

ferentiable and — = — — , then u = -f-, v = --for some / : R 2 -> R. 

dy ox ox oy 

2. Prove there is no f : R 2 \ {0} — ► R such that 

a/_ -> . a/_ * 

dx~ x 2 + y 2 dy~x 2 +y 2 ' 

Problem 2.2.32 (Su79) Let f : R 3 R be such that 

0) = {v e R 3 | M = 1}. 


Suppose f has continuous partial derivatives of orders < 2 . Is there ape R 3 
with JlpH ^ 1 such that 


a 2 / 

dx 2 


(p) + 



a 2 / 

dz 2 


(p)>o 




Problem 2.233 (Sp92) Let f be a differentiable function from R” to R”. Assume 
that there is a differentiable function g from R n to R having no critical points such 
that go f vanishes identically. Prove that the Jacobian determinant off vanishes 
identically. 


Problem 2.2.34 (Fa83) Let /, g : R R be smooth functions with /( 0) = 0 
and /'( 0) 7 ^ 0. Consider the equation fix) = tgix), t e R. 

1. Show that in a suitably small interval |?| < 8, there is a unique continuous 
function x(t) which solves the equation and satisfies *( 0 ) = 0 . 

2. Derive the first order Taylor expansion of x it) about t = 0. 



Problem 2.2.35 (Sp78) Consider the system of equations 

3x + y — z + w 4 = 0 

x — y +2z + u = 0 

2x -f- 2y — 3z + 2m = 0 

/. Prove that for some e > 0, the system can be solved for (x, y,u) as a 
function of z e [—£, e], with x (0) = y(0) = w(0) = 0. Are such functions 
x{z), y(z) and u(z) continuous? Differentiable? Unique? 

2. Show that the system cannot be solved for (x, y, z) as a function of 
u € [— S t S], for allS > 0. 

Problem 2.2.36 (Sp81) Describe the two regions in (a, b)-spacefor which the 
function 

fa,b( x > y) = ay 2 +bx 

restricted to the circle x 2 + y 2 = 1, has exactly two, and exactly four critical 
points, respectively. 

Problem 2.2.37 (Fa87) Let u and v be two real valued C 1 functions on R 2 such 
that the gradient Vw is never 0, and such that, at each point, Vv and Vm are 
linearly dependent vectors. Given po = (*o> yo) € R 2 , show that there is a C l 
function F of one variable such that v{x, y) = F (u(x, y)) in some neighborhood 
ofpo. 

Problem 2.238 (Fa94) Let f be a continuously differentiable function from R 2 
into R. Prove that there is a continuous one-to-one function gfrom [0, 1] into R 2 
such that the composite function f og is constant. 

Problem 2239 (Su84) Let f : R -> R be C 1 and let 

u = f{x) 
v = -y +xf(x). 

V f C*o) 0, show that this transformation is locally invertible near (*o, yo) and 
the inverse has the form 

x = g(u) 
y=z~ v + ug(u). 

Problem 2.2.40 (Su78, Fa99) Let M nX n denote the vector space of real nxn ma- 
trices. Define a map f:M nxn -> M nx „ by f(X) = X 2 . Find the derivative off . 

Problem 2.2.41 (Su82) Let M 2 x 2 be the four-dimensional vector space of all 
2x2 real matrices and define f : M2x2 -+ A^2x2 by f(X) = X 2 . 

1. Show that f has a local inverse near the point 



2. Show that f does not have a local inverse near the point 



Problem 2.2.42 (Fa80) Show that there is an e > 0 such that if A is any real 
2x2 matrix satisfying \ay\ < e for all entries ay of A, then there is a real 2x2 
matrix X such that X 2 ■+■ X r = A, where X* is the transpose ofX. Is X unique? 

Problem 2.2.43 (Sp96) Let Mix! be the space of 2x2 matrices over R, identified 
in the usual way with R 4 . Let the function F from into Mixi be defined by 

F(X) = X + X 2 . 

Prove that the range of F contains a neighborhood of the origin. 

Problem 2.2.44 (Fa78) Let M nxn denote the vector space ofn x n real matrices. 
Prove that there are neighborhoods U and V in M nxn of the identity matrix such 
that for every A in U, there is a unique X in V such that X 4 = A. 

Problem 2.2.45 (Sp79,Fa93) Let M nxn denote the vector space ofnxn real 
matrices forn ^ 2. Let det : M nxn — ► R be the determinant map. 

1. Show that det is C°°. 

2. Show that the derivative ofde t at A e M nxn is zero if and only if A has 
rank ^ n — 2. 

Problem 2.2.46 (Fa83) Let F(t) = (fij(t)) be an nxn matrix of continuously 
differentiable functions fy : R -* R, and let 

«( 0 = tr(F(f) 3 ). 

Show that u is differentiable and 

i/(f) = 3tr (f^Vw) . 

Problem 2.2.47 (Fa81) Let A = (ay) be annxn matrix whose entries ay are 
real' valued differentiable functions defined on R. Assume that the determinant 
det(i4) of A is everywhere positive. Let B = (by) be the inverse matrix of A. 
Prove the formula 

d v*" \ dan . 

-log (det (A)) = £ -jj- bji . 

hj-l 

Problem 2.2.48 (Sp03) 1 . Prove that there is no continuously differentiable, 

measure-preserving bijective function f: R -► R+. 

2. Find an example of a continuously differentiable, measure-preserving bi- 

jective function /: R x R R x R+. 



2.3 Integral Calculus 


Problem 23.1 (Sp78) What is the volume enclosed by the ellipsoid 

y2 y2 J2 

a 2 b 2 c L 


Problem 23.2 (Sp78) Evaluate 


IL 


-x 2 -y 2 


dxdy , 


where A = {(jc, y) e R 2 | x 2 4- y 2 < 1}. 


/ °° 2 

e x dx — evaluate the inte- 

~O0 

gral 

/ OO POO _ _ - 

I e~^ x + (y~ x ) + y ^dx dy . 

-OO J — OO 


Problem 23.4 (Fa86) Evaluate 


j J (x 3 - 3 xy 2 ) dxdy , 


where 


n = {(*, y) e R 2 | (jc 4- 1) 2 4- y 2 < 9, (* - l) 2 j 2 ^ 1}. 

Problem 233 (Fa98) y) be a function with continuous second order 

partial derivatives such that 

1. <p xx 4- <p y y 4- = 0 in the punctured plane R 2 \ {0}, 

X V , 

2. r<p x and r(p y -> as r — yjx 2 4* y 2 -*> 0. 

Lef Cr be the circle x 2 4- y 2 — R 2 - Show that the line integral 

/ e x (-<p y dx 4- <p x dy) 

Jcr 


is independent of R, and evaluate it. 

Problem 23.6 (Sp80) Let S = {(*, y, z) € R 3 | x 2 4- y 2 4- z 2 = 1} denote the 
unit sphere in R 3 . Evaluate the surface integral over S: 



+ y + z)dA. 



Problem 2.3.7 (Sp81) Let 7, J, and k be the usual unit vectors in R 3 . Let F de- 
note the vector field 


(x 2 + y - 4)7 4- 3 xyj 4- (2 xz + z 2 )k. 

1. Compute V x F (the curl of F). 

2. Compute the integral ofVxF over the surface x 2 4* y 2 4- z 2 = 16, z ^ 0. 
Problem 2.3.8 (Sp91) Let the vector field F in R 3 have the form 

Ffr) = *(|r||)r (r *(0,0,0)), 

where g is a real valued smooth function on (0, oo) and || • || denotes the Euclidean 
norm. ( F is undefined at (0, 0, 0).) Prove that 

J F ds = 0 

for any smooth closed path C in R 3 that does not pass through the origin. 

Problem 23J9 (Fa91) Let B denote the unit ball ofR 3 , B — {r € R 3 j ||r|j ^ 1). 
Let J — (J\, J 2 , Jf) be a smooth vector field on R 3 that vanishes outside of B 
and satisfies V • J = 0. 

/. For f a smooth, scalar-valued function defined on a neighborhood of B, 
prove that 

f (V/) • 7 dxdydz = 0. 

Jb 

2. Prove that 

I J\ dxdydz = 0. 

Jb 

Problem 2.3.10 (Fa94) Let V denote the open unit disc in R 2 . Let u be an eigen- 
function for the Laplacian in V; that is, a real valued function of class C 2 defined 
in V, zero on the boundary of V but not identically zero, and satisfying the dif- 
ferential equation 

d 2 u d 2 u . 

a^ + a? = XM ' 

where k is a constant. Prove that 

(*) IL Jgrad u\ 2 dxdy 4- k J ^ u 2 dxdy = 0 , 


and hence thatk < 0. 



Problem 23.11 (Fa03) Let X, a e R, with a < 0. Let u(x, y) be an infinitely 
differentiable function defined on an open neighborhood of closed unit disc Z> 
such that 


d 2 u d 2 u _ 
dx 2 ' dy 2 

D n u = au 


in int(£>) 
in dV. 


Here D n u denotes the directional derivative of u in the direction of the outward 
unit normal Prove that ifu is not identically zero in the interior ofV then X < 0. 

Problem 23.12 (Sp92) Let f be a one-to-one C 1 map ofR 3 into M 3 , and let J 
denote its Jacobian determinant. Prove that ifx o is any point of M 3 and Q r (x o) 
denotes the cube with center xq, side length r, and edges parallel to the coordinate 
axes, then 


\J(x 0 )\ = limr 3 vol(/(G r (* 0 ))) ^ limsup 


ll/(^) - /(*o)ll : 


r — >-0 


x~*xq ||*“* 0 ll 


Here, || • || is the Euclidean norm in R 3 . 



3 

Differential Equations 


3 . 1 First Order Equations 

Problem 3.1.1 (Fa87) Find a curve C in R 2 , passing through the point (3, 2), 
with the following property: Let L (xo, Jo) be the segment of the tangent line to 
C at (xo, yo) which lies in the first quadrant. Then each point (xo, Jo) of C is the 
midpoint of L(x o, Jo). 



L(xo, yo) 



Problem 3.1.2 (Su78) Solve the differential equation g' = 2 g, g (0) = a, where 
a is a real constant. 


Problem 3.13 (Fa93, Fa77) Let n be an integer larger than 1. Is there a differen- 
tiable function on [0, oo) whose derivative equals its n th power and whose value 
at the origin is positive? 


Problem 3.1.4 (Sp78) 

equation 


1. For which real numbers a > 0 does the differential 


= x a . 


x(0)=0, 


have a solution on some interval [0, b], b > 0? 


2. For which values of a are there intervals on which two solutions are de- 
fined? 

Problem 3.13 (Sp78) Consider the differential equation 

^ = x 2 + / 2 , *(0) = 1. 

dt 

1. Prove that for some b > 0, there is a solution defined for t € [0, b]. 


2. Find an explicit value ofb having the property in Part 1. 

3, Find a c > 0 such that there is no solution on [0, c]. 

Problem 3.1.6 (Fa78) Solve the differential equation 

Q- x 2 y-3x 2 , y(0) = 1. 

Problem 3.1.7 (Sp93) Prove that every solution x(t) (t > 0) of the differential 
equation 



withx{ 0) > 0 satisfies lim x(t) = 1. 

t-> 00 

Problem 3.1.8 (Sp80) Consider the differential equation 

, x 3 — x 

x — 

1 +e x 

L Find all its constant solutions. 

2. Discuss lim x{t), where x{t) is the solution such that xiO) = ~ . 
/-> 00 2 



Problem 3.1.9 (Su77, Su80, Sp82, Sp83) Prove that the initial value problem 

dx 

— = 3x + 85 cos jc, *(0) = 77 , 

has a solution x(t) defined for all t € R. 


Problem 3.1.10 (Fa82) Let f : R R be 
function, and consider the differential equation 


dy_ 

dx 


= /GO. 


a continuous nowhere vanishing 


1. For each real number c, show that this equation has a unique, continuously 
differentiable solution y — y(x) on a neighborhood of 0 which satisfies the 
initial condition j(0) = c. 


2. Deduce the conditions on f under which the solution y exists for all x e R, 
for every initial value c. 

Problem 3.1.11 (Sp79) Find all solutions to the differential equation 


dy 

dx 



y( 0 ) = 0 . 


Problem 3.1.12 (Sp83) Find all solutions y : M M to 


dy 

dx 


= Vy(y- 2 ), 


y(0) = o. 


Problem 3.1.13 (Su83) Find all real valued C 1 solutions y(x) of the differential 
equation 

X T~ + y ~x (-\<x<\). 

dx 

Problem 3.1.14 (Sp84) Consider the equation 

dy 

— = y-smy. 

dx 

Show that there is ane > 0 such that (flyol < e > then the solution y — f (x) with 
/( 0) = jo satisfies 

lim /(*) = 0. 

x->—oo 

Problem 3.1.15 (Fa84) Consider the differential equation 


dy 

dx 


= 3^j + 


y 

1 + y 2 


Prove 



1. For each n = 1,2,..., there is a unique solution y = f n (*) defined for 
0 < x < 1 such that f n (0) = 1/n. 

2. lim /*( 1) = 0. 

«->oo 

Problem 3.1.16 (Fa85) Let y(r) be a real valued solution, defined for 
0 < t <oo, of the differential equation 


<h_ 

dt 


= e~y - e~ 3 r + e~^ . 


Show that y(t) -> +oo ast -> +oo. 

Problem 3.1.17 (SpOl) Consider the differential-delay equation given by 
y'{t ) = —y(t — to). Here, the independent variable t is a real variable, the func- 
tion y is allowed to be complex valued, and to is a positive constant. Prove that if 
0 < to < Ttf2 then every solution of the form y(t) = e Xt , with X complex, tends 
to 0 as t -> -foo. 

Problem 3.1.18 (Fa86) Prove the following theorem, or find a counterexample: 
If p and q are continuous real valued functions on M such that \q{x)\ < \p(x)\ 
for all x, and if every solution f of the differential equation 

f’ + qf= 0 

satisfies lim f{x) — 0, then every solution f of the differential equation 

X— >+00 


/' + P/ = 0 


satisfies lim f{x) = 0. 

JC— >+oo 


Problem 3.1.19 (Fa86) Discuss the solvability of the differential equation 

{e x sin y)(y') 3 + («* cos y)y' + e y tan x — 0 

with the initial condition y(0) = 0. Does a solution exist in some interval about 
0? If so, is it unique? 

Problem 3.1.20 (Fa92) Let f and g be positive continuous functions on R, with 
g < / everywhere. Assume the initial value problem 

dx 

— = /(jc), x(0)=0, 

has a solution defined on all oftiL Prove that the initial value problem 

dx 


dt 


= g(x), *(0) = 0, 


also has a solution defined on all ofR. 

Problem 3.1.21 (Sp95) Let f : R -> R be a bounded continuously differentiable 
function. Show that every solution ofy'(x) = f (y(x)) is monotone. 



3.2 Second Order Equations 


Problem 3.2.1 (Sp97) Suppose that f"(x) = (x 2 - 1 )f(x) for all x e M, and 
that /( 0) = 1, /'( 0) = 0. Show that f(x ) 0 as x oo. 

Problem 3.2.2 (Sp77) Find the solution of the differential equation 

/'- 2 / + > = 0 , 

subject to the conditions 

y(0) = 1, /(0) = 1. 


Problem 3.23 (Fa77) Find all solutions of the differential equation 

d 2 x „ dx 

-2— +x = sin / 
dt 2 dt 

subject to the condition jc(0) = 1 and x'(0) = 0. 

Problem 3.2.4 (Su79) Let x : E R be a solution to the differential equation 

5x" 4- 10*' 4* 6x = 0. 


Prove that the function / : M — »• M, 



x(t) 2 
1 +x(tf 


attains a maximum value. 

Problem 3.2 JS (Su84) Let x(t) be the solution of the differential equation 

x n (t) + 8 x'{t) 4- 25 x(t) = 2cos t 


with initial conditions *(0) = 0 and x'(0) = 0. Show that for suitable constants 
a and 8, 

lim (*(/) — a cos (r — 5)) = 0. 

/->oo 

Problem 3.2.6 (Fa79, Su81, Fa92) Let y — y(x) be a solution of the differential 
equation y" = — |y| with — oo < x < oo, y(0) = 1 and /( 0) = 0. 

1. Show that y is an even function. 

2. Show that y has exactly one zero on the positive real axis. 

Problem 3.2.7 (Fa95) Determine all teal numbers L > 1 so that the boundary 
value problem 

x 2 y"{x) 4- y(x) = 0, 1 < x < L 

y(l ) = y(L) = o 


has a nonzero solution. 



Problem 3.2.8 (Fa83) For which real values of p does the differential equation 

y" + 2 py' + y = 3 


admit solutions y — f(x) with infinitely many critical points? 

Problem 3.2.9 (Sp87) Let p, q and r be continuous real valued functions on R, 
with p > 0. Prove that the differential equation 

p(t)x"(t) + q(t)x'(t) + r(t)x(t) = 0 


is equivalent to (i.e., has exactly the same solutions as) a differential equation of 
the form 

(a(t)x'(t))' + b(t)x(t ) = 0, 

where a is continuously differentiable and b is continuous. 


Problem 3.2.10 (Fa93) Let the Junction x(t) (-00 < t < oo) be a solution of 
the differential equation 


d 2 x 
It * 



Hh cx — 0 


such that x(0) = *(1) = 0. (Here, b and c are real constants.) Prove that 
x(n) = 0 for every integer n. 


Problem 3.2.11 (Sp93) Let k be a positive integer. For which values of the real 
number c does the differential equation 


d 2 x 

dt 2 



+ x = 0 


have a solution satisfying *(0) = x(2nk) = 0? 


Problem 3.2.12 (FaOl) Consider the second-order linear differential equation 


d 2 x 


dx 


d,* +p di +gx = 0 - 


(*) 


Here, the independent variable t varies over R, the unknown Junction x is as- 
sumed to be real valued, and p and q are continuous functions on R. Assume 
that the solutions of(*) are defined for all t ( which is actually guaranteed by the 
theory), and that the solution set is translation invariant: if f is a solution and s 
is a real number, then the function g(t ) = /(/ + s) is also a solution. Prove that 
p and q are constant. 


Problem 3.2.13 (Sp85) Let h > 0 be given. Consider the linear difference equa- 
tion 


y ((n + 2 )h) - 2 y ((n + 1 )h)+ y(nh) 

h 2 


-y(nh), n =0,1,2,.... 


(Note the analogy with the differential equation y" = —y.) 



1 . Find the general solution of the equation by trying suitable exponential 
substitutions. 

2. Find the solution with y(0) = 0 and y(h) = h. Denote it by Sh(nh), 
n ■ 1 1 2.^ . . .. 

X 

3. Let x be fixed and h ~ Show that 

n 


lim S* (—)=sinx. 

n-*- oo n \ n / 


3.3 Higher Order Equations 

Problem 3.3.1 (Su78) Let E be the set of functions / : R -> M which are solu- 
tions to the differential equation f” + f" — 2/ = 0. 

1. Prove that E is a vector space and find its dimension. 


2. Let Eo C E be the subspace of solutions g such that lim g(t) = 0. Find 
g € Eo such that g( 0) = 0 and g'( 0) = 2. r ~*°° 

Problem 33.2 (Fa98) Find a function _y(*) such that + y — 0 for x ^ 0, 
y( 0) = 0, / (0) = 1 and lim y{x) — lim y\x) = 0. 

X— >-00 jc->oo 

Problem 333 (Sp87) Let V be a finite-dimensional linear subspace of C°°(M) 
(the space of complex valued, infinitely differentiable junctions). Assume that V is 
closed under D, the operator of differentiation (i.e., f e V => Df e V). Prove 
that there is a constant coefficient differential operator 


k = 0 


such that V consists of all solutions of the differential equation Lf = 0. 

Problem 33.4 (Fa94) 1. Find a basis for the space of real solutions of the 

differential equation 




2. Find a basis for the subspace of real solutions of (*) that satisfy 

lim *(0 = 0. 

/- 4-+00 



Problem 33.5 (Sp94) 1. Suppose the functions sin t and sin 2t are both solu- 

tions of the differential equation 


Ck 


0 


d k x 

dt k 



where c$, ... ,c n are real constants. What is the smallest possible order of 
the equation? Write down an equation of minimum order having the given 
functions as solutions. 


2. Will the answers to Part 1 be different if the constants co, . . . , c n are al- 
lowed to be complex? 


Problem 33.6 (Sp9 5) Let y : M. R be a three times differentiable function 
satisfying the differential equation y'" — y = 0. Suppose that lim x _>oo y(x) — 0. 
Find real numbers a, b, c, and d, not all zero, such that ay(0)-{-y' (0)-t -cy" (0) = d. 


3 .4 Systems of Differential Equations 


Problem 3.4.1 (Sp79) Consider the system of differential equations: 

dx 

dt 
dy 


— y + tz 


dt 


= z + rx 


dz t 

n =x+ey - 

Prove there exists a solution defined for all t e [0, 1], such that 


(\ 2 3\ /*(0)\ /0\ 

4 5 6 \y(0) = 0 

\7 8 9) V^(0)/ \0j 

and also 

( [x(t ) 2 + y{tf -f z(0 2 ) dt- 1. 

Problem 3.4.2 (Su79, Fa79, Fa82, Su85) Find all pairs of C°° functions x(t) 
and y(t) on M satisfying 


x\t) = 2 x(t) - y(t), y\t) = x(t). 

Problem 3.43 (Su80) Consider the differential equations 

dx dy 

—- = -x+y t — r= log(20 + x) - y. 

Let x(t) and y(t) be a solution defined for allt ^ 0 with jc(0) > 0 and y( 0) > 0. 
Prove that x(t) and y(t) are bounded. 



Problem 3.4.4 (Sp81) Consider the system of differential equations 

=y + *(l -x 2 - y 2 ) 

X + y(l - X 2 - y 2 ). 

1. Show that for any xq and yo* there is a unique solution (jc(r), y(t)) defined 
for all t e E such that x{ 0) = xq, y(0) = yo. 

2. Show that if xo ^ 0 and yo ^ 0, the solution referred to in Part 1 ap- 
proaches the circle x 2 + y 2 = 1 as t oo. 

Problem 3.4.5 (Sp84) Show that the system of differential equations 


d_ 

di 



( 0 1 0 
2 0 0 
0 0 3 


y 

z 


has a solution which tends to oo as t -> — oo and tends to the origin ast — >• -f oo. 
Problem 3.4.6 (Sp91) Let x{t) be a nontrivial solution to the system 


dx 

li 


= Ax, 


where 

( 1 6 

A=\-4 4 11). 

3 -9 8/ 

Prove that |Ja:(/)|| is an increasing function oft. (Here, || * )| denotes the Euclidean 
norm.) 

* 

Problem 3.4.7 (Su84) Consider the solution curve (x(t), y(t)) to the equations 


dx 

~dt 




with initial conditions x (0) = 0 and y(0) = 0. Prove that the solution must cross 
the line x = 1 in the xy plane by the time t — 2. 

Problem 3.4.8 (Fa80) Consider the differential equation x" 4- x’ + * 3 = 0 and 
the function f(x, x’) — (x + x') 2 4- (x r ) 2 4- x 4 . 

1. Show that f decreases along trajectories of the differential equation. 

2. Show that ifx(t) is any solution, then (x(t), x'(t)) tends to (0, 0) as t -> oo. 



Problem 3.4.9 (Fa84) Consider the differential equation 


dx 

dt 



dy 

dt 


—ay —x 3 —x 5 , where a > 0. 


1. Show that 


V 2 x ^ X ^ 

F (x,y) = Y + T + T 


decreases along solutions. 


2. Show that for any e > 0, there is a 8 > 0 such that whenever 
|| (x(0), j(0» || < 8, there is a unique solution (x(r), y(t)) of the given 
equations with the initial condition (x(0), }>(0)) which is defined for all 
t ^ 0 and satisfies || (*(/), y(0) II < 

Problem 3.4.10 (Fa83) J. Let u(t) be a real valued differentiable function of 
a real variable t which satisfies an inequality of the form 


u\t ) < au{t) y t ^ 0, «( 0) < b y 


where a and b are positive constants. Starting from first principles, derive 
an upper bound for u{t ) for t > 0. 

2. Let x{t) — X 2 (t ), .... x n (t)) be a differentiable function from M to 

3R" which satisfies a differential equation of the form 

*'(0 = f(X(t))y 

where / : M" -> M” is a continuous function. Assuming that f satisfies the 

condition 

(f(y), y> < llyll 2 , yeR" 

derive an inequality showing that the norm ||x(/)|| grows, at most, expo - 

nentially. 

Problem 3.4.11 (Fa81) Consider an autonomous system of differential equations 

dx, 

Fi(X] , ... y Xfl ), 

where F = (F\ F n ) : R n R n is a C ] vector field. 

1. Let U and V be two solutions on a < t < b. Assuming that 

(DF(x)z, z) <0 

for all x, z in K", show that || U(t)- V (r)|| 2 is a decreasing function oft. 



2. Let W(t) be a solution defined for t > 0. Assuming that 

(DF(x)z,z) 

show that there exists Cel" such that 

lim W(t) = C. 

/— >oo 

Problem 3.4.12 (Fa81) Let V i R w — > R a function and consider the 
system of second order differential equations 

*?( t) = f (*(/)) , 1 < i ^ n. 


where 



8V 

dx,' 


L£t x(t) = (*i(f), • • ♦ » x n (t)) be a solution of this system on a finite interval 
a <t < b. 


1. Show that the function 

H{t) = ^(x'(t),x'(t)) + V(x(t)) 
is constant for a < t < b. 

2. Assuming thatVix ) > M > — oo for all x € R", s/zow thatx(t), x'(t), and 
x"(t) are bounded on a <t < b, and then prove all three limits 

lim;t(0, lim *'(/), lim*"^) 

i^b t-*b t-+b 


exist. 

Problem 3.4.13 (Sp86) For X a real number, find all solutions of the integral 
equations 

<p(x) = e* + X f e^ x ~ y) <p(y)dy, 0 ^ x ^ 1, 

Jo 

\f(x) ~e x H-X f e^ x ~ y ^(y)dy, 0 ^ x ^ 1. 

Jo 

Problem 3.4.14 (Sp86) Let V be a finite-dimensional vector space (over C) of 
C 00 complex valued functions on R ( the linear operations being defined point- 
wise). Prove that if V is closed under differentiation (i.e., f'(x) belongs to V 
whenever f(x) does), then V is closed under translations (i.e., f(x+a) belongs 
to V whenever f(x) does, for all real numbers a). 

Problem 3.4.15 (Fa99) Describe all three dimensional vector spaces V of C°° 
complex valued functions on R that are invariant under the operator of differen- 
tiation. 



Problem 3.4.16 (Fa88) Let the real valued functions f\ , . . . , f n + 1 on E satisfy 
the system of differential equations 

fk+\ + fit = + l)fk+ 1 — kfk » k = 1 , . . . * n 

fn+ \ — ~( w + l)fn+l • 

Prove that for each k, 

lim fkit) = 0. 

/->oo 

Problem 3.4.17 (Fa91) Consider the vector differential equation 

dx(t ) . . . . . 

= A(t)x(t) 

dt 

where A is a smooth n x n function on E. Assume A has the property that 
(A (t)y, y) ^ c\\y\\ 2 for all y in E n and all t, where c is a fixed real number. 
Prove that any solution x{t) of the equation satisfies |jx(0|| ^ e ct ll*(0)|| for all 
t > 0. 

Problem 3.4.18 (Sp94) Let W be a real 3x3 antisymmetric matrix, i.e., 
W* = —W. Let the function 



fxi(t)\ 

I X2 (0 I 

\X3(t)J 


be a real solution of the vector differential equation 


dX 

Hi 



1. Prove that j|X (r)||» the Euclidean norm ofX(t), is independent oft. 

2. Prove that ifv is a vector in the null space ofW, then X(t)-v is independent 

oft. 

3. Prove that the values X (t) all lie on a fixed circle in E 3 . 


Problem 3.4.19 (Sp80) For each t € E, let P(t) be a symmetric real nxn matrix 
whose entries are continuous functions oft. Suppose for all t that the eigenvalues 
of Pit ) are all ^ — 1. Let x(t) = (*i(r)» • • • , x n (t)) be a solution of the vector 
differential equation 


dx 

Hi 


= P(t) x. 


lim x(t) = 0. 

/— voo 


Prove that 



Problem 3.4.20 (Sp89) Let 


( 0 0 0 0 \ /0 1 0 0 \ 

1000 | 0 0 1 0 1 

0100 ’ I 0 0 0 1 I 

0010 / \0 0 0 0 / 


Find the general solution of the matrix differential equation 
unknown 4x4 matrix function X (t). 


dX 

dt 


— AXB for the 




4 

Metric Spaces 


4. 1 Topology of M" 


Problem 4.1.1 (Fa02) Let S be a subset ofWL. Let C be the set of points x in M 
with the property that S H (x - 8, x + 8) is uncountable for every 8 > 0. Prove 
that S\C is finite or countable. 


Problem 4.1.2 (Sp03) Let A C M be uncountable. 


1. Show that A has at least one accumulation point. 

2. Show that A has uncountably many accumulation points . 

Problem 4.13 (Fa02) Let [x(i, j ) | i, j e N) be a doubly indexed set in a com- 
plete metric space ( X , p) such that 


p(x(i % j),x(k,i)) < min 



Prove that the iterated limits lim lim x(i, j), lim lim x(i, j ) exist and are 
equal i-*ooj-±co jf->oo /->oo 


Problem 4.1.4 (SpOl) Let To be the interior of a triangle in R 2 with vertices 
A t B, C. Let T\ be the interior of the triangle whose vertices are the midpoints of 
the sides of To, Tz the interior of the triangle whose vertices are the midpoints of 
the sides ofT\, and so on. Describe the set nJJl 0 7J, . 

Problem 4.13 (Sp86, Sp94, Sp96, Fa98) Let K be a compact subset ofR n and 
{Bj) a sequence of open balls that covers K. Prove that there is a positive number 



€ such that each e-ball centered at a point of K is contained in one of the balls 

Bj. 

Problem 4.1.6 (Su81) Prove or disprove: The set Q of rational numbers is the 
intersection of a countable family of open subsets of'R. 

Problem 4.1.7 (Fa77) Let X C M be a nonempty connected set of real numbers. 
If every element of X is rational, prove X has only one element. 

Problem 4.1.8 (Su80) Give an example of a subset of M having uncountably 
many connected components. Can such a subset be open? Closed? 

Problem 4.1.9 (FaOO) Let f n : M* -> be continuous {n = 1,2,...). Let 

K be a compact subset of R k . Suppose f n ~*f uniformly on K. Prove that 

oo 

S = f(K) U \^J f n (K) is compact. 

n=l 

Problem 4.1.10 (Sp83) Show that the interval [0, 1] cannot be written as a count- 
ably infinite disjoint union of closed subintervals of[ 0, 1]. 

Problem 4.1.11 (Su78, Sp99, Sp03) Let X and Y be nonempty subsets of a met- 
ric space M. Define 


d(X , Y ) = mf{d(x, y)\xeX,yeY}. 

1. Suppose X contains only one point x, and Y is closed. Prove 

d(X , Y) = d(x, y) 


for some y € Y. 

2. Suppose X is compact and Y is closed. Prove 

d(X , Y) = d( x, y) 


for some x e X, y eY. 

3. Show by example that the conclusion of Part 2 can be false if X and Y are 
closed but not compact. 

Problem 4.1.12 (Sp82) LetSdWbea subset which is uncountable. Prove that 
there is a sequence of distinct points in S converging to a point of S. 

Problem 4.1.13 (Fa89) Let X cW be a closed set and r a fixed positive real 
number. Let Y = { y e R n \ \x - y\ = r for some x e X). Show that Y is closed. 

Problem 4.1.14 (Sp92, Fa99) Show that every infinite closed subset ofW 1 is the 
closure of a countable set. 



Problem 4.1*15 (Fa86) Let {U ] , U 2 , • • •} be a cover ofWi n by open sets. Prove 
that there is a cover { V \ , V 2 , • • .} such that 

1. Vj C Uj for each j; 

2. each compact subset ofU n is disjoint from all but finitely many of the Vj. 

Problem 4.1.16 (Sp87) A standard theorem states that a continuous real valued 
function on a compact set is bounded. Prove the converse: If K is a subset ofW 1 
and if every continuous real valued function on K is bounded, then K is compact. 

Problem 4.1.17 (Su77) Let A Cl" be compact, x e A; let (x,-) be a sequence 
in A such that every convergent subsequence of (x,) converges to x. 

1. Prove that the entire sequence (*, ) converges. 

2. Give an example to show that if A is not compact, the result in Part 1 is not 
necessarily true. 

Problem 4.1.18 (Fa89) Let X C R" be compact and let f : X ->• R be continu- 
ous. Given s > 0, show there is an M such that for all x, y € X, 

I /(*) - /OOI ^ M\x - ;y| + s. 

Problem 4.1.19 (Su78) Let {5 a } be a family of connected subsets 0 /R 2 all con- 
taining the origin. Prove that jj a S a is connected. 

Problem 4.1.20 (Fa79) Consider the following properties of a function 
f : W -> R: 

1. f is continuous. 

2. The graph of f is connected in E” xl. 

Prove or disprove the implications 1 =$■ 2, 2 1. 

Problem 4.1.21 (SpOl) Let U be a nonempty, proper, open subset ofW 1 . Con- 
struct a function f : R* — > R that is discontinuous at each point of U and 
continuous at each point ofR n \U. 

Problem 4.1.22 (Sp82) Prove or give a counterexample: Every connected, lo- 
cally pathwise connected set in R” is pathwise connected. 

Problem 4.1.23 (Sp81) The set of real 3x3 symmetric matrices is a real, finite- 
dimensional vector space isomorphic to R 6 . Show that the subset of such matrices 
of signature (2, 1) is an open connected subspace in the usual topology on R 6 . 

Problem 4.1.24 (Fa78) Let M nxn be the vector space of real n x n matrices, 

identified with R” 2 . Let X C M nX n be a compact set. Let S C C be the set of 
all numbers that are eigenvalues of at least one element of X. Prove that S is 
compact. 



Problem 4.1.25 (Su81) Let 50(3) denote the group of orthogonal transforma- 
tions ofM . 3 of determinant 1. Let Q C 50(3) be the subset of symmetric transfor- 
mations 7 ^ I. Let P 2 denote the space of lines through the origin in M 3 . 

1. Show that P 2 and 50(3) are compact metric spaces (in their usual topolo- 
gies). 

2. Show that P 2 and Q are homeomorphic. 

Problem 4.1.26 (Fa83) Let m and n be positive integers, with m < n. Let M m xn 
be the space of linear transformations ofW 71 into ( considered asnxm matri- 
ces) and let L be the set of transformations in M m xn which have rank m. 

1. Show that L is an open subset of M m xn . 

2. Show that there is a continuous function T : L -* M mxn such that 
T(A)A = I m for all A, where I m is the identity on M m . 

Problem 4.1.27 (Fa91) Let M nxn be the space of real nxn matrices. Regard it 
as a metric space with the distance function 

n 

d(A, B)=J2 \ a U - bij I (A = (ay). B = (fcy )) . 

Prove that the set of nilpotent matrices in M nxn is a closed set. 

Problem 4.1.28 (SpOO) Let S be an uncountable subset o/R Prove that there 
exists a real number t such that both sets S fl (— oo, t) and S fl (t, oo) are un- 
countable. 


4.2 General Theory 

Problem 4.2.1 (Sp02) Let (X, p) and ( Y , a ) be metric spaces. Assume that : 

L f, fi, fi, ... are bijective functions of X onto Y with inverses g, gi, g 2 , . . . 

2. g is uniformly continuous 

3. fn~*f uniformly as n oo. 

Prove that g n ->• g uniformly as n -* oo. 

Problem 4.2.2 (Fa99) Let E\, E 2 , ... be nonempty closed subsets of a complete 
metric space ( X , d) with E n +\ c E n for all positive integers n, and such that 
lim diam (E n ) = 0, where diam (E) is defined to be 


00 

Prove that j^J E n ^ 0. 


sup{d (x , y)\x,ye E). 



Problem 4.2.3 (FaOO) Let A be a subset of a compact metric space ( X , d). As- 
sume that, for every continuous function f : X K, the restriction of f to A 
attains a maximum on A. Prove that A is compact. 

Problem 4.2.4 (Fa93) Let X be a metric space and (x n ) a convergent sequence 
in X with limit xo. Prove that the set C = {* 0 , jcj , * 2 , ...} is compact. 

Problem 4.2.5 (Sp79) Prove that every compact metric space has a countable 
dense subset. 

Problem 4.2.6 (Fa80) Let X be a compact metric space and f : X — ► X an 
isometry. Show that f(X) = X. 

Problem 4.2.7 (Sp97) Let M be a metric space with metric d. Let C be a nonempty 
closed subset of M. Define f : M — > R by 

f{x) = inf{tf(.x, y)\ye C }. 

Show that f is continuous, and that f{x) = 0 if and only ifxeC. 

Problem 4.2.8 (Su84) Let C 1 / 3 be the set of real valued functions fon the closed 
interval [ 0 , 1 ] such that 

1. fi 0 ) = 0 ; 

2 . II /II is finite, where by definition 

1/11 = su p ( 1 1 * * y) • 

Verify that || • || is a norm for the space C 1 / 3 , and prove that C 1 / 3 is complete with 
respect to this norm. 

Problem 4.2.9 (SpOO) Let [f n ] JJLj be a uniformly bounded equicontinuous se- 
quence of real-valued functions on the compact metric space (X, d). Define the 
functions g n : X — > R, for n € N by 

g n {x) - max{/j (x), ...,/„ (x)} . 

Prove that the sequence converges uniformly. 

Problem 4.2.10 (Sp87) Let T be a uniformly bounded, equicontinuous family of 
real valued functions on the metric space ( X , d). Prove that the function 

g(x) = sup{/(*) \feT) 


is continuous. 

Problem 4.2.11 (Fa91) Let X and Y be metric spaces and fa continuous map of 
X into Y. Let K\ t K 2 , ■ • • be nonempty compact subsets of X such that 
K n 4.1 C K n for all n, and let K = f) K n . Prove that f ( K ) = (~)f(K n ). 



Problem 4.2.12 (Fa92) Let (Xi, d\) and (X 2 , ^ 2 ) be metric spaces and 
f : X\ X 2 a continuous surjective map such that d\ (p, q) ^ d 2 (f (p), f (q)) 
for every pair of points p, q in X\. 

1. If X 1 is complete, must X 2 be complete? Give a proof or a counterexample. 

2. If X 2 is complete, must X \ be complete? Give a proof or a counterexample. 

4.3 Fixed Point Theorem 

Problem 43.1 (Fa79) An accurate map of California is spread out flat on a table 
in Evans Hall, in Berkeley. Prove that there is exactly one point on the map lying 
directly over the point it represents. 

Problem 43.2 (Fa87) Define a sequence of positive numbers as follows. Let 
xo > 0 be any positive number, and let = (1 4- x n )~ l . Prove that this 
sequence converges, and find its limit. 

Problem 433 (Su80) Let f : R R be monotonically increasing (perhaps 
discontinuous). Suppose 0 < /( 0) and /(100) < 100. Prove f{x) — x for some 
x. 

Problem 43.4 (Su82, Sp95) Let K be a nonempty compact set in a metric space 
with distance function d. Suppose that (p: K -+ K satisfies 

d(<p(x),<p(y)) < d(x,y) 

for all x y in K. Show there exists precisely one point x € K such that 
x = <p(x ). 

Problem 433 (Fa82) Let K be a continuous function on the unit square 
0 ^ x, y < 1 satisfying \K(x, y)| < 1 for all x and y. Show that there is a 
continuous function f{x) on [0, 1] such that we have 

/(*)+ I' K(x,y)f(y)dy = e x \ 

Jo 

Can there be more than one such function f? 

Problem 43.6 (Fa88) Let g be a continuous real valued function on [0, 1]. Prove 
that there exists a continuous real valued function f on [0, 1] satisfying the equa- 
tion 

- f f(x- t)e~' 2 dt = g(x). 

Jo 

Problem 43.7 (Su84) Show there is a unique continuous real valued function 
f :[ 0, 1] R such that 

/(•*) = sin* + j ~_ d y. 



Problem 43.8 (Fa85, Sp98) Let (M, d) be a nonempty complete metric space. 
Let S map M into M, and write S 2 for S o S ; that is, S 2 (x) — S (S(x)). Suppose 
that S 2 is a strict contraction; that is, there is a constant X < 1 such that for all 
points x y y e M,d (S 2 (x), S 2 (y)) ^ Xd(x, y). Show that S has a unique fixed 
point in M. 




5 

Complex Analysis 


5 . 1 Complex Numbers 

Problem 5.1.1 (Fa77) If a and b are complex numbers and a f 0, the set a b 
consists of those complex numbers c having a logarithm of the form ba,for some 
logarithm a of a. (That is, e ba — c and e a — a for some complex number a.) 
Describe set a b when a = 1 and b = 1/3 4 * i. 

Problem 5.1.2 (Su77) Write all values of i l in the form a + bi. 

Problem 5.13 (Sp85) Show that a necessary and sufficient condition for three 
points a, b, and c in the complex plane to form an equilateral triangle is that 

a 2, + b 2 + c 2 = be + ca + ab. 


Problem 5.1.4 (Fa86) Let the points a, b, and c lie on the unit circle of the com- 
plex plane and satisfy a + b 4- c = 0. Prove that a, b, and c form the vertices of 
an equilateral triangle. 

Problem 5.1.5 (Sp77) 1. Evaluate P n -\ (1), where P n -\ (x) is the polynomial 


Pn- 1 M 


X n — 1 
x-\ ' 


2 . Consider a circle of radius 1 , and let Q\ , Q 2 , • • • » Qn be the vertices of a 
regular n-gon inscribed in the circle. Join Q\ to Q2, Q3, , Qn by seg- 

ments of a straight line. You obtain (n— 1 ) segments of lengths X 2 , X 3 , . . . , X n . 



Show that 




Problem 5.1.6 (Sp03) Prove that for each integer n ^ 0 there is a polynomial 
T n (x) with integer coefficients such that the identity 

2 cos nz = T n (2 cos z ) 


holds for all z. 

Problem 5.1.7 (Sp90) Let zi, Z2, ■ ■ • , Zn be complex numbers. Prove that there 
exists a subset J C {1, 2, .... n) such that 


Problem 5.1.8 (Sp94) Let a\ y ai, . . . ,a n be complex numbers. Prove that there 
is a point x in [0, 1] such that 

n 

1 -J^ane 2 ”"* >1. 

k=l 



Problem 5.1.9 (Fa82) Let a and b be complex numbers whose real parts are neg- 
ative or 0. Prove the inequality \e° — e b \ ^ \a — b\. 

Problem 5.1.10 (Fa95) Let A be a finite subset of the unit disc in the plane, and 
let N(A, r) be the set of points at distance ^ r from A, where 0 < r < 1. Show 



that the length of the boundary N(A, r) is, at most, C/r for some constant C 
independent of A. 


Problem 5.1.11 (Su82) For complex numbers ct \ , 012 , ...» prove 


lim sup 

n 


k 

i>? 

1 


1 In 


SUp \otj j, 

♦ 

J 


Note: See also Problem 1.3.1. 


5.2 Series and Sequences of Functions 

Problem 5.2.1 (Fa95) Show that 

(1 l+z+z 2 + ■ • •+r > xi+z 10 +z 20 +- • •+z 90 Xl+z 100 +z 200 +- • •+z 9 “) •••=/- 

l—z 

for \z\ < 1. 

Problem 5.2.2 (Fa94) Suppose the coefficients of the power series 

00 

n=0 

are given by the recurrence relation 

«0 = 1. fli = “1, 3 - a n -2 =0, n = 2,3 


Find the radius of convergence of the series and the function to which it converges 
in its disc of convergence. 

Problem 5.2.3 (Fa03) Show that the differential equation 

. f"(z) = zf(z), /(0) = 1, /'(0) = 1 


has an unique entire solution in the complex plane. 

Problem 5.2.4 (Fa93) Describe the region in the complex plane where the infi- 
nite series 



converges. Draw a sketch of the region. 



Problem 5.2.5 (Su77) Let f be an analytic function such that 

/(z) = 1+ 2z + 3z 2 + • • • for |z) < 1. 

Define a sequence of real numbers ao, a\,a 2 , ■ by 

oo 

/(z) = £>„(z + 2)". 

n=0 

What is the radius of convergence of the series 

oo 

I >*"? 

n = 0 

Problem 5.2.6 (Sp77) Let the sequence ao, « l » • • • be defined by the equation 

OO 

1 — x 2 + x 4 — jc 6 H = 3) rt (0 < -x: < 1). 

«=0 


Fira/ 


limsup (|« n |”) 

OO ' ' 


» 


Problem 5.2.7 (Su78) Suppose the power series 


J^a„t 


n=0 


converges for |z| <R where z and the a n are complex numbers. If b n € C are 
such that \b n \ < n 2 \a n \for all n, prove that 

OO 

Ew 

*=0 


converges for \z\ <R. 

Problem 5.2.8 (Sp99) to bi, &2> ... be a sequence of real numbers such that 
bk ^ bk + 1 for all k and lim^oo bk — 0. Prove that the power series YlkLi bkZ k 
converges for all complex numbers z such that |z| < 1 and z l. 

Problem 5.2.9 (Sp79) For which zeC does 



converge? 



Problem 5.2.10 (Su79) Show that 


OO 


E 


z 

(1+zT 


converges for all complex numbers z exterior to the lemniscate 


l+Z 2 



Problem 5.2.11 (Su82) Determine the complex numbers zfor which the power 
series 

00 n 

Y — 

1—1 n log« 

n= 1 

and its term by term derivatives of all orders converge absolutely. 

Problem 5.2.12 (Su84) Suppose 


OO 

f(z) = ^2 a„z n 


n = 0 


has radius of convergence R > 0. Show that 


00 

h(z) = £ 


n-0 


OnZ 

n\ 


is entire and that for 0 < r < R, there is a constant M such that 

\h(z)\ < Me^ /r . 

Problem 5.2.13 (SpOl) Let the power series wifft positive radius of 

convergence R, represent the function f in the disk |zj < R. Fork = 0, 1 y ...let 
Sk be the k-th partial sum of the series s/fz) = J2n=0 c nZ n . Prove that 


E i/fe) - «< z >i 


*=0 


< OO 


for each z in the disk |z| < R. 

Problem 5.2.14 (Sp85) Let R > 1 and let f be analytic on \z\ < R except at 
z = 1, where f has a simple pole. If 

OO 

f{z)=Y2 Qnzn m < ^ 

n=0 

is the Maclaurin series for f, show that lim a n exists. 

n->oo 



Problem 5.2.15 (Fa95) Find the radius of convergence R of the Taylor series 
about z — 1 of the function f(z) = 1/(1 *f z 2 4- z 4 4- Z 6 4- z 8 4- z 10 ). Express the 
answer in terms of real numbers and square roots only . 

Problem 5.2.16 (Sp78) Prove that the uniform limit of a sequence of complex 
analytic functions is complex analytic. Is the analogous theorem true for real 
analytic functions? 

0 

Problem 5.2.17 (Su79) Let g n (z) be an entire function having only real zeros, 
n = 1,2,.... Suppose 

lim g„(z) = g(z) 

n-+ oo 

uniformly on compact sets in C , with g not identically zero. Prove that g(z) has 
only real zeros. 

Problem 5.2.18 (Sp86) Let f, gi, g 2 , . . . be entire Junctions. Assume that 

1. \gi k) m < \f (k) mforallnandk; 

2. lim g?\0) exists for all k. 

«— >oo 

Prove that the sequence {g„} converges uniformly on compact sets and that its 
limit is an entire function. 


Problem 5.2.19 (Sp92) Find a Laurent series that converges in the annulus 


1 <\z\ <2 to a branch of the Junction log 

0 



5.3 Conformal Mappings 


Problem 5.3.1 (Fa77) Consider the following four types of transformations: 


z+b, z*-> 1 /z, z »-> kz ( where k /= 0), 


Z 


az+_b 
cz + d 


(where ad — be ^ 0). 


Here, z is a variable complex number and the other letters denote constant com- 
plex numbers. Show that each transformation takes circles to either circles or 
straight lines. 


Problem 53.2 (Fa78) Give examples of conformal maps as follows: 

J. from {z | |z| < 1} onto {z | < 0}, 

2. from [z | |z| < 1} onto itself, with /( 0) = 0 and /( 1/2) = if % 

3. from {z | z ^ 0, 0 < argz < onto [z | z # 0, 0 < argz < |}. 



Problem 5.3.3 (Sp83) A fractional linear transformation maps the annulus 
r < |z| < 1 (where r > OJ onto the domain bounded by the two circles \z—h — l 
and \z\ = 1. Find r. 

Problem 5.3.4 (Sp80) Does there exist an analytic function mapping the annulus 

A = {z | 1 < |z| < 4} 


onto the annulus 

B = {z I 1 < W < 2J 

and taking C\ — > Cj, C4 — > C 2 , where C r is the circle of radius r? 

Problem 5.3.5 (Su80) Exhibit a conformal map from {z € C | |z| < 1, $z > 0} 
onto D = [z € € j \z\ < 1}. 


Problem 5.3.6 (Sp90) Find a one-to-one conformal map of the semidisc 


|z € C |3z > 0, 


z 



onto the upper half -plane. 


Problem 5.3.7 (Fa97) Conformally map the region inside the disc given by 
[z € C | |z — 1| < 1} and outside the disc [z € C I \z - \\ < onto the 
upper half-plane. 


Problem 5.3.8 (Sp95) Prove that there is no one-to-one conformal map 
of the punctured disc G = [z € C | 0 < \z\ < 1) onto the annulus 
A = [z € C | 1 < \z\ < 2}. 


Problem 5.3.9 (Fa02) Let n be a positive integer. Find a group of linear frac- 
tional transformations ofC that fixes the two points z = 1 and z = —1 and has 
order n. 


5.4 Functions on the Unit Disc 

Problem 5.4.1 (Fa02) Let a be a number in (0, Jt/2). Prove that the function 
f(z ) = e~ x ! z is uniformly continuous in S a = (z I 0 < |z| ^ 1, |Argz| < a), 
a sector of the complex plane. 

Problem 5.4.2 (Fa82) Let a and b be nonzero complex numbers and 
f (z) = az + bz~ l - Determine the image under f of the unit circle [z | \z\ = 1}. 

Problem 5.4.3 (Su83, Fa96) Let f be analytic on and inside the unit circle 
C — [z 1 \z\ = 1}. Let L be the length of the image of C under f. Show that 
L > 2711/(0)1. 



Problem 5.4.4 (Sp80) Let 


f(z) = CnZ n 

n—O 

be analytic in the disc ID = {z e € | \z\ < 1}. Assume f maps B one-to-one onto 
a domain G having area A. Prove 




n—l 


Problem 5.4.5 (Su83) Compute the area of the image of the unit disc {z\ |z|<l} 
under the map f(z ) = z + z 2 /2. 


Problem 5.4.6 (Sp80) Let 

CO 

/(z) = X> 

n = 0 

be an analytic function in the open unit disc ID. Assume that 

00 

y]n\a n \ with a\-£0. 

n—2 


Prove that f is injective : 

Problem 5.4.7 (Sp03) Let f{z) be a function that is analytic in the unit disc ID = 
{|z| < 1}. Suppose that \f(z)\ < 1 in ID. Prove that if f(z) has at least two fixed 
points z\ and z% then f{z) = z for all z € ID. 

Problem 5.4.8 (Su85) For each k > 0, let X* be the set of analytic functions 
f(z) on the open unit disc ID such that 

sup{(l-|zl)*l/(z)ll 

zsB 1 1 

is finite. Show that f e X* if and only if f e X*+i* 

Problem 5.4.9 (Sp88) Let the function f be analytic in the open unit disc of the 

complex plane and real valued on the radii [0, 1) and [0, e m ^ ). Prove that f is 
constant. 


Problem 5.4.10 (Fa91) Let the function f be analytic in the disc |z| < 1 of the 
complex plane. Assume that there is a positive constant M such that 

J r 2n 

I \f\re i$ )\de^M, (0 < r < 1). 

0 

Prove that 

I \f(x)\ dx < oo. 

j[ 0 . 1 ) 



Problem 5.4.11 (Fa78) Suppose h(z) is analytic in the whole plane, h(0) = 3 + 
4 i, and \h(z)\ < 5 if\z\ < 1. What is h\ 0)? 

Problem 5.4.12 (Fa98) Let f be analytic in the closed unit disc, with 
/(— log 2) = 0 and \f(z)\ < \e z \ for all z with |zj = 1. How large can |/(log2)| 
be? 


Problem 5.4.13 (Fa79, Fa90) Suppose that f is analytic on the open upper half- 
plane and satisfies |/(z)j < l for all z, /O') = 0. How large can |/(2i)| be under 
these conditions? 


Problem 5.4.14 (Fa85) Let f (z) be analytic on the right half-plane 
H = [z | > 0} and suppose |/(z)| < 1 for z € H. Suppose also that 

/( 1) = 0. What is the largest possible value of\f'{\)\ ? 

Problem 5.4.15 (Su82) Let f(z) be analytic on the open unit disc B={z||z(<l}. 
Prove that there is a sequence (z n ) in © such that |z n | -*■ 1 and ( f(z n )) is 
bounded l 


Problem 5.4.16 (Sp93) Let f be an analytic function in the unit disc, |zj < 1. 

1. Prove that there is a sequence (z n ) in the unit disc with lim„-*oo \z n \ = 1 
and \im n -+ co f(z n ) exists (finitely). 


2. Assume f nonconstant. Prove that there are two sequences (z n ) and (w n ) 
in the disc such that lim„_*oo \z n \ = HrrWco l^nl = 1, and such that both 
limits liriVz-^oo f(z n ) and lim n _».oo f{vo n ) exist (finitely) and are not equal. 

Problem 5.4.17 (Fa81, Sp89, Fa97) Let f be a holomorphic map of the unit disc 
P = {z | |z| < 1} into itself, which is not the identity map f(z) = z. Show that f 
can have, at most, one fixed point. 


Problem 5.4.18 (Fa87) If f(z) is analytic in the open disc \z\ < 1, and 
\f(z)\ < 1/(1 - \z\), show that 



<(n+ 1) 



< e(n + 1). 


Problem 5.4.19 (Sp88) 1. Let f be an analytic function that maps the open 

unit disc, B, into itself and vanishes at the origin. Prove that 
l/(z) + /(— z)l « 2|zp in D. 


2. Prove that the inequality in Part I is strict, except at the origin, unless f 
has the form f(z) — Lz 2 with k a constant of absolute value one. 

Problem 5.4.20 (Sp91) Let the function f be analytic in the unit disc, with 
\f(z)\ < 1 and /( 0) = 0. Assume that there is a number r in (0, 1) such that 
f(r) = /(— r) = 0. Prove that 



Problem 5.4.21 (Sp85) Let f(z ) be an analytic function that maps the open disc 
\z\ < 1 into itself Show that \f\z)\ < 1/(1 — |z| 1 2 ). 

Problem 5.4.22 (Sp87, Fa89) Let f be an analytic function in the open unit disc 
of the complex plane such that \f(z)\ ^ C/(l — \z\)for all z in the disc , where C 
is a positive constant. Prove that \f'(z)\ ^ 4C/(1 — \z\) 2 ■ 


5.5 Growth Conditions 

Problem 5.5.1 (Sp03) Let f be an entire function such that ffifiz) ^ —2 for all 
zeC. Show that f is constant. 

Problem 5.5.2 (Fa90) Let the function f be analytic in the entire complex plane, 
and suppose that f(z)/z 0 as \z\ oo. Prove that f is constant. 

Problem 533 (Fa99) Let the rational function f in the complex plane have no 
poles for %z > 0. Prove that 

sup{|/(z)| | Ste ^ 0} = sup{|/(z)| | S* = 0}. 

Problem 5.5.4 (Fa97) Let f be an entire function such that, for all z, \f(z)\ — 
| sin z\. Prove that there is a constant C of modulus 1 such that f{z) — C sin z. 

Problem 533 (Fa79, Su81) Suppose f and g are entire functions with \f(z)\ < 
\g(z)\forall z. Prove that f{z) — cg(z) for some constant c. 

Problem 5.5.6 (Sp02) Let p and q be nonconstant complex polynomials of the 
same degree whose zeros lie in the open disk \z\ < 1. Prove that if\p(z)\ — \q{z)\ 
for |z| = 1 then q = Xp fora unimodular constant X. 

Problem 53.7 (Fa98) Let f be an entire function. Define £2 = C \ (— oo, 0], 
the complex plane with the ray (— oo, 0] removed. Suppose that for all z € Q, 
\f(z)\ ^ | logz|, where logz is the principal branch of the logarithm. What can 
one conclude about the function f? 

Problem 5.5.8 (Sp97) Let f and g be two entire functions such that, for all 
z € C, 91 f{z) < kd\g(z) for some real constant k ( independent of z). Show 
that there are Constantsa , b such that 

fiz) — ag(z) + b. 

Problem 5.5.9 (Sp02) Let the continuous real— valued function <p on the complex 
plane satisfy the Sub-Mean-Value Property: for any point zo, 

1 f 2n 

<p(zo) < — I <p(zo + re lB )d$ (0 < r < 1). 

Zn Jo 

Prove that ip obeys the Maximum Modulus Principle: the maximum of<p over any 
compact set K is attained on the boundary of K. 



Problem 5.5.10 (Su78) Let f : € € be an entire function and leta>0 and 

b > 0 be constants. 

L Jf\f(z)\ < aV\T\ + bfor all z, prove that f is a constant. 

2. What can one prove about f if 

\f(z)\ < a\z\ 5/2 + b 

for all z? 

Problem 5.5.11 (Fa90) Let the function f be analytic in the entire complex plane 
and satisfy 

f U \f(re w )\dO <r 17 / 3 

Jo 

for all r > 0. Prove that f is the zero function. 

Problem 5.5.12 (Fa96) Does there exist a function f, analytic in the punctured 
plane C \ {0}, such that 

l/(z)l 51 VH 

for all nonzero z ? 

Problem 5.5.13 (Fa91) Let the function f be analytic in the entire complex plane 
and satisfy the inequality |/(z)| < \fRz\~ 1 ^ 2 off the imaginary axis. Prove that f 
is constant. 

Problem 5.5.14 (FaOl) Let the nonconstant entire function f satisfy the condi- 
tions 

1 . /(O) = 0; 

2. for each M > 0, the set {z | |/(z)J < M} is connected. 

Prove that f(z) = czf for some constant c and positive integer n. 


5 .6 Analytic and Meromorphic Functions 

Problem 5.6.1 (Sp96) Let f — u + iv be analytic in a connected open set D, 
where u and v are real valued. Suppose there are real constants a, b and c such 
that a 2 + b 2 £0 and 

au + bv = c 

in D. Show that f is constant in D. 

Problem 5.6.2 (Sp88) True or false: A function f(z) analytic on \z — a\ <r and 
continuous on \z — a\ ^ r extends , for some 8 > 0, to a function analytic on 
\z — a\ <r + 8? Give a proof ora counterexample. 



Problem 5.6.3 (Fa80) Do there exist functions f (z) and g(z) that are analytic at 
z — 0 and that satisfy 

1. f (1 /n) = / (- 1 /n) = 1 /n 2 , n = 1,2 

2 . 5 ( 1 /n) = g (- 1 /n) = 1 /n 3 , n = 1 , 2 ,...? 

Problem 5.6.4 (Fa02) Let k be an integer larger than 1. Find all entire functions 
f that satisfy f(z k ) = ( f(z )) k . 

Problem 5.6.5 (FaOl) Let F be a polynomial over C of positive degree d, and 
let S be its zero set . Prove that every rational function R whose finite poles lie in 
S can be written uniquely as 


R=jZa k F k , 

k—m 

where m and n are integers, m < n, and the a* are polynomials whose degrees 
are less than d. 

Problem 5.6.6 (Fa99) Let A — {0}U{l/w | n eZ,n > 1 }, and let B be the open 
unit disc in the complex plane. Prove that every bounded holomorphic function on 
B \ A extends to a holomorphic function on B. 

Problem 5.6.7 (FaOO) Let U be a connected and simply connected open subset 
of the complex plane, and let f be a holomorphic function on U. Suppose a is a 
point of U such that the Taylor series off at a converges on an open disc D that 
intersects the complement of U. Does it follow that f extends to a holomorphic 
function on U U D? Give a proof or a counterexample. 

Problem 5.6.8 (Su78) 1. Suppose f is analytic on a connected open set 

U C C and f takes only real values. Prove thatf is constant. 

2. Suppose W C C is open, g is analytic on W, and g'(z) ^ 0 for all z € W. 
Show that 

{9*g(z) 4-%(z) | z € W) c M 
is an open subset ofR. 

Problem 5.6.9 (Sp78) Let f : C -» C be a nonconstant entire function. Prove 
that /(C) is dense in C . 

Problem 5.6.10 (Fa03) Let L be a line in C , and let f be an entire function 
such that /(C ) n L = 0. Prove that f is constant. (Do not use the theorem of 
Picard that the image of a nonconstant entire function omits at most one complex 
number.) 

Problem 5.6.11 (SpOl) 1. Prove that an entire function with a positive real 
part is constant. 



2. Prove the analogous result for 2x2 matrix functions: If F(z) = ( fjk(z )) 
is a matrix function in the complex plane, each entry fjk being entire, and 
if F{z) -f F(z)* is positive definite for each z, then F is constant. (Here, 
F(z)* is the conjugate transpose of F(z).) 

Problem 5.6.12 (Su82) Let s(;y) and t(y) be real differentiable functions of y, 
— oo < y < oo, such that the complex function 

fix + iy) = e x (s(;y) + it(y)) 

is complex analytic with 5(0) = 1 and f(0) = 0. Determine s(y) and t(y). 

Problem 5.6.13 (Sp83) Determine all the complex analytic functions f defined 
on the unit disc D which satisfy 



for n = 2, 3, 4, . . .. 

Problem 5.6.14 (FaOO) Assume the nonconstant entire function f takes real val- 
ues on two intersecting lines in the complex plane. Prove that the measure of 
either angle formed by the lines is a rational multiple ofn. 

Problem 5.6.15 (Su83) Let £2 be an open subset ofR 2 , and let f : £2 -*> M 2 
be a smooth map. Assume that f preserves orientation and maps any pair of 
orthogonal curves to a pair of orthogonal curves. Show that f is holomorphic. 
Note: Here we identify R 2 with C . 

Problem 5.6.16 (Sp87) Let f be a complex valued function in the open unit disc, 
D, of the complex plane such that the functions g = / 2 and h — f 3 are both 
analytic. Prove that f is analytic in ID>. 

Problem 5.6.17 (Fa84) Prove or supply a counterexample: If f is a continuous 
complex valued function defined on a connected open subset of the complex plane 
and if f 2 is analytic, then f is analytic. 

Problem 5.6.18 (Sp88) I. Let G be an open connected subset of the complex 
plane, fan analytic function in G, not identically 0, and n a positive integer. 
Assume that f has an analytic n ,h root in G; that is, there is an analytic 
function g in G such that g n — f. Prove that f has exactly n analytic n th 
roots in G. 

2. Give an example of a continuous real valued function on (0, 1] that has 
more than two continuous square roots on [0, 1]. 

Problem 5.6.19 (Sp99) 1. Prove that if f is holomorphic on the unit disc ED 

and f(z) ^ Ofor all z e ED, then there is a holomorphic function g on ED 
such that f(z) = e 8 ^ for all z € ED. 



2. Does the conclusion of Part 1 remain true if B is replaced by an arbitrary 
connected open set in C ? 

Problem 5.6.20 (Fa92) Let the function f be analytic in the region \z\ > 1 of the 
complex plane. Prove that if f is real valued on the interval (1, oo) of the real 
axis, then f is also real valued on the interval (— oo, —1). 

Problem 5.6.21 (Fa94) Let the function f be analytic in the complex plane, real 
on the real axis, 0 at the origin , and not identically 0. Prove that if f maps the 
imaginary axis into a straight line, then that straight line must be either the real 
axis or the imaginary axis. 

Problem 5.6.22 (FaOl) Let the entire function f be real valued on the lines 
%z = 0 and %z = n. Prove that f has 2ni as a period: f(z + 2ni ) = f(z) 
for all z. 

Problem 5.6.23 (Fa87) Let f{z) be analytic for z ^ 0, and suppose that 
f(l/z) = fiz). Suppose also that f{z) is real for all z on the unit circle \z\ = 1. 
Prove that f{z) is real for all real z ^ 0. 

Problem 5.6.24 (Fa9l) Let p be a nonconstant complex polynomial whose zeros 
are all in the half-plane Sz > 0. 

1. Prove that %(p f /p) > 0 on the real axis. 


2. Find a relation between deg p and 



Problem 5.6.25 (Sp92) Let f be an analytic function in the connected open sub- 
set G of the complex plane. Assume that for each point z in G, there is a positive 
integer n such that the n th derivative of f vanishes at z. Prove that f is a polyno- 
mial. 

Problem 5.6.26 (Sp92) Let the function f be analytic in the entire complex plane, 
real valued on the real axis, and of positive imaginary part in the upper half-plane. 
Prove f{x) > 0 forx real. 

Problem 5.6.27 (Sp94) /. Let U and V be open connected subsets of the 

complex plane, and let f be an analytic function in U such that f{U) C V. 
Assume f~ l (K) is compact whenever K is a compact subset of V. Prove 
that f{U) = V. 

2. Prove that the last equality can fail if analytic is replaced by continuous in 
the preceding statement. 



Problem 5.6.28 (Sp94) Let f — u + iv and g = p + iq be analytic functions de- 
fined in a neighborhood of the origin in the complex plane . Assume 
|g'(0)| < |/'(0)|. Prove that there is a neighborhood of the origin in which 
the function h — f -f g is one-to-one. 

Problem 5.6.29 (Sp87) Prove or disprove: If the function f is analytic in the 
entire complex plane, and if f maps every unbounded sequence to an unbounded 
sequence, then f is a polynomial. 

Problem 5.630 (Fa88, Sp97) Determine the group Aut(C ) of all one-to-one 
analytic maps ofC onto C. 

Problem 5.631 (Sp77) Let f(z) be a nonconstant meromorphic function. A com- 
plex number w is called a period of f if f(z + w) = f{z) for all z. 

1. Show that ifw\ and u>2 are periods, so are n\W\ + n^Wifor all integers n\ 
andn 2 . 

2. Show that there are, at most, a finite number of periods off in any bounded 
region of the complex plane. 

Problem 5.632 (Sp91) Let the function f be analytic in the punctured disc 
0 < |z| < ro, with Laurent series 


00 

f(z ) = Y2cnZ n . 

— OO 


Assume there is a positive number M such that 



\f(re w )\ 2 d0 < M, 


0 < r < ro. 


Prove that c n — 0 for n < —2. 


Problem 5.633 (Sp98) Let a > 0. Show that the complex function 



1 + z + flz 2 
l—z+az 2 


satisfies l/(z)j < l for all z in the open left half-plane < 0. 

Problem 5.634 (Fa93) Let f be a continuous real valued function on [0, 1], and 
let the function h in the complex plane be defined by 


h(z)— f f (t) cos ztdt. 

Jo 


1. Prove that h is analytic in the entire plane. 

2. Prove thath is the zero function only if f is the zero function. 



Problem 5.635 (Su79, Sp82, Sp91, Sp96) Let f be a continuous complex val- 
ued function on [0, 1], and define the function g by 

g(z) = f f(t)e tz dt (z eC). 

Jo 

Prove that g is analytic in the entire complex plane. 

Problem 5.636 (Fa84, Fa95) Let f and g be analytic functions in the open unit 
disc, and let C r denote the circle with center 0 and radius r, oriented counter- 
clockwise. 

1. Prove that the integral 

f ~fWg (—) dw 
2ni Jc r w \w/ 

is independent ofr as long as \z\ < r < 1 and that it defines an analytic 
function h(z), \z\ < 1. 

2. Prove or supply a counterexample: If f ^ 0 and g 0, then h 0. 

Problem 5.637 (Sp84) Let F be a continuous complex valued function on the 
interval [0, 1]. Let 



for z a complex number not in [0, 1], 

1. Prove that f is an analytic function. 

2. Express the coefficients of the Laurent series of f about oo in terms of F. 
Use the result to show that F is uniquely determined by f. 

Problem 5.638 (Fa03) Let f (z) be a meromorphic function on the complex plane. 
Suppose that for every polynomial p(z) e €[z] and every closed contour T 
avoiding the poles of f, we have 

J^p(z) 2 f(z)dz - 0. 

Prove that f(z) is entire. 


5.7 Cauchy’s Theorem 

Problem 5.7.1 (Fa85) Evaluate 



Problem 5.7.2 (Su78) Evaluate 


eV'-^de. 


Problem 5.73 (Sp98) Let a be a complex number with \a\ < 1. Evaluate the 
integral 

[ jjgj 

J\z\=\ \z-a \ 2 


Problem 5.7.4 (Fa99) For 0 < a < b, evaluate the integral 


= — / 
2n Jo 


| ae ie - b\ 4 


d6- 


Problem 5.73 (Sp77, Sp82) Prove the Fundamental Theorem of Algebra: Every 
nonconstant polynomial with complex coefficients has a complex root. 

Problem 5.7.6 (Su77) Let f be continuous on C and analytic on [z j ^ 0}. 
Prove that f must be analytic on C . 

Problem 5.7.7 (FaOO) Let f(z ) be the rational function p(z)/q(z), where p(z) 
and q(z) are nonzero polynomials with complex coefficients, such that the degree 
of p(z) is less than the degree of q(z), and such that q(z) has no complex ze- 
ros with nonnegative imaginary part. Prove that if zo is a complex number with 
positive imaginary part, then 


>+00 


f(Z0 ) 


m 


dt. 


Problem 5.7.8 (Fa78, Su79) Let f(z) = «o + a\z + 
polynomial of degree n > 0. Prove 


+ a n z n be a complex 


2ni 


\f(z)\ 2 dz = aoa n R 2n . 


Problem 5.7.9 (SpOl) Let f be an entire function such that 


/ \f(re w )\ 2 de < Ar‘ 

Jo 


(0 < r < oo) , 


where k is a positive integer and A is a positive constant. Prove that f is a con- 
stant multiple of the function z k . 

Problem 5.7.10 (Fa95) Let f(z) = w(z) + iv(z) be holomorphic on \z\ < 1, u 
and v real. Show that 


J r* 7 * 

f u(re ,e ) 2 d0 
0 

k2 — n/rv\2 


ydo 


forO <r < 1 if u(0y = v(Or. 



Problem 5.7.11 (Su83) Let f : C — ► C bean analytic Junction such that 

(' - "T ' S 

is bounded for some k and m. Prove that d n f/dz n is identically zero for suffi- 
ciently large n. How large must n be, in terms ofk and m? 

Problem 5.7.12 (Su83) Suppose £2 is a bounded domain in € with a boundary 
consisting of a smooth Jordan curve y. Let f be holomorphic on a neighborhood 
of the closure of Q, and suppose that f(z) ^ 0 for z € y. Let zi, . . . , Zk be the 
zeros off in £2, and let nj be the order of the zero of f at z j (for j = l, ... ,k). 

1. Use Cauchy's integral formula to show that 


1 

2ni 



2. Suppose that f has only one zero Z\ in Q with multiplicity n\ = 1. Find a 
boundary integral involving f whose value is the point z\. 

Problem 5.7.13 (Fa88) Let f be an analytic function on a disc D whose center 
is the, point zo- Assume that \ f\z) — f f (zo)\ < |/ , (^o)l on D. Prove that f is 
one-to-one on D. 

Problem 5.7.14 (Fa89) Let f(z) be analytic in the annulus £2 = {1 < |z| < 2}. 
Assume that f has no zeros in £2. Show that there exists an integer n and an 
analytic function g in £2 such that, for all z e £2 , f(z) = z n e g ^ z \ 

Problem 5.7.15 (Sp02) Define the function f on C \[0, 1] fey 



Prove that f is analytic, and find its Laurent series about oo. 

Problem 5.7.16 (Sp90) Let the function f be analytic and bounded in the com- 
plex half-plane > 0. Prove that for any positive real number c, the function f 
is uniformly continuous in the half-plane > c. 


5.8 Zeros and Singularities 

Problem 5.8.1 (Fa77, Fa96) Let C 3 denote the set of ordered triples of complex 
numbers. Define a map F : C 3 C 3 fey 

F(u y v, w) = (u -f v + w, uv + vw + wu, uvw). 


Prove that F is onto but not one-to-one. 



Problem 5.8.2 (Fa79, Fa89) Prove that the polynomial 

p(z ) = z 47 - z 23 4- 2z n - z 5 4- 4z 2 + 1 
a/ least one wot in the disc |z| < 1. 

Problem 5.83 (Fa80) Suppose that f is analytic inside and on the unit circle 
|z| = <1 and satisfies \f (z)| < l for jzj = 1. Show that the equation f(z) = z 3 
has exactly three solutions (counting multiplicities) inside the unit circle. 

Problem 5.8.4 (Fa81) 1. How many zews does the function f(z) = 3z I00 —e z 

have inside the unit circle (counting multiplicities)? 

2. Are the zeros distinct? 

Problem 5.8.5 (Fa92) 1. How many wots does the polynomial defined by 

p(z) — 2 z 5 + 4 z 2 4- 1 have in the disc \z\ < 1 ? 

2. How many wots does the same polynomial have on the real axis? 

Problem 53.6 (Su80) How many zeros does the complex polynomial 

3z 9 + 8z 6 + z 5 + 2z 3 + 1 

have in the annulus 1 < |z| < 2? 

Problem 5.8.7 (Fa83) Consider the polynomial 

p(z) = z 5 + z 3 4- 5 z 2 4- 2. 

How many zews (counting multiplicities) does p have in the annular region 
1 < |z| < 2? 

Problem 5.8.8 (Sp84, Fa87, Fa96) Find the number of wots of 

z 7 — 4z 3 — 11 = 0 

which lie between the two circles \z\ — 1 and |z| = 2. 

Problem 5.8.9 (FaOl) Let e be a positive number. Pwve that the polynomial 
p(z) = £Z 3 — z 2 — 1 has exactly two roots in the half-plane 9tz < 0. 

Problem 5.8.10 (Sp96) Letr < 1 < R. Show that for all sufficiently small e > 0, 
the polynomial 

p(z) = ez 7 4- z 2 4- 1 

has exactly five roots (counted with their multiplicities) inside the annulus 


re < |z| < Re ^ 5 . 



Problem 5.8.11 (Sp86) Let the 3x3 matrix function A be defined on the complex 
plane by 

/ 4z 2 1 -l\ 

A(z) =1-1 2 z 2 0 I . 

V 3 0 1 ) 

How many distinct values of z are there such that \z\ < 1 and A(z) is not invert- 
ible? 

Problem 5.8.12 (Fa85) How many roots does the polynomial z 4 4- 3 z 2 + z + 1 
have in the right half z-plane? 

Problem 5.8.13 (Sp87) Prove that if the nonconstant polynomial p(z), with com- 
plex coefficients, has all of its roots in the half -plane 9ftz > 0, then all of the roots 
of its derivative are in the same half-plane. 

Problem 5.8.14 (SpOO) Let f be a nonconstant entire function whose values on 
the real axis are real and nonnegative. Prove that all real zeros of f have even 
order. 

Problem 5.8.15 (Sp92) Let p be a nonconstant polynomial with real coefficients 
and only real roots. Prove that for each real number r, the polynomial p — rp' 
has only real roots. 

Problem 5.8.16 (Sp79, Su85, Sp89) Prove that if l < X < oo, the function 

fx(z) = z + X - e z 

has only one zero in the half-plane 91z < 0, and that this zero is real. 

Problem 5.8.17 (Fa85) Prove that for every X > 1, the equation ze x ~ z = 1 has 
exactly one root in the disc |z| < 1 and that this root is real. 

Problem 5.8.18 (Sp85) Prove that for any a € C and any integer n ^ 2, the 
equation 1 + z 4- az n = 0 has at least one root in the disc \z\ < 2. 

Problem 5.8.19 (Sp98) Prove that the polynomial z 4 4- z 3 + 1 has exactly one 
root in the quadrant {z = x + iy | jc, y > 0}. 

Problem 5.8.20 (Sp98) Let f be analytic in an open set containing the closed 
unit disc. Suppose that |/(z)j > mfor jz| = 1 and |/(0)| < m. Prove that /(z) 
has at least one zero in the open unit disc |z| < 1. 

Problem 5.8.21 (Su82) Let 0 < ao ^ a\ < * • « ^ a n . Prove that the equation 

ao Z n + a\z n ~ l H Va n =0 

has no roots in the disc |zl < 1. 

Problem 5.8.22 (Fa86) Show that the polynomial p(z) = z 5 — 6z + 3 has five 
distinct complex roots, of which exactly three (and not five) are real. 



Problem 5.8.23 (Sp90) Let co, c\, . . . , c n _i be complex numbers . Prove that all 
the zeros of the polynomial 

z n + C n -\7?~ l H hciz-fco 


lie in the open disc with center 0 and radius 

yfi + kn-l | 2 H h |cj | 2 -f |co | 2 . 

Problem 5.8.24 (Sp95) Let P(x) be a polynomial with real coefficients and with 
leading coefficient 1. Suppose that P( 0) = -1 and that P(x) has no complex 
zeros inside the unit circle. Prove that P( 1) = 0. 


Problem 5.8.25 (Su81) Prove that the number of roots of the equation 
z 2 * 4- a 2 z 2 ” -1 4- fi 2 — 0 (n a natural number, a and f real, nonzero) that have 
positive real part is 

1. n ifn is even, and 


2. n — 1 ifn is odd. 


Problem 5.8.26 (Su84) Let p > 0. Show that for n large enough, all the zeros of 



, 1 
1 +- + 

z 




1 



lie in the circle |z| < p. 


Problem 5.8.27 (Fa88) Do the functions f(z) — e z -\-z and g(z) = ze z + 1 have 
the same number of zeros in the strip —j < %z < j ? 

Problem 5.8.28 (Sp93) Let a be a complex number and e a positive number. 
Prove that the function f(z) — sinz + has infinitely many zeros in the strip 
|Sz| < £. 

Problem 5.8.29 (Sp99) Suppose that f is holomorphic on some neighborhood 
of a in the complex plane. Prove that either f is constant on some neighborhood 
of a, or there exist an integer n > 0 and real numbers 8, e > 0 such that for each 
complex number b satisfying 0 < \b — f(a)\ < e, the equation f(z) — b has 
exactly n roots in {z € C 1 \z — a\ < 5}. 

Problem 5.8.30 (Su77, Sp81) Let ao 4- a\ z 4 \-a n z n be a polynomial having 

z as a simple root. Show that there is a continuous function r : U — > C , where 
U is a neighborhood of (ao, ...» a n ) in C n+l , such that r(ao, ...» a n ) is always 
a root of ao 4- a\ z 4 \-a n z n , and r(ao, ...,a n ) = z. 


oo 

/<*) = J2 anzn 


n = 0 


Problem 5.8.31 (Su85) Let 



where all the a n are nonnegative reals, and the series has radius of convergence 1. 
Prove that f (z) cannot be analytically continued to a function analytic in a neigh- 
borhood of z = 1. 

Problem 5.832 (Su80) Let f be a meromorphic function on C which is analytic 
in a neighborhood ofO. Let its Maclaurin series be 

oo 

k=Q 

with all ak > 0. Suppose there is a pole of modulus r > 0 and no pole has 
modulus < r. Prove there is a pole at z = r. 

Problem 5.833 (Sp82) Decide, without too much computation, whether a finite 
limit 

lim ^(tanz ) -2 — z -2 ) 

exists, where z is a complex variable, and if yes, compute the limit. 


Problem 5.8.34 (Sp89, SpOO) Let f and g be entire functions such that 
lim f(g(z)) = oo. Prove that f and g are polynomials. 

z-> OO 


Problem 5.835 (Fa98) Let zu ... ,Z n be distinct complex numbers, and let 
a\, ... ,a n be nonzero complex numbers such that S p = a j z j ~ ® f or 

p — 0, \, — \ but S m 0. Here 1 ^ m ^ n — 1. How many zeros does the 

rational function f(z) = JJ *}- 1 £=- have in C? Why is m > n impossible. 

J 4 


5.9 Harmonic Functions 

Problem 5.9.1 (Fa77, Fa81) Let u : 1R 2 — > M. be the function defined by 
u(x,y) — x 3 — 3 xy 2 . Show that u is harmonic and find v : M 2 -> M such 
that the function / : C — > C defined by 

f(x 4 - iy ) = u(x , y) 4 iv(x, y) 

is analytic. 

Problem 5.9.2 (Fa80) Let /(z) be an analytic function defined for |z| ^ 1 and 
let 

u(x t y) — 9t/(z), z = x 4- iy. 

Prove that 

fdu du 

/ T dx ~a~ dy ~° 

Jc oy ° x 

where C is the unit circle, x 2 4 y 2 = 1 . 



Problem 5.9.3 (Fa83) /. Let f be a complex function which is analytic on an 

open set containing the disc |z| ^ 1, and which is real valued on the unit 
circle. Prove that f is constant. 

2. Find a nonconstant function which is analytic at every point of the complex 
plane except for a single point on the unit circle |zj = 1, and which is real 
valued at every other point of the unit circle. 

Problem 5.9.4 (Fa92) Let s be a real number, and let the function u be defined 
in C\(— oo, 0] by 

u(re t6 ) = r s cos s6 (r > 0, —Jt < 6 < jt). 

Prove that u is a harmonic function. 

Problem 5.9.5 (Fa87) Let u be a positive harmonic function on R 2 ; that is, 

d 2 u d 2 u 
+ 9^2 = °‘ 

Show that u is constant. 

Problem 5.9.6 (Sp94) Let ube a real valued harmonic function in the complex 
plane such that 

u(z) < a |log|z||+fc 

for all z, where a and b are positive constants. Prove that u is constant. 

Problem 5.9.7 (Fa03) Let D = [z e € : \z\ < 1} \ {1, -1}. Find an explicit 
continuous function / : D -> R satisfying all the following conditions: 

• f is harmonic on the interior of D ( the open unit disk), 

• f(z) = 1 when \z\ = 1 and %z > 0, and 
0 f(z) = — 1 when ]z| = 1 and %z < 0. 


5. 10 Residue Theory 


Problem 5.10.1 (Fa83) Let rj , 7*2, . . . , r n be distinct complex numbers. Show that 
a rational function of the form 



bp -H b\z H -f-fr w - 2 z w 2 + 1 

( z - r\)(z - n ) • • • (z - r n ) 


can be written as a sum 



A 1 

z-r\ 



A* 

z~r 2 



for suitable constants A \ , . . . , A n . 




Z~T n 



Problem 5.10.2 (Fa82) Let 


00 

cot(7rz) == y t a n z n 

«=— oo 

be the Laurent expansion for cot(nz) on the annulus 1 < |z| <2. Compute the 
a n for n <0. 

Problem 5.103 (Sp78) Show that there is a complex analytic function defined on 
the set U = {z e € | \z\ > 4} whose derivative is 

z 

(z — l)(z — 2)(z — 3) 

Is there a complex analytic function on U whose derivative is 

Z 1 

(z — l)(z — 2)(z — 3) ? 

Problem 5.10.4 (Fa88) Let n be a positive integer. Prove that the polynomial 

n J v 2 

/<*> = £ 7T = 1+JC + T + - + ^ 

i=0 


in K[x] has n distinct complex zeros, zi , Z2» • • • . /to they satisfy • 

n 

^2 zT j =0 /<?r 2 < ,/ < n. 

i=l 


Problem 5.10.5 (Sp79, Sp83) Let P and Q be complex polynomials with the de- 
gree of Q at least two more than the degree of P. Prove there is an r > 0 such 
that if C is a closed curve outside |z| = r, 


L 


Piz) 
c Q(Z ) 


dz = 0. 


Problem 5.10.6 (Sp93) Prove that for any fixed complex number £, 


i fin 

~ / e^ cose de 
Jo 



Problem 5.10.7 (Fa99) Evaluate the integral 


I 


1 

2ni 


f (z + 2) 2 

ld=l zH2z - 1) 



where the direction of integration is counterclockwise. 



Problem 5.10.8 (Sp80) Let a > Obe a constant ^ 2. Let C a denote the positively 
oriented circle of radius a centered at the origin. Evaluate 


Z 2 + e z J _ 

a f d z • 

z 2 (z - 2) 

Problem 5.10.9 (Sp02) Let r be a positive number and a a complex number 
such that |oJ 5 ^ r. 

Evaluate the integral 

1 (a> r) — f — ^—dz 

J jz|=r a Z 

where the circle \z\~r has the counterclockwise orientation. 

Problem 5.10.10 (Su80) Let C denote the positively oriented circle |z| = 2, 
z e C . Evaluate the integral 



J y/z 2 ~\dz 

where the branch of the square root is chosen so that V2 2 — 1 > 0. 
Problem 5.10.11 (FaOO) Evaluate the integral 

, = — f JL . 

2 ni J\ z sin4z 

where the direction of integration is counterclockwise. 


Problem 5.10.12 (Fa02) Evaluate the integrals 




1 

z 3 sin z 



n = 0, 1, . . . , 


where C n is the circle \z\ = (n + j)tt, with the counterclockwise orientation. 
Problem 5.10.13 (Su81) Compute 


1 f dz 
2 ni Jc sin \ 

where C is the circle \z\ = ^ positively oriented. 

mJ 

Problem 5.10.14 (Su84) 1. Show that there is a unique ana lytic branch out- 

side the unit circle of the function f (z) = Vz 2 + z + l such that f(t) is 
positive when t > 1. 



2. Using the branch determined in Part 1, calculate the integral 


-f 

2 ni Jc r 


dz 

'z 2 4- z + 1 


where C r is the positively oriented circle \z\ = r and r > 1. 

Problem 5.10.15 (Sp86) Let C be a simple closed contour enclosing the points 
0, 1, 2, . . . , k in the complex plane , with positive orientation. Evaluate the inte- 
grals 

h=[-, 77 . k = 0,l 

Jc z(z- l)---(z- k ) 

J k = f — - - ' - — - dz, * = 0,1 

Jc z 


Problem 5.10.16 (Sp86) Evaluate 


f (<>‘ + i r 2 d Z 

J ld=l 

where the integral is taken in counterclockwise direction. 
Problem 5.10.17 (Fa86) Evaluate 


-L f 

2jti J lyT—J 


12z 12 — 4z 9 + 2z 6 — 4z 3 4- 1 


where the direction of integration is counterclockwise. 
Problem 5.10.18 (Sp89) Evaluate 


J ( 2 z - l)e z/b-1> dz 


where C is the circle |z| = 2 with counterclockwise orientation. 
Problem 5.10.19 (Fa90) Evaluate the integral 


2 ni J c (z — 


2)(1 + 2z) 2 (l - 3 z) 3 


where C is the circle |z| = 1 with counterclockwise orientation. 
Problem 5.10.20 (Fa91) Evaluate the integral 


'-S7/ e 5^7 & 


where n is a positive integer, and C is the circle |z| = 1, with counterclockwise 
orientation. 



Problem 5.10.21 (Fa92) Evaluate 

f c z(2z 4- 1) 2 dZ ' 

where C is the unit circle with counterclockwise orientation . 

-f I • 1 I * 

Problem 5.10.22 (FaOl) Let a = b = ~ . ' . Let T be the polygonal 

JL* Jit 

path in the complex plane with successive vertices —1, — 1 4- U 1, 1 4 • i, — 1. 
Evaluate the integral 

1 ~ fr (z - a) 2 (z - b ) 3 ' 

Problem 5.10.23 (Fa93) Evaluate the integral f y f(z) dz for the function 
f{z) — z~ 2 ( 1 — Z 2 )~ 1 e z and the curve y depicted by 



Problem 5.10.24 (Sp81) Evaluate 

L^T) dz 

where C is the closed curve shown below: 




Problem 5.10.25 (Sp95) Let n be a positive integer and 0 < 6 < n. Prove that 

If z n j sin n6 

2ni S\z\=2 1—2 z cos 6 + z 2 sin 0 

where the circle \z\ = 2 is oriented counterclockwise. 


Problem 5.10.26 (Su77, Fa84, Sp94, Sp96) Use the Residue Theorem to evalu- 
ate the integral 



d9 

a + cos 6 


where a is real and a > 1. Why the formula obtained for 1(a) is also valid for 
certain complex (nonreal) values of a ? 


Problem 5.10.27 (Fa78) Evaluate 


where r 2 ^4 1. 



dO 

1 — 2rcos0 + r 2 


Problem 5.10.28 (Sp87) Evaluate 


-I-, 


n cos 4 6 


d9. 


f 0 1+ cos 2 9 

Problem 5.10.29 (Fa87) Evaluate the integral 

, f 2 " cos 2 30 

1=1 z : — de. 

JO 5 — 


4 cos 29 


Problem 5.10.30 (SpOO) Evaluate 


=/ 

J lzl=l 


cos 3 z 


dz , 


lzl=i z ' 

where the direction of integration is counterclockwise. 
Problem 5.10.31 (Sp95) Let n be a positive integer. Compute 

' 2n 1 — cos n9 


f 

Jo 


'o 1 — cos 9 
Problem 5.10.32 (Fa94) Evaluate the integrals 

' n sinn0 


d9. 


L 


■ d9 , n = 1,2, 


sin0 

Problem 5.10.33 (Sp88) Fora > 1 and n— 0* 1, 2, . . ., evaluate the integrals 

>7r sin n0 


_ . . r cos/20 

Cn ( a ) — I ~ d9 , 

J^tx a — cos 0 


in(a) = f — 

J-n a - 


cos 0 


d9. 



5.11 Integrals Along the Real Axis 


Problem 5.11.1 (Sp86) Let the complex valued functions f n , n € Z, be defined 
onRby 

f M _ <* - y 

/n( )_ V5F(* + i !)”+» ' 

Prove rto these functions are orthonormal; that is, 


/ CO 

fm(x)f„(x)dx 

-oo 


I 1 if 

“ { 0 if 


m — n 
m yfcn. 


Problem 5.11.2 (Fa85) Evaluate the integral 


f 


00 1 — COSO* 


dx 


for a € K. 


Problem 5.113 (SpOO) Evaluate the integrals 


HO 


/ CO 

-CO 


oo e itx 


(x + i) 2 


777 </* , -OO < t < OO . 


/ OO 

•00 


oo g—if* 


(X + i ) 3 




—oo < t < oo. 


Problem 5.113 (Sp78, Sp83, Sp97) Evaluate 


00 sin 2 x 


/ OO 

-00 


dx 


Problem 5.11.6 (Fa82, Sp92) Evaluate 


00 sin 3 jc 


/ oo 

-00 


dx 


Problem 5.11.7 (Sp93) Evaluate 


l 


00 a: 3 sin x 


-CO (1 + * 2 ) 2 


dx 


Problem 5.11.8 (Sp81) Evaluate 


/ 


00 jcsin* 


-00 (1 + X 2 ) 2 


dx 



Problem 5.11.9 (Sp90, Fa92) Let a be a positive real number. Evaluate the im- 
proper integral 

t 00 sin* 

Jo *(* 2 4-a 2 ) 

Problem 5.11.10 (Sp91) Prove that 


f K sin* 

Jim / — 

/?->00 J—R X — 3 l 


exists and find its value. 


Problem 5.11.11 (Sp83) Evaluate 



sin* 

*(* — n) 



Problem 5.11.12 (Fa02) Evaluate 



cos* 

(1 + * 2)3 dX * 


Problem 5.11.13 (Fa97) Evaluate the integral 


f cos kx 
I 1 o dx 

J—OO 1 +• * + *^ 

where k^O. 

Problem 5.11.14 (Fa82) Evaluate 



COS 71 X 

4* 2 — 1 



Problem 5.11.15 (Sp77, Fa81, Sp82) Evaluate 



cos nx 
x 4 4- 1 


dx . 


Problem 5.11.16 (Sp79) Evaluate 



* 2 4- 1 
* 4 + 1 



Problem 5.11.17 (Sp02) Evaluate the integrals 
for a > 0. 


Problem 5.11.18 (Su84) Evaluate 



*sin* 




cos 3 * 
a 2 +* 2 



* 2 4- 4* 4- 20 



Problem 5.11.19 (Fa84) Evaluate 


* — sm* 


Problem 5.11.20 (Fa84) Evaluate 


}- oo (1 4 -* 4-* 2 ) 2 

Problem 5.11.21 (Fa79, Fa80, Sp85, Su85, Fa98, Sp99) Prove that 

f °0 x «-l _ n 


J o 14-* siiura 


What restrictions must be placed on a ? 
Problem 5.11.22 (Fa96) Evaluate the integral 


'-r&* 


Problem 5.11.23 (SpOl) Evaluate 


r°° 1 

Jo TT 


dx . 


Problem 5.11.24 (Fa77, Su82, Fa97) Evaluate 


/ OO 
-OO 1 


+ X‘ 


where n is a positive integer. 


Problem 5.11.25 (Fa03) Evaluate 

ger. 


I 7 dx, 

J- oo *" 4 - 1 


where n > 4 is an even inte- 


Problem 5.11.26 (Fa88) Prove that 


gX £ X 


Problem 5.11.27 (Fa93) Evaluate 


•OO e ~lX 


: 2 — 2x 4 - 4 


dx . 


Problem 5.11.28 (Fa86) Evaluate 


log* 


k (* 2 4 - 1)(* 2 4 - 4 ) 


dx . 



Problem 5.11.29 (Fa94) Evaluate 



Problem 5.1130 (Fa83) Evaluate 

f°° ? 

/ (sech x ) cos Xx dx 

Jo 


where X is a real constant and 


sech x = 


e x 4* c 


—X 


Problem 5.11.31 (Sp85) Prove that 


L 


oo 


2 1 , — 
e * cos(2 bx)dx = -yjne 

0 2 


What restrictions, if any, need be placed on b ? 


Problem 5.11.32 (Sp03) Evaluate 


poo 

Jo 


—j?" 2 j 

e cos x dx. 


Problem 5.11.33 (Sp97) Prove that 


oo e -(t-iy ) 2 / 2 


/ oo 

-oo 


y/2n 


dt 


is independent of the real parameter y. 



6 

Algebra 


6. 1 Examples of Groups and General Theory 

Problem 6.1.1 (Sp77) Let G be the collection of 2x2 real matrices with nonzero 
determinant. Define the product of two elements in G as the usual matrix product. 

1. Show that G is a group. 

2. Find the center Z of G; that is, the set of all elements z of G such that 
az = zafor all a e G. 

3. Show that the set O of real orthogonal matrices is a subgroup of G 
(a matrix is orthogonal if A A 1 — I, where A 1 denotes the transpose of 
A). Show by example that O is not a normal subgroup. 

4. Find a nontrivial homomorphism from G onto an abelian group. 

Problem 6.1.2 (Fa77) Let G be the set of 3x3 real matrices with zeros below the 
diagonal and ones on the diagonal. 

1. Prove G is a group under matrix multiplication. 

2. Determine the center of G. 

Problem 6.13 (Su78) For each of the following either give an example or else 
prove that no such example is possible. 


1. A nonabelian group. 



2. A finite abelian group that is not cyclic. 

3. An infinite group with a subgroup of index 5. 

4. Two finite groups that have the same order but are not isomorphic. 

5. A group G with a subgroup H that is not normal. 

6. A nonabelian group with no normal subgroups except the whole group and 
the unit element. 

7. A group G with a normal subgroup H such that the factor group G/H is 
not isomorphic to any subgroup of G. 

8. A group G with a subgroup H which has index 2 but is not normal. 

Problem 6.1.4 (Fa80) Let R be a ring with multiplicative identity 1. Call x e R 
a unit ifxy = yx = 1 for some y € R. Let G(R) denote the set of units. 

1 . Prove G(R) is a multiplicative group. 

2. Let R be the ring of complex numbers a - 1 - bi, where a and b are integers. 
Prove G(R) is isomorphic to Z 4 (the additive group of integers modulo 4). 

Problem 6.1.5 (Sp83) In the triangular network in R 2 depicted below, the points 
Pq, Pi, P2f and P3 are respectively (0, 0), ( 1 , 0), (0, 1), and ( 1 , 1 ). Describe the 
structure of the group of all Euclidean transformations of R 2 which leave this 
network invariant. 



Problem 6.1.6 (Fa90) Does the set G — {a € R | a > 0, a ^ 1} form a group 
with the operation a*b = a lo % b ? 



Problem 6.1.7 (Sp81) Let G be a finite group. A conjugacy class is a set of the 
form 

C{a ) = {bab~ l \beG } 


for some a 6 G. 

1. Prove that the number of elements in a conjugacy class divides the order of 
G. 

2. Do all conjugacy classes have the same number of elements? 

3. If G has only two conjugacy classes, prove G has order 2. 

Problem 6.1.8 (Sp91) Let G be a finite nontrivial group with the property that 
for any two elements a and b in G different from the identity, there is an element 
c in G such that b — c~*ac. Prove that G has order 2. 

Problem 6.1.9 (Sp99) Let G be a finite group, with identity e. Suppose that for 
every a, b € G distinct from e, there is an automorphism a of G such that 
o{a) = b. Prove that G is abelian . 

Problem 6.1.10 (Sp84) For a p-group of order p 4 , assume the center of G has 
order p 2 . Determine the number of conjugacy classes of G. 

Problem 6.1.11 (Sp85) In a commutative group G, let the element a have or- 
der r, let b have order s (r, s < oo), and assume that the greatest common 
divisor of r and s is 1. Show that ab has order rs. 

Problem 6.1.12 (Fa8 5) Let G be a group. For any subset X of G, define its cen- 
tralizer C(X) to be {y e G \ xy = yx, for all x e X}. Prove the following: 

1. IfX C Y , then C{Y ) C C(X). 

2. X C C (C(X». 

3. C(X) = C (C (C(X))). 

Problem 6.1.13 (Sp88) Let D be a group of order 2 n, where n is odd, with a 
subgroup H of order n satisfying xhx~ l = ft -1 for all h in H and all xinD\H. 
Prove that H is commutative and that every element of D\H is of order 2. 


6.2 Homomorphisms and Subgroups 

Problem 6.2.1 (Fa78) How many homomorphisms are there from the group 
Jj'l x Z 2 to the symmetric group on three objects? 



Problem 6.2.2 (Fa03) 1. Let G be a finite group and let X be the set of pairs 

of commuting elements of G: 

X = {(g, h) e G x G : gh = hg }. 

Prove that |X| = c|G] where c is the number of conjugacy classes in G. 

2. Compute the number of pairs of commuting permutations on five letters. 

Problem 6.2.3 (Fa03) The set of 5 x 5 complex matrices A satisfying A 3 = A 2 
is a union of conjugacy classes. How many conjugacy classes? 

Problem 6.2.4 (Sp90) Let C * be the multiplicative group of nonzero complex 
numbers. Suppose that H is a subgroup of finite index ofC. *. Prove that H = C *. 

Problem 6.2.5 (Su80) Let G be a finite group and H CG a subgroup. 

1. Show that the number of subgroups ofG of the form xHx~ l for some x e G 
is ^ the index of H in G. 

2. Prove that some element of G is not in any subgroup of the form xHx~\ 
x € G. 

Problem 6.2.6 (Su79) Prove that the group of automorphisms of a cyclic group 
of prime order p is cyclic and find its order. 

Problem 6.2.7 (Su81) Let G be a finite group, and let <p be an automorphism of 
G which leaves fixed only the identity element of G . 

1. Show that every element of G may be written in the form g~ l <p(g). 

2. If <p has order 2 (i.e., <p • <p — id) show that <p is given by the formula 
g i-^ g~ l and that G is an abelian group whose order is odd. 

Problem 6.2.8 (Fa79, Sp88, Fa91) Prove that every finite group of order > 2 
has a nontrivial automorphism. 

Problem 6.2.9 (Fa90) Let A be an additively written abelian group , and 
u,v : A A homomorphisms. Define the group homomorphisms /, g : A —> A 
by 

f(a) -a-v ( u(a » , g(a) -a-u ( v(a » (a € A). 

Prove that the kernel off is isomorphic to the kernel of g. 

Problem 6.2.10 (Su81) Let G be an additive group, and u, v : G — > G homo- 
morphisms. Show that the map f : G -> G, f{x) = x — v (u(x)) is surjective if 
the map h : G -+ G, h(x) = x — u (v(x)) is surjective. 

Problem 6.2.11 (Sp83) Let H be the group of integers mod p, under addition, 
where p is a prime number. Suppose that n is an integer satisfying 1 ^ n ^ p, 
and let G be the group H x H x • • • x H (n factors). Show that G has no 
automorphism of order p 2 . 



Problem 6.2.12 (Sp03) I. Suppose that H\ and H 2 are subgroups of a group 
G such that Hi U H 2 is a subgroup of G . Prove that either H\ C H 2 or 

H 2 C H x . 


2. Show that for each integer n ^ 3, there exists a group G with subgroups 
Hi, H 2 , .... H n , such that no Hi is contained in any other, and such that 
Hi U H 2 U . . . U H n is a subgroup ofG. 

Problem 6.2.13 (Fa84) Let G be a group and H a subgroup of index n < 00 . 
Prove or disprove the following statements: 

1. If a E G, then a n e H. 

2. If a E G, then for some k, 1 < k < n, we have a k E H. 

Problem 6.2.14 (Fa78) Find all automorphisms of the additive group of rational 
numbers. 

Problem 6.2.15 (SpOl) Let a and be real numbers such that the subgroup T 
of E generated by a and (3 is closed. Prove that a and f3 are linearly dependent 
over Q . 

Problem 6.2.16 (SpOO) Prove that the group G = Q/Z has no proper subgroup 
of finite index. 

Problem 6.2.17 (Fa87, Fa93) Let A be the group of rational numbers under ad- 
dition, and let M be the group of positive rational numbers under multiplication. 
Determine all homomorphisms tp : A M. 

Problem 6.2.18 (SpOO) Suppose that Hi and H 2 are distinct subgroups of a group 
G such that [G : Hi] = [G : Hf\ — 3. What are the possible values of 
[G : Hi fl H 2 ]? 

Problem 6.2.19 (Fa92) Let G be a group and H and K subgroups such that H 
has a finite index in G. Prove that K OH has a finite index in K. 

Problem 6.2.20 (Fa94) Suppose the group G has a nontrivial subgroup H which 
is contained in every nontrivial subgroup of G. Prove that H is contained in the 
center of G. 

Problem 6.2.21 (FaOO) Show that for each positive integer k there exists a posi- 
tive integer N such that there are at least k nonisomorphic groups of order N. 


Problem 6.2.22 (Fa95) Let G be a group generated by n elements. Find an upper 
bound N{n, k) for the number of subgroups H of G with the index [G : H] = k. 



6.3 Cyclic Groups 

Problem 63.1 (Su77, Sp92) 1. Prove that every finitely generated subgroup 

ofQ , the additive group of rational numbers, is cyclic. 

2. Does the same conclusion hold for finitely generated subgroups of Q /Z, 
where Z is the group of integers? 

Note: See also Problems 6.6.3 and 6.7.2. 

Problem 6.32 (Sp98) Let G be the group Q /Z. Show that for every positive 
integer t, G has a unique cyclic subgroup of order t. 

Problem 633 (Fa99) Show that a group G is isomorphic to a subgroup of the 
additive group of the rationals if and only if G is countable and every finite subset 
of G is contained in an infinite cyclic subgroup of G. 

Problem 63.4 (Su85) 1. Let G be a cyclic group, and let a, b € G be ele- 

ments which are not squares. Prove that ab is a square. 

2. Give an example to show that this result is false if the group is not cyclic. 

Problem 633 (Sp82) Prove that any group of order 77 is cyclic. 

Problem 63.6 (Fa91) Let G be a group of order 2 p, where p is an odd prime. 
Assume that G has a normal subgroup of order 2. Prove that G is cyclic. 

Problem 63.7 (Fa97) A finite abelian group G has the property that for each 
positive integer n the set [x € G | x n — 1} has at most n elements. Prove that G 
is cyclic, and deduce that every finite field has cyclic multiplicative group. 

Problem 63.8 (FaOO) Let G be a finite group of order n with the property that 
for each divisor d of n there is at most one subgroup in G of order d. Show G is 
cyclic. 


6.4 Normality, Quotients, and Homomorphisms 

Problem 6.4.1 (Fa78) Let H be a subgroup of a finite group G. 

1. Show that H has the same number of left cosets as right cosets. 

2. Let G be the group of symmetries of the square. Find a subgroup H such 
that xH ,£ Hx for some x. 

Problem 6.4.2 (Fa80) Let G be the group of orthogonal transformations o/R 3 
to R 3 with determinant 1. Let v € R 3 , \v\ = 1, and let H V ~{T e G \ Tv — v}. 


1. Show that H v is a subgroup of G. 



2. Let S v = {T € G | T is a rotation of 1 80° about a line orthogonal to i>}. 
Show that S v is a coset of H v in G. 

Problem 6.43 (Su84) Show that if a subgroup H of a group G has just one left 
coset different from itself, then it is a normal subgroup of G. 

Problem 6.4.4 (Su85) Let G be a group of order 120, let H be a subgroup of 
order 24, and assume that there is at least one left coset of H (other than H itself) 
which is equal to some right coset of H. Prove that H is a normal subgroup of G. 

Problem 6.4.5 (Fa02) Let G be a group of order 112. Prove that G has a non- 
trivial normal subgroup. 

Problem 6.4.6 (Fa02) List all groups of order ^ 6 up to isomorphism. Find a 
group of order 120 that contains as a subgroup an isomorphic copy of each of 
them. Prove that no group of order <120 has the preceding property. 

Problem 6.4.7 (Sp89) For G a group and H a subgroup, let C(G,H) denote the 
collection of left cosets of H in G. Prove that if H and K are two subgroups of G 
of infinite index, then G is not a finite union of cosets from C(G , H) U C(G, K). 

Problem 6.4.8 (Fa82, Fa92) Let 

H(! •- 

w = j(o l) |beR )- 

1. Show that TV is a normal subgroup of G and prove that G/ TV is isomorphic 

toM. 

2. Find a normal subgroup TV' of G satisfying TV C TV' C G (where the 
inclusions are proper), or prove that there is no such subgroup. 

Problem 6.4.9 (Sp86) Let Z 2 be the group of lattice points in the plane (ordered 
pairs of integers, with coordinatewise addition as the group operation). Let H\ 
be the subgroup generated by the two elements (1,2) and (4, 1), and H 2 the sub- 
group generated by the two elements (3, 2) and (1, 3). Are the quotient groups 
Gi = Z 2 /// 1 and G 2 = Z 2 ///2 isomorphic? 

Problem 6.4.10 (Sp78, Fa81) Let G be a group of order 10 which has a normal 
subgroup of order 2. Prove that G is abelian. 

Problem 6.4.11 (Sp79, Fa81) Let G be a group with three normal subgroups N\, 
N 2 , and N 3 . Suppose TV; O Nj = [e] and TV, Nj = Gfor all i, j with i # j- Show 
that G is abelian and Ni is isomorphic to TV j for all 1 , j. 

Problem 6.4.12 (Fa97) Suppose Hi is a normal subgroup of a group G for 
1 < 1 O, such that Hi n Hj = {1 )for i # j. Prove that G contains a subgroup 
isomorphic toHixH 2 X"-xH k ifk = 2, but not necessarily ifk ^ 3. 


) 


i ) | a, b e M, a > 


0 



Problem 6.4.13 (Sp80) G is a group of order n,H a proper subgroup of order m, 
and (n/m)\ < 2 n. Prove G has a proper normal subgroup different from the 
identity. 

Problem 6.4.14 (Sp82, Sp93) Prove that if G is a group containing no subgroup 
of index 2, then any subgroup of index 3 is normal. 

Problem 6.4.15 (Sp03) Suppose G is a nonabelian simple group, and A is its 
automorphism group. Show that A contains a normal subgroup isomorphic to G. 

Problem 6.4.16 (Sp89) Let G be a group whose order is twice an odd number. 
For g in G, let X g denote the permutation ofG given by L g {x) = gxfor x € G. 

1. Let g be in G. Prove that the permutation k g is even if and only if the order 
of g is odd. 

2. Let N = {g € G | order (g) is odd). Prove that N is a normal subgroup of 
G of index 2. 

Problem 6.4.17 (Fa89) Let G be a group, G' its commutator subgroup, and N 
a normal subgroup of G. Suppose that N is cyclic. Prove that gn = ng for all 
g € G' and all n € N. 

Problem 6.4.18 (Fa90) Let G be a group and N be a normal subgroup of G 
with N G. Suppose that there does not exist a subgroup H of G satisfying 
N C H C G and N # H ^ G. Prove that the index ofN in G is finite and equal 
to a prime number. 

Problem 6.4.19 (Sp94) Let G be a group having a subgroup A of finite index. 
Prove that there is a normal subgroup N of G contained in A such that N is of 
finite index in G. 

Problem 6.4.20 (Sp97) Let H be the quotient of an abelian group G by a sub- 
group K. Prove or disprove each of the following statements : 

1. If H is finite cyclic then G is isomorphic to the direct product of H and K. 

2. If H is a direct product of infinite cyclic groups then G is isomorphic to the 
direct product of Ft and K. 



Sn> 


• • • 


Problem 6.5.1 (Fa80) Let F 2 = {0, 1} be the field with two elements. Let G be 
the group of invertible 2x2 matrices with entries in F 2 . Show that G is isomorphic 
to 1 S 3 , the group of permutations of three objects. 

Problem 6.5.2 (Su84) Let S n denote the group of permutations of n objects. Find 
four different subgroups of S 4 isomorphic to S 3 and nine isomorphic to S 2 . 



Problem 6.5.3 (Fa86) Let G be a subgroup of S 5 , the group of all permutations 
of five objects Prove that if G contains a 5-cycle and a 2-cycle, then G = S 5 . 

Problem 6.5.4 (Fa85) Let G be a subgroup of the symmetric group on six objects, 
S6- Assume that G has an element of order 6. Prove that G has a normal subgroup 
H of index 2. 

Problem 6.5.5 (Sp79) Let S 7 be the group of permutations of a set of seven ob- 
jects. Find all n such that some element of S 7 has order n. 

Problem 6.5.6 (Sp80) Sg is the group of permutations of 9 objects. 

1. Exhibit an element ofSg of order 20. 

2. Prove that no element of Sg has order 18. 

Problem 6.5.7 (Sp88, SpOl) Let Sg denote the group of permutations of nine ob- 
jects and let Ag be the subgroup consisting of all even permutations. Denote by 
1 € Sg the identity permutation. Determine the minimum of all positive integers 
m such that every a e Sg satisfies o m = 1 . Determine also the minimum of all 
positive integers m such that every a e Ag satisfies a m = 1. 

Problem 6.5.8 (Sp92) Let Sggg denote the group of permutations of 999 objects, 
and let G C S 999 be an abelian subgroup of order 1111. Prove that there exists 
i e {1, . . . , 999} such that for all o € G, one has cr(i) = i. 

Problem 6.5.9 (Sp02) Prove that S n , the group of permutations of [l, 2, . . . , n), 
is isomorphic to a subgroup of A n +i, the alternating subgroup ofS n + 2 * 

Problem 6.5.10 (Fa81, Sp95) Let S„ be the group of all permutations of n ob- 
jects and let G be a subgroup of S n of order p k , where p is a prime not dividing 
n. Show that G has a fixed point; that is, one of the objects is left fixed by every 
element of G. 

Problem 6.5.11 (Sp80) Let G be a subgroup ofS„ the group of permutations ofn 
objects. Assume G is transitive; that is, for any x and y in S, there is some o € G 
with o{x) = y. 

1. Prove that n divides the order of G. 

2. Suppose n = 4. For which integers k ^ 1 can such a G have order 4k? 

Problem 6.5.12 (Su83) Let G be a transitive subgroup of the group S n of permu- 
tations ofn objects {1, . . . , «}. Suppose that G is a simple group and that ~ is an 
equivalence relation on{\, ... ,h) such that i ~ j implies that a{j) ~ cr(J)f or 
all a € G. What can one conclude about the relation 

Problem 6.5.13 (Sp89) Let D n be the dihedral group, the group of rigid motions 
of a regular n-gon (n ^ 3). (Jt is a noncommutative group of order 2n.) Determine 
its center Z = [c e D n I cx = xc for all x € D„}. 



Problem 63.14 (Fa92) How many Sylow 2-subgroups does the dihedral group 
D n of order 2 n have, when n is odd? 


6.6 Direct Products 

Problem 6.6.1 (Fa83) Let G be a finite group and suppose that GxG has exactly 
four normal subgroups. Show that G is simple and nonabelian. 

Problem 6.6.2 (Sp99) Let G be a finite simple group of order n. Determine the 
number of normal subgroups in the direct product GxG. 

Problem 6.63 (Sp91) Prove that Q , the additive group of rational numbers , 
cannot be written as the direct sum of two nontrivial subgroups. 

Note: See also Problems 6.3.1 and 6.7.2. 

Problem 6.6.4 (Su79, Fa93) Let A, B, and C be finite abelian groups such that 
AxB andAxC are isomorphic. Prove that B and C are isomorphic. 

Problem 6.6.5 (Sti83) Let G i, G 2 , and G 3 be finite groups, each of which is gen- 
erated by its commutators (elements of the form xyx~^y~^). Let A be a subgroup 
of G 1 x G 2 x G 3 , which maps surjectively, by the natural projection map, to 
the partial products G\ x G 2 , G\ x G 3 and G 2 x G 3 . Show that A is equal to 
Gi x G 2 x G 3 . 

Problem 6.6.6 (Fa82) Let A be a subgroup of an abelian group B. Assume that A 
is a direct summand of B, i.e., there exists a subgroup X of B such that AC\X = 0 
and such that B = X + A Suppose that C is a subgroup of B and satisfying 
A C C C B. Is A necessarily a direct summand ofC? 

Problem 6.6.7 (Fa87, Sp96) Let G and H be finite groups of relatively prime 
order. Show that Aut(G xH), the group of automorphisms ofG x H, is isomorphic 
to the direct product of Aut(G) and Aut (H). 

Problem 6.6.8 (Fa03) Let p be a prime, and let G be the group Z p 2 x Z p . How 
many automorphisms does G have? 


6.7 Free Groups, Generators, and Relations 

Problem 6.7.1 (Sp77) Let Q + be the multiplicative group of positive rational 
numbers. 

1 . Is Q + torsion free? 

2 . Is Q + free? 



Problem 6.7.2 (Sp86) Prove that the additive group of Q , the rational number 
field, is not finitely generated. 

Note: See also Problems 6.3.1 and 6.6.3. 

Problem 6.7.3 (Fa79, Fa82) Let G be the abelian group defined by generators 
x , y, and z, and relations 


15x + 3y = 0 
3* -I- ly 4- 4z = 0 
18* -f 14 y •+• 8z = 0. 

1. Express G as a direct product of two cyclic groups. 

2. Express G as a direct product of cyclic groups of prime power order. 

3. How many elements of G have order 2? 

Problem 6.7.4 (Sp82, Sp93) Suppose that the group G is generated by elements 
x and y that satisfy x 5 y 3 = x^y 5 = 1. Is G the trivial group? 

Problem 6.7.5 (Su82) Let G be a group with generators a and b satisfying 

a~ l b 2 a = b 3 , b~ l a 2 b = a 3 . 


Is G trivial? 

Problem 6.7.6 (Fa88, Fa97) Let the group G be generated by two elements, a 
and b, both of order 2. Prove that G has a subgroup of index 2. 

Problem 6.7.7 (Fa89) Let G n be the free group on n generators. Show that G 2 
and G3 are not isomorphic. 

Problem 6.7.8 (Sp83) Let G be an abelian group which is generated by, at most, 
n elements . Show that each subgroup of G is again generated by, at most, n ele- 
ments. 

Problem 6.7.9 (Sp84) Determine all finitely generated abelian groups G which 
have only finitely many automorphisms. 

Problem 6.7.10 (Fa89) Let Abe a finite abelian group, and m the maximum of 
the orders of the elements of A. Put S = [a € A | \a\ = m). Prove that A is 
generated by S. 


6.8 Finite Groups 

Problem 6.8.1 (Sp91) List, to within isomorphism, all the finite groups whose 
orders do not exceed 5. 



Problem 6.8.2 (Fa84) Show that all groups of order < 5 are commutative. Give 
an example of a noncommutative group of order 6. 

Problem 6.8.3 (Fa80) Prove that any group of order 6 is isomorphic to either Z$ 
or S3 (the group of permutations of three objects). 

Problem 6.8.4 (Sp87) 1. Show that, to within isomorphism, there is just one 

noncyclic group G of orders. 

2. Show that the group of automorphisms of G is isomorphic to the permuta- 
tion group S3. 

Problem 6.8.5 (Fa88) Find all abelian groups of order 8, up to isomorphism. 
Then identify which type occurs in each of 

1 . (Z15)*. 

2. (Z 17 )*/(± IX 

3. the roots ofz 8 — 1 in C , 

4. F+ 

5. (Zi«)*. 

Fg is the field of eight elements, and Fg' is its underlying additive group; R* is 
the group of invertible elements in the ring R, under multiplication. 

Problem 6.8.6 (Sp90, Fa93, Sp94) Show that there are at least two nonisomor- 
phic nonabelian groups of order 24, of order 30 and order 40. 

Problem 6.8.7 (Fa03) List eight groups of order 36 and prove that they are not 
isomorphic. 

Problem 6.8.8 (Fa97) Prove that if p is prime then every group of order p 2 is 
abelian. 

Problem 6.8.9 (Sp93) Classify up to isomorphism all groups of order 45. 

Problem 6.8.10 (Sp02) Let G be a group of order 56 having at least 7 elements of 
order 7. Prove that G has only one Sylow 2-subgroup P, and that all nonidentity 
elements of P have order 2. 

Problem 6.8.11 (Sp79, Sp97) Classify all abelian groups of order 80 up to iso- 
morphism. 

Problem 6.8.12 (Fa88) Find (up to isomorphism) all groups of order 2 p, where 
p is a prime (p^2). 

Problem 6.8.13 (Sp87) Prove that any finite group of order n is isomorphic to a 
subgroup ofO(n), the group ofn x n orthogonal real matrices. 



Problem 6.8.14 (Fa98) Suppose that G is a finite group such that every Sylow 
subgroup is normal and abelian. Show that G is abelian. 

Problem 6.8.15 (SpOl) If G is a finite group , must S = {g 2 \g e G} be a sub- 
group? Provide a proof or a counterexample. 

Problem 6.8.16 (Fa99) Let G be a finite group acting transitively on a set X of 
size at least 2. Prove that some element g of G acts without fixed points. 

Problem 6.8.17 (Fa02) Let G be a finite non-Abelian group of order n. Show 
that there exists an integer d satisfying 2 ^ d ^ n/2 and a set P of cardinality d, 
such that G acts transitively on P. 

Problem 6.8.18 (Su80, Fa96) Prove that every finite group is isomorphic to 

1. A group of permutations; 

2. A group of even permutations. 

Problem 6.8.19 (SpOO) Let G be a finite group and p a prime number. Suppose 
a and b are elements of G of order p such that b is not in the subgroup generated 
by a. Prove that G contains at least p 2 — 1 elements of order p. 

Problem 6.8.20 (FaOl) Find all finite abelian groups G (up to isomorphism) 
such that the group of automorphisms of G has odd order. 

Problem 6.8.21 (Fa03) Let n be a positive integer. Let <p(n) be the Euler phi 
function, so <p(n) = #(Z„)*. Prove that ifgcd(n, <j>(n)) > 1, then there exists a 
noncyclic group of order n. 


6.9 Rings and Their Homomorphisms 


Problem 6.9.1 (Fa80) Let M2x2 be the ring of real 2x2 matrices and S C M^x.2 
the subring of matrices of the form 



I. Exhibit an isomorphism between S and C . 


2. Prove that 


-(i 0 


lies in a subring isomorphic to S. 

3. Prove that there is an X € M2x2 such that X* 4* 13X 


= A. 


Problem 6.9.2 (Sp03) Let M 2 x 2(Q ) denote the ring of 2 x 2 matrices with en- 
tries in Q . Let R be the set of matrices in M 2 x 2(0 ) that commute with ( l Q J ). 



1. Prove that R is a subring of M2x2(Q )• 

2. Prove that R is isomorphic to the ring Q [*]/ (x 2 ). 

Problem 6.9.3 (Sp86) Prove that there exists only one automorphism of the field 
of real numbers; namely the identity automorphism. 

Problem 6.9.4 (Sp86) Suppose addition and multiplication are defined on C n , 
complex n-space, coordinatewise, making C n into a ring. Find all ring homo - 
morphisms of C n onto C . 

Problem 6.9.5 (Fa88) Let Rbea finite ring. Prove that there are positive integers 
m.and n with m > n such that x m = x n for every x in R. 

Problem 6.9.6 (Sp89) Let R be a ring with at least two elements. Suppose that 
for each nonzero a in R there is a unique b in R ( depending on a) with aba = a. 
Show that R is a division ring. 

Problem 6.9.7 (Sp91) Let p be a prime number and R a ring with identity con- 
taining p 2 elements. Prove that R is commutative. 

Problem 6.9.8 (FaOO) Let Rbea ring with identity, \ having fewer than eight ele- 
ments. Prove that R is commutative. 

Problem 6.9.9 (Sp03) Let R be the set of complex numbers of the form 

a-\-3bi, a t b€Z. 

Prove that R is a subring ofC, and that R is an integral domain but not a unique 
factorization domain. 

Problem 6.9.10 (Fa93) Let Rbea commutative ring with identity. Let G be a fi- 
nite subgroup ofR*, the group of units of R. Prove that if R is an integral domain, 
then G is cyclic. 

Problem 6.9.11 (Fa98) Let R be a finite ring with identity. Let a be an element 
of R which is not a zero divisor. Show that a is invertible. 

Problem 6.9.12 (Fa94) Let R be a ring with identity, and let u be an element of 
R with a right inverse. Prove that the following conditions on u are equivalent: 

1. u has more than one right inverse; 

2. u is a zero divisor; 

3. u is not a unit. 


Problem 6.9.13 (Su81, Sp93) Show that no commutative ring with identity has 
additive group isomorphic to Q /Z. 



Problem 6.9.14 (Sp81) Let D be an ordered integral domain and a e D. Prove 
that 

a 2 — a -M >0. 

Problem 6.9.15 (Fa95) Prove that Q [x, y]/{x 2 + y 2 — 1) is an integral domain 
and that its field of fractions is isomorphic to the field of rational functions Q (t). 

Problem 6.9.16 (SpOO) Find the cardinality of the set of all subrings of Q, the 
field of rational numbers. 


6.10 Ideals 

Problem 6.10.1 (Sp98) Let A be the ring of real 2x2 matrices of the form (q £). 
What are the 2-sided ideals in A? 

Problem 6.10.2 (Fa79, Fa87) Let M nxn (F) be the ring ofn x n matrices over a 
field F. Prove that it has no 2-sided ideals except M nxn (F) and {0}. 

Problem 6.10.3 (Fa83, Su85) Let M nxn (F) be the ring ofnxn matrices over a 
field F. For n ^ 1 does there exist a ring homomorphism from M(rt+i)x(«+i)(F) 
onto M nxn (F)? 

Problem 6.10.4 (Sp97) Let R be the ring ofn x n matrices over afield. Suppose 
S is a ring and h : R S is a homomorphism. Show that h is either injective or 
zero. 

Problem 6.10.5 (Sp84) Let ¥ be a field and let X be a finite set. Let R(X, F) 
be the ring of all functions from X to F, endowed with the pointwise operations. 
What are the maximal ideals of R(X, F)? 

Problem 6.10.6 (FaOO) Suppose V is a vector space over a field K If U and W 
are subspaces, let E(U , W) be the set of linear endomorphisms F of V over K 
with the property that the image of FU in V/ W is finite dimensional. Show that 
E(U, U) is a subring of the ring of endomorphisms ofV with two-sided ideals 
E(V, U ) and E(U , 0). 

Problem 6.10.7 (Sp88) Let R be a commutative ring with identity element and 
a € R. Let n and m be positive integers, and write d = gcd{/i, m}. Prove that the 
ideal of R generated by a n - 1 and a m — \ is the same as the ideal generated by 
a d — 1. 

Problem 6.10.8 (Sp89) 1. Let R be a commutative ring with identity contain- 

ing an element a with a 2 = a + 1. Further, let 3 be an ideal of R of 
index < 5 in R. Prove that 3 = R. 

2. Show that there exists a commutative ring with identity that has an element 

a with a 3 ~ a + \ and that contains an ideal of index 5. 



Note: The term index is used here exactly as in group theory; namely the index of 
3 in R means the order ofR/3. 

Problem 6.10.9 (Sp90) Let R be a commutative ring with 1, and R* be its group 
of units. Suppose that the additive group of R is generated by {u 2 \ u e /?*}. 
Prove that R has, at most, one ideal 3 for which R/3 has cardinality 3. 

Problem 6.10.10 (SpOl) Find all commutative rings R with identity such that R 
has a unique maximal ideal and such that the group of units of R is trivial. 

Problem 6.10.11 (Fa90) Let R be a ring with identity, and let 3 be the left ideal 
of R generated by {ab — ba \ a,b e R }. Prove that 3 is a two-sided ideal. 

Problem 6.10.12 (Fa99) Let R be a ring with identity element. Suppose that 3\, 
32, . . 3 n are left ideals in R such that R = 3\(& 32 (B ••• (B 3 n (as additive 
groups). Prove that there are elements w/ € 3; such that for any elements a- t e 3i, 
a t Ui = «i and aiUj = 0 if j ^ i. 


Problem 6.10.13 (Sp95) Suppose that R is a subring of a commutative ring S 
and that R is of finite index n in S. Let m be an integer that is relatively prime 
to n. Prove that the natural map R/mR — ► S/mS is a ring isomorphism. 

Problem 6.10.14 (Sp81) Let M be one of the following fields: R, C , Q , and F 9 
( the field with nine elements). Let 3 C M[x] be the ideal generated by x 4 +2x —2. 
For which choices ofM is the ring M[jc]/3 afield? 

Problem 6.10.15 (Sp84) Let R be a principal ideal domain and let 3 and 3 be 
nonzero ideals in R. Show that 33 = 3 fl 3 if and only if 3 + 3 = R. 


6. 1 1 Polynomials 

Problem 6.11.1 (Fa77) Suppose the nonzero complex number a is a root of a 
polynomial of degree n with rational coefficients. Prove that 1/a is also a root of 
a polynomial of degree n with rational coefficients. 

Problem 6.11.2 (Su85) By the Fundamental Theorem of Algebra, the polynomial 
x 3 +2x 2 +7x -I- 1 has three complex roots, a\, (X2, and a?,. Compute a ] -f a| +a|. 

Problem 6.113 (Sp85) Let £ = e~i~ be a primitive 1*^ root of unity. Find a cubic 
polynomial with integer coefficients having a = f ^ _1 as a root. 

Problem 6.11.4 (Sp92, Su77, Fa81) 1. Prove that a = VS+Vlis algebraic 

over Q , by explicitly finding a polynomial f(x) in Q [x] of degree 4 having 
a as a root. 


2. Prove that f(x) is irreducible over Q . 



Problem 6.11.5 (Fa90) Prove that a/2 -f- yf?> is irrational. 

Problem 6.11.6 (Su85) Let P(z ) be a polynomial of degree < k with complex 
coefficients. Let co\, a)k be the k th roots of unity in C . Prove that 

1 * 

- PM = P( 0). 

1=1 

Problem 6.11.7 (Fa95) Let f(x) € Q[x] be a polynomial with rational 
coefficients. Show that there is a g(x) € Q [*]» g ^ 0, such that f(x)g(x) = 

o <3 r 

a 2 X - 1 - a^x 4- a$x H a p x p is a polynomial in which only prime exponents 

appear. 

Problem 6.11.8 (Fa91) Let 3 be the ideal in the ring Z[x] generated by x — 7 
and 15. Prove that the quotient ring Z[x\/3 is isomorphic to Z 15 . 

Problem 6.11.9 (Fa92) Let 3 denote the ideal in Z[x], the ring of polynomials 
with coefficients in Z, generated by x 3 + x + 1 and 5 .Is 3 a prime ideal? 

Problem 6.11.10 (Su77) In the ring Z[x] of polynomials in one variable over the 
integers, show that the ideal 3 generated by 5 and x 2 4- 2 is a maximal ideal 

Problem 6.11.11 (Sp78) let Z n denote the ring of integers modulo n. Let Z n [x] 
be the ring of polynomials with coefficients in Z n . Let 3 denote the ideal in Z n [x] 
generated by x 2 4 - x 4 - 1 . 

1. For which values of n , 1 ^ n ^ 10, is the quotient ring Z n \x\j3 afield? 

2. Give the multiplication table for Z 2 /3. 

Problem 6.11.12 (Sp86) Let Z be the ring of integers, p a prime, and 
F p = ZfpZ the field of p elements. Let x be an indeterminate, and set 
Ri = F p [x]/(x 2 - 2), R 2 = Fp[*]/(jt 2 - 3). Determine whether the rings R\ 
and R 2 are isomorphic in each of the cases p — 2 , 5, 1 1 . 

Problem 6.11.13 (Fa79, Su80, Fa82) Consider the polynomial ring Z[x] and the 
ideal 3 generated by 7 and x — 3. 

1. Show that for each r € Z[x], there is an integer a satisfying 0 < a < 6 
such that r — a e 3. 

2. Find a in the special case r = x 250 + 15* 14 + x 2 4- 5. 

Problem 6.11.14 (Fa96) Let Z[x] be the ring of polynomials in the indeterminate 
x with coefficients in the ring Z of integers. Let 3 C Z[x] be the ideal generated 
by 13 and x — 4. Find an integer m such that 0 < m < 12 and 

(x 26 4- x 4- 1) 73 — m € 3 . 



Problem 6.11.15 (Fa03) Give an example, with proof, of a nonconstant irre- 
ducible polynomial /( x) over Q with the property that f ( x ) does not factor into 
linear factors over the field K = Q0]/(/0))* 

Problem 6.11.16 (Sp77) 1. In MO], consider the set of polynomials f (x) for 

which /( 2) = /'(: 2) = /"(: 2) = 0. Prove that this set forms an ideal and 
find its monic generator. 

2. Do the polynomials such that /(2) = 0 and /'( 3) = Oform an ideal? 

Problem 6.11.17 (Sp94) Find all automorphisms ofZ[x], the ring of polynomi- 
als over Z. 

Problem 6.11.18 (Su78) Let R denote the ring of polynomials over a field F. 
Let p\, , p n be elements of R. Prove that the greatest common divisor of 
Pi » • • • » Pn is 1 if and only if there is an n x n matrix over R of determinant 1 
whose first row is (pi , . . . , p n ). 

Problem 6.11.19 (Sp79) Let fix) be a polynomial over Z p , the field of integers 
mod p. Let g(x) = x p — x. Show that the greatest common divisor of f(x) and 
g(x) is the product of the distinct linear factors of fix'). 

Problem 6.11.20 (Su79) Let F be a subfield of a field K. Let p and q be polyno- 
mials over F. Prove that their greatest common divisor in the ring of polynomials 
over F is the same as their gcd in the ring of polynomials over K. 

Problem 6.11.21 (Su81, Su82) Show that x 1 ^ +x 9 -f* 8 H hx+1 is irreducible 

overQ.How about x n +* 10 H \rx + 1? 

Problem 6.11.22 (Su84) Let Z be the ring of integers and Z[x] the polynomial 
ring over Z. Show that 


X 6 + 539* 5 — 51 lx + 847 


is irreducible in Z 01- 

Problem 6*11.23 (Sp82) Prove that the polynomial x 4 +x 4* 1 is irreducible over 

Q. 

Problem 6.11.24 (Fa83, Fa86) Prove that if p is a prime number, then the poly- 
nomial 

f{x) = x p ~ l 4- x p ~ 2 -\ hi 

is irreducible in QOl- 

Problem 6.11.25 (Sp96) Prove that fix) = x 4 +x 3 +x 2 +6x -h 1 is irreducible 
over Q . 

Problem 6.11^6 (SpOl) Prove that the polynomial fix) — \6x 5 — 125x 4 + 
50a: 3 — 100a: 2 + 75a: + 25 is irreducible over the rationals. 



Problem 6.11.27 (Su84) Let Z 3 be the field of integers mod 3 and Ziix] the cor- 
responding polynomial ring. Decompose * 3 + x + 2 into irreducible factors in 
Z3M. 

Problem 6.11.28 (Sp85) Factor x 4 + x 3 + x 4 - 3 completely in Zs[jc). 

Problem 6.1 1.29 (Fa85) 1. How many different monic irreducible polynomi- 

als of degree 2 are there over the field Z 5 ? 

2. How many different monic irreducible polynomials of degree 3 are there 
over the field Z 5 ? 

Problem 6.11.30 (Sp78) Is x 4 + 1 irreducible over the field of real numbers? The 
field of rational numbers? A field with 16 elements? 

Problem 6.11.31 (Sp81) Decompose x 4 —4 and x* — 2 into irreducibles over R, 
over Z, and over Z 3 (the integers modulo 3). 

Problem 6.11.32 (Fa84) Let a be an element in a field F and let p be a prime. 
Assume a is not a p th power. Show that the polynomial x p — a is irreducible in 

F[*]. 

Problem 6.11.33 (Sp92) Let p be a prime integer, p s 3 (mod 4), and let 
F p = Z/pZ. If x 4 + 1 factors into a product g(x)h(x) of two quadratic poly- 
nomials in Fp[x], prove that g(x) and h(x) are both irreducible overFp. 

Problem 6 . 11.34 (Fa 88 ) Let nbea positive integer and let f be a polynomial in 
R[x] of degree n. Prove that there are real numbers ao,a\, ...,a n , not all equal 
to zero, such that the polynomial 



is divisible by f. 

Problem 6.11.35 (Fa89) Let F be a field, F[jc] the polynomial ring in one vari- 
able over F f and R a subring ofF[x ] with F C R. Prove that there exists a finite 
set {/1 , /2 , . . . , fn) of elements ofF[x ] such that R = F[/i , / 2 , . • . , fnl 

Problem 6.11.36 (Sp87) Let F be a finite field with q elements and let x be an 
indeterminate. For f a polynomial in F[*], let <py denote the corresponding func- 
tion ofF into F, defined by <p/(a) = f(a), (a € F). Prove that if<p is any function 
ofF into F, then there is an f in F[x] such that <p = <Pf. Prove that f is uniquely 
determined by (p to within addition of a multiple of x q — x. 



6.12 Fields and Their Extensions 

Problem 6.12.1 (Su78, Fa87, Sp93) Let R be the set of 2x2 matrices of the form 

(l t) 

where a, b are elements of a given field F. Show that with the usual matrix oper- 
ations, R is a commutative ring with identity. For which of the following fields F 
is R a field: F = Q , C , Z 5 , Z 7 ? 

Problem 6.12.2 (Fa83) Prove that every finite integral domain is afield. 

Problem 6.12.3 (Sp77, Sp78) Let FcK be fields, and a and b elements of K 
which are algebraic over F. Show that a + b is algebraic over F. 

Problem 6.12.4 (Fa78, Fa85) Prove that every finite multiplicative group of com- 
plex numbers is cyclic. 

Problem 6.12.5 (Sp87, Fa95) Let F be a field. Prove that every finite subgroup 
of the multiplicative group of nonzero elements of F is cyclic. 

Problem 6.12.6 (Fa02) Let K be a field such that the additive group of K is 
finitely generated as a group. Prove that K is finite. 

Problem 6.12.7 (Sp85) Let F = {a 4- by/2 + csfi | a,b,c e Q }. Prove that F 
is a field and each element in F has a unique representation as a + by/ 2 + cy / 4 
with a,b,c e Q.Find (1 — )“* in F. 

Problem 6.12.8 (Sp85) Let F be a finite field. Give a complete proof of the fact 
that the number of elements ofF is of the form p r , where p ^ 2 is a prime number 
and r is an integer ^ 1 . 

Problem 6.12.9 (Fa02) Let K be a field and L C K a subfield containing 
{a 2 \a (= K}. Prove that if the characteristic of K is not 2 then L = K and 
that the same conclusion holds for finite fields K of characteristic 2, but not in 
general for fields of characteristic 2. 

Problem 6.12.10 (Su85) Let F be afield of characteristic p > 0, p ^ 3. If a is 
a zero of the polynomial f(x) = x p — x + 3 in an extension field ofF, show that 
f(x) has p distinct zeros in the field F(a). 

Problem 6.12.11 (Fa99) Let K be the field Q ( v'l). Prove that K has degree 10 
over Q , and that the group of automorphisms of K has order 2. 

Problem 6.12.12 (Fa85) Let fix) — jc 5 — 8 jc 3 +9x — 3 and g( x) — x* — 5x 2 — 
6x 4- 3. Prove that there is an integer d such that the polynomials /( x) and g(x) 
have a common root in the field Q (y/d ). What is d? 



Problem 6.12.13 (Fa86) Let ¥ be a field containing Q such that [F : Q ] = 2. 
Prove that there exists a unique integer m such that m has no multiple prime 
factors and F is isomorphic to Q (*/m ). 

Problem 6.12.14 (Sp96) Exhibit infinitely many pairwise nonisomorphic 
quadratic extensions ofQ and show they are pairwise nonisomorphic. 

Problem 6.12.15 (Fa94) Let Q be the field of rational numbers. For 0 a real 
number, let ¥$ = Q(sin0) and¥$ — Q (sin |). Show that¥$ is an extension field 
of¥e, and determine all possibilities for dim^E#. 

Problem 6.12.16 (Fa98) Show that the field Q(ti of rational functions 

in n variables over the rational numbers is isomorphic to a subfield oftiL 

Problem 6.12.17 (Sp99) Let fix) e Q [*] be an irreducible polynomial of de- 
gree n > 3. Let L be the splitting field of f, and let a € L be a zero of f. Given 
that [L : Q ] = n !, prove that Q (a 4 ) = Q (ot). 

Problem 6.12.18 (FaOl) Let K be a field. For what pairs of positive integers 
(i a , b) is the subring t b ] ofK[t] a unique factorization domain? 

Problem 6.12.19 (Sp95) Let ¥ be a finite field of cardinality p n , with p prime 
and n > 0, and let G be the group of invertible 2x2 matrices with coefficients in 

¥. 

1. Prove that G has order (p 2 * — 1 )(p 2n — p n ). 

2. Show that any p-Sylow subgroup of G is isomorphic to the additive group 
of F. 

Problem 6.12.20 (Sp02) Let p be a prime and k , n positive integers. Prove that 
the group GL n { ¥ p ) of invertible nxn matrices over¥p (the field of p elements) 
contains an element of order p k if and only if n > p k ~ x . 

Problem 6.12.21 (FaOl) Let ¥ be a field, and let G be the group of 2x2 upper- 
triangular matrices over ¥ of determinant 1. 

t 

1. Determine the commutator subgroup of G. 

2. Suppose F is the finite field of order p k . Determine for this case the mini- 
mum number of generators for the subgroup found in (i). 

Problem 6.12.22 (Fa94) Let p be an odd prime and ¥ p the field of p elements. 
How many elements of¥ p have square roots in ¥ p ? How many have cube roots 

in¥ p ? 

Problem 6.12.23 (Sp94) Let F be a finite field with q elements. Say that a func- 
tion f : F — ► F is a polynomial function if there are elements oo» a\ , . . . , a n of¥ 
such that fix) = go + a\x + • • • + a n x n for all x € F. How many polynomial 
functions are there? 



Problem 6.12.24 (Sp95) Let ¥ be a finite field \ and suppose that the subfield of 
F generated by {x^ | x € F} is different from F. Show that F has cardinality 4. 

Problem 6.12.25 (Sp97) Suppose that A is a commutative algebra with identity 
over C (i.e., A is a commutative ring containing C as a subring with identity). 
Suppose further that a 2 f=- 0 for all nonzero elements a € A. Show that if the 
dimension of A as a vector space over C is finite and at least two, then the equa- 
tions a 2, — a is satisfied by at least three distinct elements a € A. 

Problem 6.12.26 (Sp02) Let A be a commutative ring with 1. Prove that the 
group A* of units of A does not have exactly 5 elements. 

Problem 6.12.27 (FaOO) Suppose K is afield and R is a nonzero K-algebra gen- 
erated by two elements a and b which satisfy a 2 — b 2 — 0 and (a + b) 2 = 1. 
Show R is isomorphic to M 2 (K) ( the algebra of 2x2 matrices over K ). 


6.13 Elementary Number Theory 


Problem 6.13.1 (Fa86) Prove that if six people are riding together in an Evans 
Hall elevator, there is either a three-person subset of mutual friends (each knows 
the other two) or a three-person subset of mutual strangers (each knows neither 
of the other two). 

Problem 6.13.2 (Fa03) Let u m , n be an array of numbers for 1 < m < N and 
1 < n < N. Suppose that u mM = 0 when m is 1 or N, or when n is 1 or N. 
Suppose also that 


1 


u m,n — ^ ( Um-\,n + U m +\ >n + 1 + «m,«+ 1) 

whenever 1 < m < N and 1 < n < N. Show that all the u m%n are zero. 


Problem 6.13 3 (Sp02) How many functions f : {1, 2, 3, 4, 5} {1, 2, 3, 4, 5} 

have a range of size exactly 3 ? 

Problem 6.13.4 (Sp98) Let m ^ 0 be an integer. Let a\, 02 , . . . , a m be integers 
and let 

fw = ± a -£ 

i=l 

Show that ifd ^ 0 is an integer then f (x) d /d\ can be expressed in the form 


md 


biX 1 


E Ui* 

|! ’ 
. _ » • 

i=0 


where the bi are integers. 



Problem 6.13.5 (Fa03) Let f : [0, 1] — > [0,1 ] be an increasing (not strictly 
increasing) function such that 


00 




whenever the aj are 0 or 2. Prove that there is a constant Co such that 


I/M - /Ml < Col* - y| lo * 2/, ° 83 


for all x, y e [0, 1]. 

Problem 6.13.6 (Sp77) Let p be an odd prime. Let Q(p) be the set of integers a, 
0 ^ a < p — 1, for which the congruence 

x 2 ~ a (mod p) 

has a solution. Show that Q(p) has cardinality (p + l)/2. 

Problem 6.13.7 (Su77) Let p be an odd prime. If the congruence x 2 s — 1 
(mod p) has a solution, show that p=\ (mod 4). 

Problem 6.13.8 (Sp80) Let n^ 2 be an integer such that 2 n +n 2 is prime. Prove 
that 

n = 3 (mod 6). 

Problem 6.13.9 (Fa77) 1. Show that the set of all units in a ring with unity 

form a group under multiplication. (A unit is an element having a two-sided 
multiplicative inverse.) 

2. In the ring Z n of integers mod n, show thatk is a unit if and only ifk and n 
are relatively prime. 

3. Suppose n = pq, where p and q are primes. Prove that the number of units 
in Z n is (p — 1)(# — 1). 

Problem 6.13.10 (Su79) Which rational numbers t are such that 

3f 3 + 10r 2 - 3t 


is an integer? 

Problem 6.13.11 (Fa96) Show the denominator °f(^^ is a P ower °f 2 f or al1 
integers n. 

Problem 6.13.12 (Su82) Let n be a positive integer. 



1. Show that the binomial coefficient 



is even . 

2. Prove that c n is divisible by 4 if and only if n is not a power of 2. 

Problem 6.13.13 (Sp83) Suppose that n > l is an integer. Prove that the sum 

t 1 1 
1 4* — 4* • • • H — 

2 n 


is not an integer. 

Problem 6.13.14 (Fa84, Fa96) Let gcd abbreviate greatest common divisor and 
lcm abbreviate least common multiple. For three nonzero integers a, b, c, show 
that 

gcd (a, lcm{fc, c}} = lcm {gcd{a , b), gcd [a, c}} . 

Problem 6.13.15 (Sp92) Let a\, ai > . . . , a io be integers with 1 < a/ < 25, for 
1 ^ i < 10. Prove that there exist integers n\, «2, . • . , n\G, not all zero, such that 

10 

IK = 

i=i 


Problem 6.13.16 (Su83) 2 1982 1459 173083304870 13369 

teenth power of a positive integer. Which positive integer? 

Problem 6.13.17 (Sp96) Determine the rightmost decimal digit of 


Problem 6.13.18 (Sp88) Determine the last digit of 



in the decimal system. 

Problem 6.13.19 (Sp88) Show that one can represent the set of nonnegative inte- 
gers, Z+, as the union of two disjoint subsets N\ and N 2 (IN 2 = 0, N\ UN 2 = 
Z+) such that neither N\ nor N 2 contains an infinite arithmetic progression. 

Problem 6.13.20 (Fa89) Let <p be Euler' s totient function; so if n is a positive 
integer, then (pin) is the number of integers m for which 1 ^ m ^ n and 
gcd{n, m) — 1. Let a and k be two integers, with a > 1, k > 0. Prove that k 
divides <p(a k — 1). 



Problem 6.13.21 (Sp90) Determine the greatest common divisor of the elements 
of the set {n 13 — n | n e Z}. 

Problem 6.13.22 (Sp91) For n a positive integer, let d(n) denote the number of 
positive integers that divide n. Prove that d(n) is odd if and only if n is a perfect 
square. 

Problem 6.13.23 (FaOl) Which of the numbers 0,1, 2, 3, 4,5, 6,7 ,8,9 occur as the 
last digit of n n for infinitely many positive integers n ? 

Problem 6.13.24 (Sp03) Let N — 30030, which is the product of the first six 
primes. How many nonnegative integers x less than N have the property that N 
divides x 3 — 1? 




7 

Linear Algebra 


7. 1 Vector Spaces 

Problem 7.1.1 (Sp99) Let p, q, r and s be polynomials of degree at most 3. 
Which, if any, of the following two conditions is sufficient for the conclusion that 
the polynomials are linearly dependent? 

1. At 1 each of the polynomials has the value 0. 

2. At 0 each of the polynomials has the value 1. 

» 

Problem 7.1.2 (Sp03) For an analytic function h on C, let h® denote its i-th 
derivative, with hf® = h. Suppose that f and g are analytic functions on C 
satisfying 


/<"> + a n -if in - l) + • • • 4- oo/ (0) = 0 

g(«0 b m —i g^ m ^ H h bog = 0 

for some constants ao , . . . , a n - 1 ,bo, , b m -\ € C . Show that the product func- 
tion F = fg satisfies 

c m „F (mn) + c mn -\F (mn ~ i) + ■ ■ ■ + coF = 0 
for some constants co, . . . , c mn e C not all zero. 

Problem 7.1.3 (Su79, Sp82, Sp83, Su84, Fa91, Fa98) Let F be a finite field with 
q elements and let V be an n-dimensional vector space over F. 



1. Determine the number of elements in V. 


2. Let GL/j(F) denote the group of all n x n nonsingular matrices over F. 
Determine the order of GL n (F). 

3. Let SL n (F) denote the subgroup of GL„( F) consisting of matrices with 
determinant 1. Find the order of SL n { F). 

Problem 7.1.4 (SpOl) Let F be a finite field of order q, and let V be a two di- 
mensional vector space over F. Find the number of endomorphisms of V that fix 
at least one nonzero vector. 

Problem 7.1.5 (Sp97) Let GL 2 (Z OT ) denote the multiplicative group of invertible 
2x2 matrices over the ring of integers modulo m. Find the order of GL2(%p*) 
for each prime p and positive integer n. 

Problem 7.1.6 (FaOO) Let F p denote the field of p elements ( p prime). Let n be a 
positive integer. Prove that there is a transformation A e GL„(F P ) (the group of 
invertible linear transformations from (F p ) n into itself) which , as a permutation 
of the nonzero vectors of(F p ) n , acts as a single cycle of length p n — 1. 

Problem 7.1.7 (Sp96) Let G be the group of 2x2 matrices with determinant 1 
over the four-element field F. Let S be the set of lines through the origin in F 2 . 
Show that G acts faithfully on S. (The action is faithful if the only element of G 
which fixes every element of S is the identity.) 

Problem 7.1.8 (Su77) Prove the following statements about the polynomial ring 
F[jc], where F is any field. 

1. F[*] is a vector space over F. 

2. The subset F„[*] of polynomials of degree < n is a subspace of dimension 
n + lin F[x]. 

3. The polynomials l 9 x —a, . , (x —of form a basis ofF n [x)forany a € F. 

Problem 7.1.9 (Sp02) Let U, V, W be finite-dimensional subspaces of a vector 
space. Prove that dim(U)+dim(V)+dim(W)-dim(U+V+W) > max{dim(Gn 
V), dim(G n WO, dim(V 0 W)). 

Problem 7.1.10 (Su84) Suppose V is an n-dimensional vector space over the 
field F. Let W CV be a subspace of dimension r < n. Show that 

W = P') [U | U is an (n — 1) — dimensional subspace of V and W C U}. 

Problem 7.1.11 (Sp80, Fa89) Show that a vector space over an infinite field can- 
not be the union of a finite number of proper subspaces. 



Problem 7.1.12 (Fa88) Let A be a complex nxn matrix, and let C(A) be the 
commutant of A; that is, the set of complex nxn matrices B such that 
AB = BA. (It is obviously a subspace of M nxn , the vector space of all com- 
plex nxn matrices.) Prove that dim C(A) > n. 

Problem 7.1.13 (Sp89, Fa97) Let S be the subspace of M nxn (the vector space 
of all real nxn matrices) generated by all matrices of the form AB - BA with 
A and B in M nxn . Prove ftodim(S) = n 2 — 1. 

Problem 7.1.14 (Sp90) Let A and B be subspaces of a finite-dimensional vector 
space V such that A + B = V. Write n = dim V, a = dim A, and b = dim B. Let 
S be the set of those endomorphisms f of V for which /(A) c A and f (B) C B. 
Prove that S is a subspace of the set of all endomorphisms ofV, and express the 
dimension of S in terms of n, a, and b. 

Problem 7.1.15 (Sp81) Let T be a linear transformation of a vector space V into 
itself. Suppose x e V is such thatT m x = 0 ,T m ~ l x ^ 0 for some positive integer 
m. Show that x, Tx, . . . , T m ~ l x are linearly independent. 

Problem 7.1.16 (Fa97) Let a\, ct 2 , . . . , a n be distinct real numbers. Show that 
the n exponential functions e axt , e a2t , ..., e ant are linearly independent over the 
real numbers. 

Problem 7.1.17 (Su83) Let V be a real vector space of dimension n with a pos- 
itive definite inner product. We say that two bases (a/) and (&,) have the same 
orientation if the matrix of the change of basis from (ai) to (b{) has a positive de- 
terminant. Suppose now that (a/) and (bi) are orthonormal bases with the same 
orientation. Show that (a* + 2 bf) is again a basis of V with the same orientation 
as (ai). 


7.2 Rank and Determinants 

Problem 7.2.1 (Sp78, Fa82, Fa86) Let M be a matrix with entries in a field F. 
The row rank of M over F is the maximal number of rows which are linearly inde- 
pendent (as vectors) over F. The column rank is similarly defined using columns 
instead of rows. 

1. Prove row rank = column rank. 

2. Find a maximal linearly independent set of columns of 


(\ 

0 

3 

— 2\ 

2 

1 

2 

0 

0 

1 

-4 

4 

1 

1 

1 

2 

V 

0 

1 

2 / 


taking F = M. 



3. If F is a subfield of K, and M has entries in F, how is the row rank of M 
over F related to the row rank ofM over K? 

Problem 1.22 (Fa02) Let then xn real matrix A be diagonalizable and have a 
one-dimensional null space. Prove that a nonzero left null vector of A cannot be 
orthogonal to a nonzero right null vector of A. 

Problem 7.23 (Su85, Fa89) Let Abe annxn real matrix and A t its transpose. 
Show that A 1 A and A 1 have the same range. 

Problem 7.2.4 (Sp97) Suppose that P and Q are n x n matrices such that 
P 2 = P, Q 2 = Q, and 1 — (P + Q) is invertible. Show that P and Q have 
the same rank. 

Problem 7.2.5 (Fa03) Let A(m, n) be them xn matrix with entries 

ciij — j‘ (0 < i < m — 1, 0 < j < n — 1), 

where 0° = 1 by definition. Regarding the entries of A(m, n) as representing 
congruence classes (mod p), determine the rank of A(m, n) over the finite field 
F p = TLpfor all m,n>l and all primes p. 

Problem 7.2.6 (SpOl) Let A be an n xn matrix over a field K. Prove that 

rank A 2 — rank A l 3 ^ rank A — rank A 2 
Problem 7.2.7 (Sp91) Let T be a real, symmetric, n xn, tridiagonal matrix : 


« 1 

b i 

0 

0 

... o 

0 \ 

b i 

a 2 

bi 

0 

... o 

0 

0 

• 

bi 

• 

03 

• 

b 3 

• 

... o 

• * 

0 

• 

• 

• 

0 

• 

• 

0 

• 

• 

0 

• 

• 

0 

• • 

• • 

• * • On - 1 

• 

• 

bn - 1 


0 

0 

0 

' • • bn-l 

O n J 


(All entries not on the main diagonal or the diagonals just above and below the 
main one are zero.) Assume bj # 0 for all j. 

Prove: 

1. rank T > n — 1. 

2. T has n distinct eigenvalues. 

Problem 7.2.8 (Sp83) Let A — (aij) be annxn real matrix satisfying the condi- 
tions: 

an >0 (1 < i ^ n ), 

(>ij < 0 (i#j\ KU^it), 

n 

Yl a ‘j > o 

i=i 


Show that det( A) > 0. 



Problem 7.2.9 (Sp91) Let A — {aijY-j_ j be a square matrix with integer entries. 

1 . Prove that if an integer n is an eigenvalue of A, then n is a divisor of det A, 
the determinant of A. 

2. Suppose that n is an integer and that each row of A has sum n: 

r 

X] a U = 1^1 

;•= l 

Prove that n is a divisor of det A. 

Problem 7.2.10 (FaOl) Let Abe a symmetric n x n matrix over R of rank n — 1. 
Prove there is a k in {1 , 2, . . . , n} such that the matrix resulting from deletion of 
the kf h row and k th column from A has rank n — 1. 

Problem 7.2.11 (Fa84) Let R[.*i , . . . , Xn\ be the polynomial ring over the real 
field R in the n variables x\, Let the matrix A be then xn matrix whose 

i th row is (1 , Xi ,xf,..., x?~ 1 ), i = 1 , . . . , n. Show that 

det A = — xj). 

i>J 

Problem 7.2.12 (Sp77) A matrix of the form 

( 1 ao al ... ag\ 

1 <31 <3j ... 

• • • m m 

• • • • t 

• • • ■ • 

\1 a n al ... a$) 

where the a -, are complex numbers, is called a Vandermonde matrix 

1. Prove that the Vandermonde matrix is invertible if a$,a\, , a n are all 

different. 

2. Ifao , ai , .... a n are all different, and bo,b\, ... , b n are complex numbers, 
prove that there is a unique polynomial f of degree n with complex coeffi- 
cients such that f(a o) = bo, f(ai) = b\,. f(a n ) = b n . 

Problem 7.2.13 (Fa03) Let A and B ben x n complex unitary matrices. Prove 
that \det( A + B)\ <2 n . 

Problem 7.2.14 (Sp90) Give an example of a continuous function v : R R 3 
with the property that v(t\), vfo), and vfo) form a basis for R 3 whenever t\, t% 
and tj are distinct points o/R. 



Problem 7.2.15 (Fa95) Let f\, f 2 , ..., f n be continuous real valued functions 
on [a, b]. Show that the set [fi , . . . , /„} is linearly dependent on [a, b] if and 
only if 


det 



fi(x)fj(x)dx 


) 



Problem 7.2.16 (Fa81) Let M 2x 2 be the vector space of all real 2x2 matrices. 
Let 

-(■. i) *■(» j ) 

and define a linear transformation L : M 2x 2 ^ 2 x 2 by L(X) = AXB. Compute 

the trace and the determinant of L. 


Problem 7.2.17 (Su82) Let V be the vector space of all real 3x3 matrices and 
let A be the diagonal matrix 


(l 0 
0 2 
\0 0 



Calculate the determinant of the linear transformation T on V defined by 
T{X) = \(AX + XA). 


Problem 7.2.18 (Sp80) Let M 2x 3 denote the vector space of real 3x3 matrices. 
For any matrix A € Mz x2 , define the linear operator La '• M^ X 3 ^3x3, 
La(B) = AB. Suppose that the determinant of A is 32 and the minimal polyno- 
mial is (t — 4 )(t — 2). What is the trace of La ? 


Problem 7.2.19 (Su81) Let S denote the vector space of real nxn skew-symmetric 
matrices. For a nonsingular matrix A, compute the determinant of the linear map 
T a :S-+S, T a (X ) = AX A 1 . 


Problem 7.2.20 (Fa94) Let 7 denote the vector space of real 7x7 matrices. 
Let Abe a diagonal matrix in that has +1 in four diagonal positions and 

— 1 in three diagonal positions. Define the linear transformation T on My by 
T (X) = AX — X A. What is the dimension of the range ofT? 

Problem 7.2.21 (Fa93) Let F be a field. Form and n positive integers, let M mxn 
be the vector space of m x n matrices over F. Fix m and n, and fix matrices A 
and B in M mxn . Define the linear transformation T from M nxm to M mxn by 


T(X) = AXB. 


Prove that ifm ^ n, then T is not invertible. 



7.3 Systems of Equations 

Problem 73.1 (Su77) Determine all solutions to the following infinite system of 
linear equations in the infinitely many unknowns x\, * 2 , . . 

x\ + *3 + *5 = 0 

*2 + *4 + *6 = 0 

*3 + *5 + *7 = 0 

• • • « 

• ■ • • 

• ■ « « 

How many free parameters are required? 

Problem 73.2 (Fa77, Su78) 1. Using only the axioms for a field F, prove 

that a system of m homogeneous linear equations in n unknowns with 
m <n and coefficients in F has a nonzero solution. 

2. Use Part 1 to show that ifV is a vector space over F which is spanned by a 
finite number of elements, then every maximal linearly independent subset 
of V has the same number of elements. 

Problem 733 (Sp88, Sp96) If a finite homogeneous system of linear equations 
with rational coefficients has a nontrivial complex solution, need it have a non- 
trivial rational solution? Give a proof or a counterexample. 

Problem 73.4 (Sp84, Sp87) Let Abe a real m x n matrix with rational entries 
and let b be an m-tuple of rational numbers. Assume that the system of equations 
Ax-b has a solution x in complex n-space C n . Show that the equation has a 
solution vector with rational components, or give a counterexample. 


1 A Linear Transformations 

Problem 7.4.1 (Fa77) Let E and F be vector spaces (not assumed to be finite- 
dimensional). Let S : E -> F be a linear transformation. 

1. Prove S(E ) is a vector space. 

2. Show S has a kernel {0} if and only if S is injective (i.e., one-to-one). 

3. Assume S is injective; prove S ~ 1 : S(E) — ► E is linear. 

Problem 7.4.2 (Sp82) Let T : V W be a linear transformation between 
finite-dimensional vector spaces. Prove that 

dim(ker T) + dim(range T ) = dim V . 

Problem 7.43 (Fa99) Let V and W be finite dimensional vector spaces, let X be 
a subspace ofW, and let T :V -> W be a linear map. Prove that the dimension 
of T~ l (X) is at least dim V — dim W + dim X. 



Problem 7.4.4 (Fa98) Let A and B be linear transformations on a finite dimen- 
sional vector space V . Prove that dim ker (AB) < dim ker A + dim ker B. 

Problem 7.4.5 (Fa02) Let V and W be vector spaces over a field K. Assume 
A : V — > W and B : V — ► W are linear transformations such that A has rank at 
least 2, and for every vector v in V the vectors Av and B v are linearly dependent. 
Prove that the linear transformations A and B are linearly dependent. 

Problem 7.4.6 (Sp95) Suppose that W C V are finite-dimensional vector spaces 
over afield, and let L:V -* V be a linear transformation with L(V) C W. 
Denote the restriction ofL to W by Lw • Prove that det(l — tL) = det(l — tLw)- 

Problem 7.4.7 (FaOO) Let V be a finite-dimensional vector space, and let 
f : V -> V be a linear transformation. Let W denote the image of f. Prove 
that the restriction of f to W, considered as an endomorphism of W, has the 
same trace as f : V -> V. 

Problem 7.4.8 (Fa99) Let T : V -> V be a linear operator on an n dimensional 
vector space V over a field F. Prove that T has an invariant subspace W other 
than {0} and V if and only if the characteristic polynomial of T has a factor 
f € F[r] with 0 < deg f < n. 

Problem 7.4.9 (FaOO) Let T: E" W be a linear transformation, where n> 1. 

Prove that there is a 2-dimensional subspace M CR” such thatT(M) C M. 

Problem 7.4.10 (Sp95) Let V be a finite-dimensional vector space over a field 
F, and let L : V -> V be a linear transformation. Suppose that the characteristic 
polynomial x of L is written as x = X 1 X2> where xi and xi are two relatively 
prime polynomials with coefficients in F. Show that V can be written as the direct 
sum of two subspaces V\ and V 2 with the property that Xi (L) Vi = 0 for i = 1,2. 

Problem 7.4.11 (Su79) Let E be a three-dimensional vector space over Q . Sup- 
pose T : E -*■ E is a linear transformation and Tx = y, Ty = z, Tz = x + y, 
for certain x,y, z € E, x 0. Prove thatx, y, and z are linearly independent. 

Problem 7.4.12 (Su80) Let T : V -*> V be an invertible linear transformation 
of a vector space V. Denote by G the group of all maps fk, a : V -> V where 
k € TL, a € V, and forx € V, 

fk,a (*) = T k x + a (x 6 V). 

Prove that the commutator subgroup G' of G is isomorphic to the additive group 
of the vector space (T - /) V, the image of T - /. (G' is generated by all 
ghg~ l h~ l , g and h in G .) 

Problem 7.4.13 (Sp86) Let V be a finite-dimensional vector space and A and 
B two linear transformations of V into itself such that A 2 — B 2 = 0 and 
AB + BA = 1. 



1. Prove that if Na and Nb are the respective null spaces of A and B, then 
Na = ANb, Nb = BN At and V — Na® Nb . 

2. Prove that the dimension of V is even . 

3. Prove that if the dimension of V is 2, then V has a basis with respect to 
which A and B are represented by the matrices 

(o o) and (l o)- 

Problem 7.4.14 (Su84) Let f : E™ — > R n , n ^ 2, be a linear transformation 

of rank n - Let f(v) = (fi(v), f 2 (v) f n {v » for v e R w . Show that 

a necessary and sufficient condition for the system of inequalities f (v) > 0, 
i — 1, ...» it, to have no solution is that there exist real numbers A./ ^ 0, not all 
zero, such that 

n 

y kj ft = 0 . 

1=1 

Problem 7.4.15 (Sp95) Let n be a positive integer, and let S CM" a finite subset 
with 0 € S. Suppose that <p : S S is a map satisfying 

<p( 0) = 0, 

d(<p(s), <p{t » = d(s, t ) for all s,t e S, 

where d{ , ) denotes Euclidean metric. Prove that there is a linear map 
f : W 1 M* whose restriction to S is (p. 

Problem 7.4.16 (Sp86) Consider M 2 be equipped with the Euclidean metric 
d{x, y) = )!* — y||. Let T be an isometry of R 2 into itself Prove that T can 
be represented as T{x) — a + U{x), where a is a vector in R 2 and U is an 
orthogonal linear transformation. 

Problem 7.4.17 (Sp88) Let X be a set and V a real vector space of real val- 
ued functions on X of dimension n, 0 < n < oo. Prove that there are n points 
xi,X2>...,x n in X such that the map f {f{x i), . . . , f{x n )) of V to W is an 
isomorphism. 

Problem 7.4.18 (Sp97) Suppose that X is a topological space and V is a finite- 
dimensional subspace of the vector space of continuous real valued functions on 
X. Prove that there exist a basis {/i for V and points x \ , . . . , x n in X 
such that fi(xj) = <$//. 

Problem 7.4.19 (Fa90) Let n be a positive integer and let Pin+\ be the vector 
space of real polynomials whose degrees are, at most. In + 1. Prove that there 
exist unique real numbers c\, ... ,c n such that, for all p € Pzn+i- 

r 1 A 

I Pix) dx = 2p(0) + y Ck ( p{k ) + p(-k) - 2p(0» 

J—l fc_i 



Problem 7.4.20 (Sp94) Let T : R n -> R n be a diagonalizable linear transfor- 
mation. Prove that there is an orthonormal basis for W with respect to which T 
has an upper-triangular matrix. 

Problem 7.4.21 (Fa77) Let P be a linear operator on a finite-dimensional vector 
space over a finite field. Show that if P is invertible, then P n — I for some positive 
integer n. 

Problem 7.4.22 (Fa82) Let A be ann x n complex matrix, and let B be the Her - 
mitian transpose of A (i.e., b t j — dji). Suppose that A and B commute with each 
other. Consider the linear transformations a and fi on C " defined by A and B. 
Prove that a and fi have the same image and the same kernel. 

Problem 7.4.23 (Su79, Fa96) Prove that a linear transformation T : E 3 E 3 
has 

1. a one-dimensional invariant subspace, and 

2. a two-dimensional invariant subspace. 

Problem 7.4.24 (Fa83) Let A be a linear transformation on E 3 whose matrix 
(relative to the usual basis for E 3 ) is both symmetric and orthogonal. Prove that 
A is either plus or minus the identity, or a rotation by 180° about some axis in 
E 3 , or a reflection about some two-dimensional subspace of E 3 . 

Problem 1A.2S (Fa84) Let 6 and (p be fixed, 0^0^ 2n, 0 < (p < 27T and let 
R be the linear transformation from E 3 to E 3 whose matrix in the standard basis 
i, J, and k is 

no o \ 

I 0 cos0 sin0 I . 

\0 — sin0 cos0 / 

Let S be the linear transformation of E 3 to E 3 whose matrix with respect to the 
basis 

is 

( cos (p sin <p 0 
— sin <p cos (p 0 
0 0 1 

Prove that T — R o S leaves a line invariant. 

Problem 7.4.26 (Sp86) Let e = (a, b,c) be a unit vector in E 3 and let T be the 
linear transformation on E 3 of rotation by 180° about e. Find the matrix for T 
with respect to the standard basis. 




Problem 7.4.27 (Su80) Exhibit a real 3x3 matrix having minimal polynomial 
(r 2 + 1)(/ — 10), which, as a linear transformation o/IR 3 , leaves invariant the line 
L through (0, 0, 0) and (1,1,1) and the plane through (0, 0, 0) perpendicular to 
L. 

Problem 7.4.28 (Su77) Show that every rotation ofM? has an axis; that is, given 
a 3x3 real matrix A such that A 1 = A~ l and det^4 > 0, prove that there is a 
nonzero vector v such that Av = v. 

Problem 7.4.29 (Sp93) Let P be the vector space of polynomials over R. Let the 
linear transformation E : P — ► P be defined by Ef — f + f, where f is the 
derivative of f. Prove that E is invertible. 

Problem 7.4.30 (Fa84) Let P n be the vector space of all real polynomials with 
degrees at most n. Let D : P n -+ P n be given by differentiation : D{p) = p'. 
Let 7 x be a real polynomial. What is the minimal polynomial of the transformation 
n(D)? 

Problem 7.4.31 (Su77) Let V be the vector space of all polynomials of degree < 
10, and let D be the differentiation operator on V (i.e., Dp(x) = p'(x)). 

1. Show that tr D = 0. 

2. Find all eigenvectors of D and e D . 

Problem 7.432 (Sp02) Letxo,x\, ...,x n be distinct points ofR. Prove that there 
are unique real numbers ao, a\, .. . ,a n such that 



for all polynomials of degree n or less. 

Problem 7.433 (SpOO) Let I\,...,l n be disjoint closed nonempty subintervals 
ofR. 

1. Prove that if p is a real polynomial of degree less than n such that 



then p — 0. 

2. Prove that there is a nonzero real polynomial p of degree n that satisfies all 
the above equations. 



7.5 Eigenvalues and Eigenvectors 

Problem 7.5.1 (Fa77) Let M be a real 3x3 matrix such that A/ 3 = I, M £ I. 

1. What are the eigenvalues of M ? 

2. Give an example of such a matrix. . 

Problem 7.5.2 (Fa79) Let N be a linear operator on an n-dimensional vector 
space, n > 1, such that N n = 0, N n ~ l / 0. Prove there is no operator X with 
X 2 = N. 

Problem 7 .5.3 (Sp89) Let F be a field, n and m positive integers, and A annxn 
matrix with entries in F such that A m = 0. Prove that A n — 0. 

Problem 7.5.4 (Fa98) Let B be a 3x3 matrix whose null space is 2-dimensional, 
and let x (A.) be the characteristic polynomial of B. For each assertion below, 
provide either a proof or a counterexample . 

1. X 2 is a factor ofx (X), 

2. The trace of B is an eigenvalue of B. 

3 . B is diagonalizable. 

Problem 7.5.5 (Sp99) Suppose that the minimal polynomial of a linear operator 
T on a seven-dimensional vector space is x 2 . What are the possible values of the 
dimension of the kernel ofT? 

Problem 7.5.6 (Sp03) Let L be a real symmetric nxn matrix with 0 as a simple 
eigenvalue, and let v e E n . 

1. Show that for sufficiently small positive real e, the equation Lx + ex = v 
has a unique solution x = x(e) € R”. 

2. Evaluate lim £ _>.o+ ex(e) in terms of v, the eigenvectors of L, and the inner 
product ( , ) on E”. 

Problem 7.5.7 (Su81, Su82) Let V be a finite-dimensional vector space over the 
nationals Q and let M be an automorphism of V such that M fixes no nonzero 
vector in V. Suppose that M p is the identity map on V, where p is a prime number. 
Show that the dimension ofV is divisible by p — 1. 

Problem 7.5.8 (Fa92) Let F be a field, V a finite-dimensional vector space over 
F, and T a linear transformation of V into V whose minimum polynomial, ji, is 
irreducible over F. 

/. Let v be a nonzero vector in V and let V\ be the subspace spanned by v and 
its images under the positive powers ofT. Prove that dim Vj = deg fi. 


2. Prove that deg fi divides dim V. 



Problem 7.5.9 (Fa02) Suppose A and M are n x n matrices over C, A is in- 
vertible and AMA~ l = M 2 . Prove the nonzero eigenvalues of M are roots of 
unity. 

Problem 7.5.10 (Su79, Fa93) Prove that the matrix 

/0 5 1 0\ 

5 0 5 0 
15 0 5 
\0 0 5 0/ 

has two positive and two negative eigenvalues ( counting multiplicities). 

Problem 7.5.11 (Fa94) Prove that the matrix 

( 1 1.00001 1 \ 

1.00001 1 1.00001 j 

1 1.00001 1 / 

has one positive eigenvalue and one negative eigenvalue. 

Problem 7.5.12 (Sp85) For arbitrary elements a, b, and c in a field F, compute 
the minimal polynomial of the matrix 

( 0 0 a\ 

1 0 b 1 . 

0 1 c) 

Problem 7.5.13 (FaOl) Let A be an n x n complex matrix such that the three 
matrices A + I, A 2 + 1, A 3 +1 are all unitary. Prove that A is the zero matrix. 

Problem 7.5.14 (Sp03) Let k be a field, and let n ^ 1. Prove that the following 
properties of an n x n matrix A with entries in k are equivalent: 

• A is a scalar multiple of the identity matrix. 

• Every nonzero vector v 6 k n is an eigenvector of A. 

Problem 7.5.15 (Fa85, Sp97, Fa98) Suppose that A and B are endomorphisms 
of a finite-dimensional vector space V over a field F. Prove or disprove the fol- 
lowing statements: 

1. Every eigenvector of AB is also an eigenvector of BA. 

2. Every eigenvalue of AB is also an eigenvalue of BA 

Problem 7.5.16 (Sp78, Sp98) Let A and B denote real nxn symmetric matrices 
such that AB = BA. Prove that A and B have a common eigenvector in R". 

Problem 7.5.17 (Sp86) Let S be a nonempty commuting set of n x n complex 
matrices (n ^ 1). Prove that the members of S have a common eigenvector. 



Problem 7.5.18 (Sp84) Let A and B be complex n x n matrices such that 
AB = BA 2 , and assume A has no eigenvalues of absolute value 1. Prove that 
A and B have a common ( nonzero ) eigenvector. 

Problem 7.5.19 (Su78) Let V be a finite-dimensional vector space over an al- 
gebraically closed field. A linear operator T : V -» V is called completely 
reducible if whenever a linear subspace E C V is invariant under T , that is 
T(E ) C E, there is a linear subspace F C. V which is invariant under T and 
such that V = E © F. Prove that T is completely reducible if and only if V has 
a basis of eigenvectors. 

Problem 7.5.20 (Fa79, Su81) Let V be the vector space of sequences (a n ) of 
complex numbers. The shift operator S :V V is defined by 

S ((«i > a 2 , as, ...)) = ( 02 , as, 04 ,.. .). 

1. Find the eigenvectors of S. 

2. Show that the subspace W consisting of the sequences (x„) with 
x n +2 — *n + 1 + x n is a two-dimensional, S -invariant subspace of V and 
exhibit an explicit basis for W. 

3. Find an explicit formula for the n th Fibonacci number f n , where 
H = f\ = fn + 2 = /n+1 + fnforn ^ 1. 

Note: See also Problem 1.3.12. 

Problem 7.5.21 (Fa82) Let T be a linear transformation on a finite-dimensional 
C -vector space V, and let f be a polynomial with coefficients in C . If X is an 
eigenvalue ofT, show that f{X) is an eigenvalue of f(T). Is every eigenvalue of 
f(T) necessarily obtained in this way? 

Problem IS. 22 (Fa83, Sp96) Let Abe then x n matrix which has zeros on the 
main diagonal and ones everywhere else. Find the eigenvalues and eigenspaces 
of A and compute det(A). 

Problem IS. 23 (Sp85) Let A and B be two n xn self-adjoint (i.e., Hermitian) 
matrices over C and assume A is positive definite. Prove that all eigenvalues of 
AB are real. 

Problem 7.5.24 (Fa84) Let a, b, c, and d be real numbers, not all zero. Find the 
eigenvalues of the following 4x4 matrix and describe the eigenspace decomposi- 
tion o/M 4 : 

( aa ab ac ad 
ba bb be bd 
ca cb cc cd 
\da db dc dd 




Problem 7 . 5.25 (Sp 81 ) Show that the following three conditions are all equiva- 
lent for a real 3 x 3 symmetric matrix A, whose eigenvalues are Xi, Lj, and A.3: 

1 . tr A is not an eigenvalue of A. 

2 . (a 4 - b)(b 4 - c)(a 4 - c) 5^ 0 . 

3 . The map L : S -> S is an isomorphism, where S is the space of 3 x 3 real 
skew-symmetric matrices and L{W) — AW 4- W A. 

Problem 7 . 5.26 (Su 84 ) Let 



be a real matrix with a, b, c, d > 0 . Show that A has an eigenvector 

G)* r! 

withx , y > 0. 


Problem 7 . 5.27 (Sp 90 ) Let n be a positive integer, and let A — (ay)" . l be the 

^ f ^ A .1 • ^ 


A = 


1 = 2, 

aa±\ 

— — 

•1, and ay 

= 0 otherwise ; the 

2 

-1 

0 

0 ... 

0 

0 

0 \ 

-1 

2 

-1 

0 ... 

0 

0 

0 

0 

-1 

2 

-1 ... 

0 

0 

0 

0 

• 

0 

• 

-1 

• 

2 ... 

• m 

0 

• 

0 

• 

0 

• 

• 

• 

0 

■ 

• 

0 

• 

• 

0 

• • 

• # 

0 ... 

• 

• 

2 

• 

• 

-1 

4 

• 

0 

0 

0 

0 

0 ... 

-1 

2 

-1 

0 

0 

0 

0 ... 

0 

-1 

2 / 


Prove that every eigenvalue of A is a positive real number. 


Problem 7 . 5.28 (Sp 92 ) Let Abe a real symmetric nxn matrix with nonnegative 
entries. Prove that A has an eigenvector with nonnegative entries. 

Problem 7 . 5.29 (SpOO) Let A n be then xn matrix whose entries a jk are given 
by 

r 1 » ij— *1 = 1 

JK I 0 otherwise. 

Prove that the eigenvalues of A are symmetric with respect to the origin. 

Problem 7 . 5.30 (Fa 91 ) Let A — (ay)" j =l be a real nxn matrix with nonnega- 
tive entries such that 

n 

= 1 (1 < i < «). 

)=1 

Prove that no eigenvalue of A has absolute value greater than 1 . 



Problem 7.531 (SpOl) Let S be a special orthogonal n x n matrix, a real n x n 
matrix satisfying S*S = / and det(S) = 1. 


/. Prove that if n is odd then 1 is an eigenvalue of S. 

2. Prove that if n is even then 1 need not be an eigenvalue of S. 


Problem 7.5.32 (Sp85, Fa88) Let A and B be two n x n self-adjoint (i.e., Her- 
mitian) matrices over C such that all eigenvalues of A lie in [a, a f ] and all eigen- 
values of B lie in [b, b']. Show that all eigenvalues of A + B lie in [a -f b, a' + b']. 


Problem 7.5.33 (Fa85) Let k be real, n an integer ^ 2, and let A = (a,y) be the 
n x n matrix such that all diagonal entries an = k, all entries ai /±i immediately 
above or below the diagonal equal 1, and all other entries equal 0. For example. 


ifn = 5, 



(k 1 0 0 0\ 
1 k 1 0 0 
0 1*10 
0 0 1*1 
^0 0 0 1 */ 




Let X m i n and X max denote the smallest and largest eigenvalues of A, respectively. 
Show that Xftiifi ^ * 1 and Xf^ax ^ * "1“ 1. 


Problem 7.5.34 (Fa87) Let A and B be real nxn symmetric matrices with B 
positive definite. Consider the function defined for x ^ 0 by 


G(x) = 


(Ax, x) 
(Bx, x) 


1. Show that G attains its maximum value. 


2. Show that any maximum point U for G is an eigenvector for a certain ma- 
trix related to A and B and show which matrix. 

Problem 7335 (Fa90) Let A be a real symmetric nxn matrix that is positive 
definite. Let y e R n , y ^ 0. Prove that the limit 

Urn y - f +ly - 

/?!-> oo y* A m y 


exists and is an eigenvalue of A. 


7.6 Canonical Forms 

Problem 7.6.1 (Sp90, Fa93) Let A be a complex nxn matrix that has finite 
order; that is, A k = I for some positive integer k. Prove that A is diagonalizable. 



Problem 7.6.2 (Sp84) Prove, or supply a counterexample: If A is an invertible 
n xn complex matrix and some power of A is diagonal, then A can be diagonal- 
ized. 


Problem 7.63 (Fa78) Let 



Express A 1 as a polynomial in A with real coefficients. 
Problem 7.6.4 (Sp81) For x € R, let 




1 

x 

1 

1 



1. Prove thatdet(A x ) = (x — l) 3 (x + 3). 

2. Prove that if x ^ 1, —3, then AJ 1 = — (x — 1) -I (;c + 3) _1 A-jc- 2* 
Problem 7.6.5 (Sp88) Compute A 10 for the matrix 



Problem 7.6.6 (Fa87) Calculate A 100 and A 1 , where 

/3/2 l/2\ 

"" v-i/2 my 

Problem 7.6.7 (Sp96) Prove or disprove: For any 2x2 matrix A over C , there 
is a 2x2 matrix B such that A = B 2 . 

Problem 7.6.8 (Su85) 1. Show that a real 2x2 matrix A satisfies A 2 = —I 

if and only if 

( ±y/Jq - 1 -p \ 

V Q Wm - 1 / 

where p and q are real numbers such that pq ^ 1 and both upper or both 
lower signs should be chosen in the double signs. 

2. Show that there is no real 2x2 matrix A such that 



0 

— 1 — € 


) 


with £ > 0. 



Problem 7.6.9 (Fa96) Is there a real 2x2 matrix A such that 



Exhibit such an A or prove there is none. 

Problem 7.6.10 (Sp88) For which positive integers n is there a 2x2 matrix 



with integer entries and order n; that is, A n = / but A k ^ I for 0 < k < n ? 
Note: See also Problem 7.7.8. 


Problem 7.6.11 (Sp92) Find a square root of the matrix 

1 3 — 3 \ 

0 4 5 1. 

0 0 9 / 

How many square roots does this matrix have? 

Problem 7.6.12 (Sp92) Let A denote the matrix 

( 0 0 0 l\ 

0 0 0 0 
0 0 0 0 ' 

0 0 0 o/ 

For which positive integers n is there a complex 4x4 matrix X such that X n — A? 

Problem 7.6.13 (Sp88) Prove or disprove: There is a real n xn matrix A such 
that 

A 2 + 2A + 51 = 0 



if and only ifn is even. 

Problem 7.6,14 (Su83) Let A be annxn Hermitian matrix satisfying the con- 
dition 

A s + A 3 + A — 31 . 


Show that A — I. 

4 

Problem 7.6.15 (Su80) Which of the following matrix equations have a real ma- 
trix solution X? (It is not necessary to exhibit solutions.) 

1 . 


X 


3 


0 0 0 
1 0 0 
2 3 0 





2 . 


3 5 0 
5 1 9 
0 9 0 





X 6 +2X 4 +10X = 




/3 4 0 \ 

X 4 = 0 3 0 I . 

\0 0 -3/ 


Problem 7.6.16 (Sp80) Fmcf a rea/ matrix B such that 

( 2 0 0 \ 

0 2 0 ) . 

0 -1 ij 

Problem 7.6.17 (Fa87) Let V be a finite-dimensional vector space and T:V V 

a diagonalizable linear transformation. Let W C V be a linear subspace which 
is mapped into itself by T. Show that the restriction ofTtoW is diagonalizable. 

Problem 7.6.18 (Fa89) Let A and B be diagonalizable linear transformations of 
W into itself such that AB — BA. Let E be an eigenspace of A. Prove that the 
restriction of B to E is diagonalizable. 

Problem 7.6.19 (Fa83, Sp87, Fa99) Let V be a finite-dimensional complex vec- 
tor space and let A and B be linear operators on V such that AB — BA. Prove 
that if A and B can each be diagonalized, then there is a basis for V which simul- 
taneously diagonalizes A and B. 

Problem 7.6.20 (Sp80) Let A and B be n x n complex matrices. Prove or dis- 
prove each of the following statements: 

1. If A and B are diagonalizable, so is A + B. 

2. If A and B are diagonalizable, so is AB. 

3. If A 2 — A, then A is diagonalizable. 

4. If A is invertible and A 2 is diagonalizable, then A is diagonalizable. 

Problem 7.6.21 (Fa77) Let 



Find a real matrix B such that B 1 AB is diagonal. 



Problem 7.6.22 (Su77) Let A :R 6 -+ R 6 be a linear transformation such that 
A 26 = I. ShowthatR 6 - Vi©V 2 0 V 3 , where V\, V 2 , andV 3 are two-dimensional 
invariant subspaces for A 

Problem 7.6.23 (Sp78, Sp82, Su82, Fa90) Determine the Jordan Canonical Form 
of the matrix 

1 2 3\ 

0 4 5. 

0 0 4/ 

Problem 7.6.24 (Su83) Find the eigenvalues, eigenvectors, and the Jordan Canon- 
ical Form of 

A = 

considered as a matrix with entries in F 3 = Z/3Z. 

Problem 7.6.25 (Su83) Let A be an n x n complex matrix, and let x and p be 
the characteristic and minimal polynomials of A. Suppose that 

X(x) = p(x)(x - i ), 

p(xf = X(x)(x 2 4- 1). 

Determine the Jordan Canonical Form of A. 

Problem 7.6.26 (Fa78, Fa84) Let M be the n x n matrix over a field F, all of 
whose entries are equal to 1 . 

1. Find the characteristic polynomial of M. 

2. Is M diagonalizable? 

3. Find the Jordan Canonical Form of M and discuss the extent to which the 
Jordan form depends on the characteristic of the field F. 

Problem 7.6.27 (Fa 86 ) Let M 2x 2 denote the vector space of complex 2x2 ma- 
trices . Let 

*-(! J) 

and let the linear transformation T : M 2x2 -> M 2x2 be defined by 
T (X) = XA — AX. Find the Jordan Canonical Form for T. 

Problem 7.6.28 (SpOl) Let M n be the vector space of n x n complex matrices. 
For A in M n define the linear transformation ofTA on M n by T& (X) = AX —XA. 
Prove that the rank ofTA is at most n 2 — n. 

Problem 1.629 (FaOl) Let Abeannxn matrix with real entries, let £(/) denote 
its characteristic polynomial, and let g{t) € R[f] be a polynomial of degree n — 1 
dividing % (t). What are the possibilities for the rank of g (A) ? 





Problem 7.6.30 (Fa88) Find the Jordan Canonical Form of the matrix 


(\ 0 0 0 0 0 \ 

1 1 0 0 0 0 

10 10 0 0 
10 0 10 0 

1 0 0 0 1 0 

\1 1 1 1 1 1 / 


Problem 7.6.31 (Sp02) Let A and B be complex matrices of sizes 3x5 and 5x3, 
respectively, such that 


(' 1 

AB = 0 1 

\0 0 


0 

0 

-1 


Find the Jordan canonical form of BA. 


Problem 7.632 (Sp99) Let A = (o/y) be a n x n complex matrix such that 
a ij ^ 0 if i = j + 1 but aij = 0 if i ^ j -f- 2. Prove that A cannot have 
more than one Jordan block for any eigenvalue. 


Problem 7.6.33 (Fa89) Let A be a real, upper-triangular, nxn matrix that com- 
mutes with its transpose. Prove that A is diagonal. 


Problem 7.634 (Su78) 1. Prove that a linear operator T : C rt C n is 

diagonalizable if for allLeC, ker(T — XI) n = ker(T — A ,/), where / is 
then x n identity matrix. 


2. Show that T is diagonalizable if T commutes with its conjugate transpose 
T* (i.e., ( T*) Jk = T kj ). 

Problem 7.6.35 (Fa79) Let A be an nxn complex matrix. Prove there is a unitary 
matrix U such that B = UAU~ l is upper-triangular: Bjk = 0 for j > k. 

Problem 7.6.36 (Sp81) Let b be a real nonzero n x 1 matrix (a column vector). 
Set M = bb 1 ( annxn matrix) where b* denotes the transpose ofb. 

1. Prove that there is an orthogonal matrix Q such that QMQ~ l = D is 
diagonal, and find D. 

2. Describe geometrically the linear transformation M : R” -► R”. 

Problem 7.6.37 (Sp83) Let M be an invertible real nxn matrix. Show that there 
is a decomposition M — UT in which U is annxn real orthogonal matrix and T 
is upper-triangular with positive diagonal entries. Is this decomposition unique? 

Problem 7.6.38 (Su85) Let Abe a nonsingular real nxn matrix Prove that there 
exists a unique orthogonal matrix Q and a unique positive definite symmetric 
matrix B such that A = QB. 



Problem 7.6.39 (Fa03) Let A be a 2x2 matrix with complex entries. Prove that 
the series I + A + A 2 + .. . converges if and only if every eigenvalue of A has 
absolute value less than 1. 

Problem 7.6.40 (Sp95) Let A be the 3x3 matrix 

1 -1 0 
-1 2 -1 
0 -1 1 

Determine all real numbers a for which the limit lim a n A n exists and is nonzero 

rt-VOO 

(as a matrix). 

Problem 7.6.41 (Fa96) Suppose p is a prime. Show that every element o/G£, 2 (F p ) 
has order dividing either p 2 — 1 or p(p — 1). 




7.7 Similarity 

Problem 7.7.1 (Fa80, Fa92) Are the matrices give below similar ? 

( 1 0 0\ /I 1 0\ 

-111) and B = I 0 1 0 J 

- 102 / \0 0 2 / 

Problem 7.7.2 (Fa78, Sp79) Which of the following matrices are similar as ma- 
trices over R 7 

( 1 0 0\ /0 0 1\ /l 0 0\ 

0 1 0 , (b) 0 1 0 I , (c) ( 1 1 0 , 

0 0 l/ \\ 0 0/ \0 0 1 / 


/I 0 0\ /II 0\ /0 1 1\ 

id) 1 1 0 , (e) 0 1 0 ) , (/) I 0 1 0 . 

\0 1 If \0 0 l/ \1 0 o/ 

Problem 7.73 (SpOO) Are the 4x4 matrices 



1 0 0 0\ 

0-100 

0 0 0 1 

0 0 0 0 ; 


and 



( -1 0 0 0 \ 

-111-1 
-10 0 0 

-10 1 0 / 


similar? 

Problem 7.7.4 (Sp79) Let M bean n xn complex matrix Let Gm be the set of 
complex numbers k such that the matrix XM is similar to M. 



1. What is Gm if 


( 0 0 4\ 

0 0 0 ? 

0 0 0 / 

2. Assume M is not nilpotent. Prove Gm is finite. 

Problem 7.7.5 (Su80, Fa96) Let A and B he real 2x2 matrices such that 

A = B = / and AB -f BA = 0. Prove there exists a real nonsingular ma- 
trix T with 

™ r_1 = (J _°i) rB7"> = (y J). 

Problem 7.7.6 (Su79, Fa82) Let A and B hen x n matrices over a fields such 
that A 2 = A and B 2 = B. Suppose that A and B have the same rank. Prove that 
A and B are similar. 

Problem 7.7.7 (Fa97) Prove that if A is a 2x2 matrix over the integers such that 
A n = / for some strictly positive integer n, then A 12 = I. 

Problem 7.7.8 (Su78) Let G be a finite multiplicative group of 2x2 integer ma- 
trices. 

1. Let A 6 G. What can one prove about 
(i) det A? 

( ii) the ( real or complex) eigenvalues of A ? 

( iii) the Jordan or Rational Canonical Form of A ? 

(iv) the order of A? 

2. Find all such groups up to isomorphism. 

Note: See also Problem 7.6.10. 

Problem 7.7.9 (Fa80) Exhibit a set of 2 x 2 real matrices with the following prop- 
erty: A matrix A is similar to exactly one matrix in S provided A is a 2x2 invert- 
ible matrix of integers with all the roots of its characteristic polynomial on the 
unit circle. 

Problem 7.7.10 (Fa81, Su81, Sp84, Fa87, Fa95) Let A and B be two real n x 
n matrices. Suppose there is a complex invertible n x n matrix U such that 
A — U BU~ l . Show that there is a real invertible n x n matrix V such that 
A — VBV~*. (In other words , if two real matrices are similar over C , then they 
are similar over M.j 

Problem 7.7.11 (Sp91) Let A be a linear transformation on an n-dimensional 
vector space over C with characteristic polynomial (x — l)' 1 . Prove that A is 
similar to A~K 



Problem 7.7.12 (Sp94) Prove or disprove: A square complex matrix, A, is simi- 
lar to its transpose. A 1 . 

Problem 7.7.13 (Sp79) Let M be a real nonsingular 3x3 matrix. Prove there are 
real matrices S and U such that M — SU — US, all the eigenvalues of U equal 
1, and S is diagonalizable over C . 

Problem 7.7.14 (Sp77, Sp93, Fa94) Find a list of real matrices, as long as pos- 
sible, such that 

• the characteristic polynomial of each matrix is (x — l) 5 (x -f 1), 

• the minimal polynomial of each matrix is (x — 1) 2 (* + 1), 

• no two matrices in the list are similar to each other. 

Problem 7.7.15 (Fa95) Let A and B be nonsimilar n xn complex matrices with 
the same minimal and the same characteristic polynomial. Show that n ^ 4 and 
the minimal polynomial is not equal to the characteristic polynomial. 

Problem 7.7.16 (Sp98) Let Abe an n x n complex matrix with tr A — 0. Show 
that A is similar to a matrix with all 0's along the main diagonal. 

Problem 7.7.17 (Sp99) Let M be a 3x3 matrix with entries in the polynomial 

ft 0 0\ 

ring M[f] such that M 3 = I 0 t 0 I. Let N be the matrix with real entries 

V> o '/ 

(o i o\ 

obtained by substituting t =0in M. Prove that N is similar to I 0 0 II. 

\0 0 0/ 

Problem 7.7.18 (Sp99) Let M be a square complex matrix, and let 
S — {XMX~ l J Xis non-singular] be the set of all matrices similar to M. Show 
that M is a nonzero multiple of the identity matrix if and only if no matrix in S 
has a zero anywhere on its diagonal. 

Problem 7.7.19 (SpOO) Let A be a complex nxn matrix such that the sequence 
(A n )%L j converges to a matrix B. Prove that B is similar to a diagonal matrix 
with zeros and ones along the main diagonal. 


7.8 Bilinear, Quadratic Forms, and Inner Product 
Spaces 

Problem 7.8.1 (Fa98) Let f : ]R” — ► M be a Junction such that 

J. the function g defined by g(x, y) = f(x + y)- f(x) - f(y) is bilinear, 
2. for all x e W 1 and t e M, f(tx) = t 2 f(x). 



Show that there is a linear transformation A : R" -> R" such that f(x) — 
{x, Ax) where {•, •) is the usual inner product on R” (in other words, f is a 
quadratic form). 


Problem 7.8.2 (Sp98) Let A,B, ... ,F be real coefficients. Show that the 
quadratic form 

Ax 2 + 2 Bxy + Cy 2 + 2 Dxz + 2 Eyz + Ft 2 


is positive definite if and only if 


A> 0, 


A B 
B C 


> 0 , 


A B D 
BCE 
D E F 


> 0 . 


Problem 7.83 (FaOO) Find all real numbers t for which the quadratic form Q t 
on R 3 , defined by 

Qt(x\ , X 2 , * 3 ) = + x\ -f 3x\ + 2txix 2 + 2 x 1 x 3 , 


is positive definite. 

Problem 7.8.4 (Fa90) Let R 3 be 3-space with the usual inner product, and 
(i a , b, c) € R 3 a vector of length 1. Let W be the plane defined by ax+by+cz = 0. 
Find, in the standard basis, the matrix representing the orthogonal projection of 
R 3 onto W. 


Problem 7.8.5 (Fa93) Let w be a positive continuous function on [0, 1], n a pos- 
itive integer, and P n the vector space of real polynomials whose degrees are at 
most n, equipped with the inner product 

(P> <l) = f P(t)q(t)w(t) dt . 

JO 

1. Prove that P n has an orthonormal basis po, pi , . . . , p n (he., (pj, pk) = 1 
for j —k and 0 for j £ k ) such that deg pk — kfor each k. 

2. Prove that ( pk , p' k ) = 0 for each k. 

Problem 7.8.6 (Sp98) For continuous real valued functions f, g on the interval 
[-1, 1] define the inner product (f, g) = fl j f(x)g(x)dx. Find that polynomial 
of the form p(x) = a 4- bx 2 — jc 4 which is orthogonal on [—1, 1] to all lower 
order polynomials. 

Problem 7.8.7 (Su80, Fa92) Let E be a finite-dimensional vector space over a 
field F. Suppose B : ExE-± F is a bilinear map (not necessarily symmetric). 
Define subspaces 

Ei = (x € E\ B(x, y)= 0 for all y € E), 

E 2 = [y € E | B(x, y) = 0 for all x € E) 

Prove that dim Ei = dim E 2 . 



Problem 7.8.8 (Su82) Let A be a real n x n matrix such that (Ax, x) ^ 0 for 
every real n-vectorx. Show that Au =0 if and only if A* u — 0. 

Problem 7.8.9 (Fa85) Annxn real matrix T is positive definite if T is symmetric 
and (Tx,x) > 0 for all nonzero vectors x e R n , where ( u , v) is the standard 
inner product. Suppose that A and B are two positive definite real matrices. 

1. Show that there is a basis [vi,vz, of W 1 and real numbers 

L\ , A. 2 , . . . , K such that, for 1 < i, j < n: 

and 

ln v [A* i = j 
(Bvi,vj) -jo ( ^ j 

2. Deduce from Part 1 that there is an invertible real matrix U such that U* AU 
is the identity matrix and U r BU is diagonal. 

Problem 7.8.10 (Sp83) Let V be a real vector space of dimension n, and let 
S : V x V R be a nondegenerate bilinear form. Suppose that W is a lin- 
ear subspace ofV such that the restriction of S to W x W is identically 0. Show 
that dim W ^ n/2. 


Problem 7.8.11 (Fa8 5) Let A be the symmetric matrix 


1 

6 


( 13 -5 -2\ 
-5 13 —2 I . 

-2 -2 10 / 


Denote by v the column vector 



in R 3 , and by x* its transpose (x,y, z). Let ||i>|| denote the length of the vector v. 
As v ranges over the set of vectors for which v*Av = 1, show that || t;|| is bounded, 
and determine its least upper bound. 

Problem 7.8.12 (Fa97) Define the index of a real symmetric matrix A to be the 
number of strictly positive eigenvalues of A minus the number of strictly nega- 
tive eigenvalues. Suppose A, and B are real symmetric n xn matrices such that 
x 1 Ax ^ x r Bx for all n x 1 matrices x. Prove the the index of A is less than or 
equal to the index of B. 

Problem 7.8.13 (Fa78) For x, y eC n , let (x,y) be the Hermitian inner product 
xjyj. Let T be a linear operator onC n such that (Tx,Ty) — 0 if (x, y) = 0. 
Prove that T = kS for some scalar k and some operator S which is unitary: 
(Sx, Sy) = (x, y) for all x and y. 



Problem 7.8.14 (Sp79) Let E denote a finite-dimensional complex vector space 
with a Hermitian inner product {x, y). 

1. Prove that E has an orthonormal basis . 

2. Let f : E -> C be such that f (x, y ) is linear in x and conjugate linear in 
y- Show there is a linear map A : E -+ E such that f(x, y) — { Ax , y). 

Problem 7.8.15 (Fa86) Let a and b be real numbers. Prove that there are two or- 
thogonal unit vectors u and v in M 3 such that u — (u \ , «2, a) and v = (vj , V 2 , b) 
if and only if a 2 -f b 2 ^ 1. 


7 .9 General Theory of Matrices 

Problem 7.9.1 (FaOl) Prove that a commutative C - algebra of 2x2 complex ma- 
trices has dimension at most 2 over C . 

Problem 7.9.2 (Fa81) Prove the following three statements about real nxn ma- 
trices. 

1. If A is an orthogonal matrix whose eigenvalues are all different from —1, 
then / + A is nonsingular and S = (/ — A)(I -f A) -1 is skew-symmetric. 

2. IfS is a skew-symmetric matrix, then A = (/— S)(/-f-5) -1 is an orthogonal 
matrix with no eigenvalue equal to — 1. 

3. The correspondence A S from Parts 1 and 2 is one-to-one. 

Problem 7.93 (Fa79) Let B denote the matrix 

( a 0 0\ 

0 t O ' 

0 0 c/ 

where a, b, and c are real and |a|, \b\, and \c\ are distinct. Show that there are 
exactly four symmetric matrices of the form B Q, where Q is a real orthogonal 
matrix of determinant 1. 

Problem 7.9.4 (Sp79) Let P be an x n real matrix such that x 1 Py = — / Px 
for all column vectors x, y in M. n . Prove that P is skew-symmetric. 

Problem 7.9.5 (Fa79) Let Abe a real skew-symmetric matrix ( Aij — —Ay t ). 
Prove that A has even rank. 

Problem 7.9.6 (Fa98) A real symmetric nxn matrix A is called positive semi- 
definite ifx'Ax > 0 for all x € M". Prove that A is positive semi-definite if and 
only iftxAB ^ 0 for every real symmetric positive semi-definite nxn matrix B. 



Problem 7.9.7 (Fa80, Sp96) Suppose that A and B are real matrices such that 
A 1 — A, 

v*Av ^ 0 

for all v € W 1 and 

AB + BA = 0. 

Show that AB — BA — 0 and give an example where neither A nor B is zero. 

Problem 7.9.8 (Fa02) Let A and B ben xn matrices over M such that A + Bis 
invertible. Prove that 


A(A + B)~ l B = B(A + B)~'a . 


Problem 7.9.9 (Sp78) Suppose A is a real nxn matrix. 

1. Is it true that A must commute with its transpose? 

2. Suppose the columns of A ( considered as vectors) form an orthonormal set; 
is it true that the rows of A must also form an orthonormal set? 

Problem 7.9.10 (Sp98) Let Mi = (\\), M 2 = (j 3 \). M 3 = (J 3 ^). For 
which (if any) i, 1 ^ i ^ 3, is the sequence (M”) bounded away pom oo? For 
which i is the sequence bounded away from 0? 

Problem 7.9.11 (Su83) Let Abe an nxn complex matrix, all of whose eigenval- 
ues are equal to 1. Suppose that the set {A n \ n— 1,2,...} is bounded. Show that 
A is the identity matrix. 

Problem 7.9.12 (Fa81) Consider the complex 3x3 matrix 



ao 

a 1 

a 2 


a 0 

a 1 

a\ 

a 2 

a 0 


y 


where ao, ai,a 2 €C. 

1. Show that A = ao /3 4- a\E + 02 E 2 3 , where 






2. Use Part 1 to find the complex eigenvalues of A. 

3. Generalize Parts 1 and 2 to nxn matrices. 

Problem 7.9.13 (Su78) Let A be an x n real matrix. 

I. If the sum of each column element of A is 1 prove that there is a nonzero 
column vector x such that Ax = x. 



2. Suppose that n — 2 and all entries in A are positive. Prove there is a 
nonzero column vector y and a number X > 0 such that Ay — Xy. 

Problem 7.9.14 (Sp89) Let the real 2 n x 2 n matrix X have the form 


(c ;) 

where A , B, C, and D are n x n matrices that commute with one another. Prove 
that X is invertible if and only if AD — BC is invertible. 

Problem 7.9.15 (Sp03) Let GL 2 (C ) denote the group of invertible 2x2 matri- 
ces with coefficients in the field of complex numbers. Let PGL 2 (C) denote the 

quotient ofGL 2 (C ) by the normal subgroup { ( J J) | X € C * J. Let n be a posi- 
tive integer, and suppose that a , b are elements of PGL 2 (C ) of order exactly n. 
Prove that there exists c € PGZ> 2 (C ) such that cac~ l is a power ofb. 

Problem 7.9.16 (Sp89) Let B — be a real 20 x 20 matrix such that 

bu =0 for 1 ^ i < 20, 


%e{l,-l} for 1 < «\ j < 20, i£j. 
Prove that B is nonsingular. 

Problem 7.9.17 (Sp80) Let 



Show that every real matrix B such that AB = BA has the form si 4- tA, where 
s y t e M. 

Problem 7.9.18 (Su84) Let A be a 2x2 matrix over C which is not a scalar 
multiple of the identity matrix I . Show that any 2x2 matrix X over C commuting 
with A has the form X — al + fiA, where a, € C . 

Problem 7.9.19 (Sp02) I. Determine the commutant of the n x n Jordan 
matrix 

( X 1 0 ... 0 0 \ 


0 

X 

1 ... 

0 

0 

0 

• 

0 

• 

X • » • 

• • 

0 

* 

0 

• 

• 

• 

0 

w 

• 

0 

• • 

• • 

0 ... 

• 

• 

X 

• 

• 

1 


0 

0 ... 

0 

* / 


In particular, determine the dimension of the commutant as a complex vec- 
tor space. 



2. What is the dimension of the commutant of the 2 n x 2 n matrix 



Problem 7.9.20 (Fa96) Let 



Show that every real matrix B such that AB = BA has the form 

B = al + M + cA 2 


for some real numbers a, b, and c. 

Problem 7.9.21 (Sp77, Su82) A square matrix A is nilpotent if A k = 0 for some 
positive integer k. 

1. If A and B are nilpotent, is A 4* B nilpotent? 

2. Prove: If A and B are nilpotent matrices and AB = BA, then A + B is 

nilpotent. 


3. Prove: If A is nilpotent then I + A and I — A are invertible. 

Problem 7.9.22 (Sp77) Consider the family of square matrices A{6) defined by 
the solution of the matrix differential equation 


dA(6) 

dO 


= BA{6 ) 


with the initial condition A( 0) = I, where B is a constant square matrix. 

1. Find a property ofB which is necessary and sufficient for A(6) to be orthog- 
onal/or all 6; that is, A(0 )* = A(6)~ l , where A(0y denotes the transpose 
of A(6). 


2. Find the matrices A(6) corresponding to 

b -(“ j) 

and give a geometric interpretation. 

Problem 7.9.23 (Su77) Let A be an r x r matrix of real numbers. Prove that the 
infinite sum 

a 2 A n 

e = / 4* A 4* -T- H 1 — H 

2 n! 

of matrices converges (i.e., for each i, j, the sum of (i, j) th entries converges), 
and hence that e A is a well-defined matrix 



Problem 7.9.24 (Sp97) Show that 


det(exp(M)) = e tr ^ 

for any complex nxn matrix M, where exp (M) is defined as in Problem 7.9.23. 
Problem 7.9.25 (Fa77) Let T be an n x n complex matrix. Show that 

lim T k = 0 

k~*o o 

if and only if all the eigenvalues ofT have absolute value less than 1. 

Problem 7.9.26 (Sp82) Let A and B be nxn complex matrices. Prove that 

|tr(A£*)| 2 < tr(yM*)tr(££*). 

Problem 7.9.27 (Fa84) Let A and B be nxn real matrices, and k a positive inte- 
ger. Find 

1 . 

lim - ((A + tB) k - A k \ . 
t -> o t v / 



d 

dt 


tr (A + tB) k 


t=o 


Problem 7.9.28 (Fa91) 1. Prove that any real nxn matrix M can be written 

as M = A+S+cI, where A is antisymmetric, S is symmetric, c is a scalar, 
/ is the identity matrix, and trS = 0. 


2. Prove that with the above notation, 


= tr(/\ 2 ) + tr(S 2 ) + -(trM) 2 . 

n 

Problem 7.9.29 (Fa99) Let A be an nxn complex matrix such that tr A k = 0 for 
k = 1 , . . . , n. Prove that A is nilpotent. 

Problem 7.9.30 (Sp98) Let N be a nilpotent complex matrix. Let r be a positive 
integer. Show that there is an xn complex matrix A with 


Problem 7.9.31 (Fa94) Let A 
an ^ l for alii, and 


A r =I + N. 

= ( a u)lj = i be a 

£4 < i- 


real nxn matrix such that 


Prove that A is invertible. 



Problem 7.932 (Fa95) Show that annxn matrix of complex numbers A satis- 
fying 

\<*ii\ > Y.M 

for 1 < i < n must be invertible, 

n 

Problem 7.9.33 (Sp93) Let A — (ay) be an n x n matrix such that \a t j |<1 
for each i. Prove that / — A is invertible. j - 1 

Problem 7.934 (Sp94) Let Abe a real nxn matrix. Let M denote the maximum 
of the absolute values of the eigenvalues of A. 

1. Prove that if A is symmetric, then || Ax|| ^ M\\x\\ for all x in W*. (Here, 
|| • || denotes the Euclidean norm. ) 

2. Prove that the preceding inequality can fail if A is not symmetric. 

Problem 7.935 (SpOO) Let Abe annxn matrix over C whose minimal polyno- 
mial fi has degree k. 

1. Prove that, if the point X of C is not an eigenvalue of A, then there is a 
polynomial p\ of degree k — 1 such that p\(A) = (A — X/) -1 . 

2. Let Xi, . . . , X* be distinct points of C that are not eigenvalues of A. Prove 
that there are complex numbers c\,...,ck such that 

k 

Y^cM-Xjir 1 = i. 

;= i 


Problem 7.936 (Sp99) Let ||^|| denote the Euclidean norm of a vector x. Show 
that for any real m x n matrix M there is a unique non-negative scalar a, and 
(possibly non-unique) unit vectors u eR n and v € R m such that 

1. || Mx || < ||* || for all x e 

2. Mu = crv, 

3. M t v = cru (where M T is the transpose of M). 



Part II 


Solutions 




1 

Real Analysis 


1 . 1 Elementary Calculus 


Solution to 1.1.1: Let f{6) = cos pO - (cos 0) p . We have /( 0) = 0 and, for 
0 < 6 < 7r/2, 



(i 9 ) = — p sin pO + p cos p 1 0 sin0 


= P si 


sin p 6 4- 


sinfl \ 
cos 1 *"?# / 


>0 


since sin is an increasing function on [0, tt/2] and cos 1 p 6 e (0, 1). We conclude 
that f{9) ^ 0 for 0^0 < 7 t/ 2, which is equivalent to the inequality we wanted 
to establish. 


Solution to 1.1.2: Let x e [0, 1]. Using the fact that /( 0) = 0 and the Cauchy- 
Schwarz Inequality [MH93, p. 69] we have. 




and the conclusion follows. 


Solution to 1.13: As /' is positive, / is an increasing function, so we have, for 
t > 1, f{t) > /(l) = 1. Therefore, for t > 1, 

1 1 

f (,) - 1 2 + /no < t 2 +i’ 


so 


f ( X ) = i + r f\t)dt 

>x 


< 1 + 


<1 + 


= 1 + 


r°° l 

h t 2 + 1 


dt 


it 

9 

4 9 


hence, lim x _>oo /(*) exists and is, at most, 1 *f f • The strict inequality holds 
because 

f°° f°° 1 71 

lim fix) = 1+ / /'(r)rfr < 1 + / = 1 + T 

x^-oo Ji Ji r + 1 4 


Solution to 1.1.4: Denote the common supremum of / and g by M. Since / and g 
are continuous and [0, 1] is compact, there exist a, e [0, 1] with 
f(a) = g(f) — M. The function h defined by h(x) = fix) — gix) satisfies 
hia) — M — gia) > 0, h(fi) — fifi) — M < 0. Since h is continuous, it has a 
zero t € [a, j3). We have fit) = g(0, so fit) 2 + 3/(0 = git) 2 -f 3 git). 

Solution to 1.13: Call a function of the desired form a periodic polynomial, and 
call its degree the largest k such that x k occurs with a nonzero coefficient. 

If a is 1-periodic, then A (a/) = aA f for any function /, so, by the Induction 
Principle [MH93, p. 7], A n i<af) — aA n f for all n. 

We will use Complete Induction [MH93, p. 32]. For n — 1, the result holds: 
A/ = 0 if and only if / is 1-periodic. Assume it is true for 1 , . . . , n — 1. If 

/ = ao + a\x 4 1- a n - \x n ~ l 

is a periodic polynomial of degree, at most, n — 1, then 

A ”/ = a\A n x H H a n -i Ax n_1 


and the induction hypothesis implies that all the terms vanish except, maybe, the 
last. We have A"(x K_1 ) = A" -1 A(x” -1 ), a polynomial of degree n — 2 by the 
Binomial Theorem [BML97, p. 15]. So the induction hypothesis also implies 
A n (x n ~ l ) —0 and the first half of the statement is established. 



For the other half, assume A”/ = 0. By the induction hypothesis, A / is a 
periodic polynomial of degree, at most, n — 2. Suppose we can find a periodic 
polynomial g, of degree, at most, n — 1, such that A g = A/. Then, as A (/— g) — 
0, the function / — g will be 1 -periodic, implying that / is a periodic polynomial 
of degree, at most, n — 1, as desired. Thus, it is enough to prove the following 
claim: If h is a periodic polynomial of degree n (n = 0, 1, . . .), then there is a 
periodic polynomial g of degree n 4- 1 such that A g = h. 

If n — 0, we can take g — hx. Assume h has degree n > 0 and, as an induction 
hypothesis, that the claim is true for lower degrees than n. We can then, without 
loss of generality, assume h = ax n , where a is 1 -periodic. By the Binomial 
Theorem, 



is a periodic polynomial of degree n — 1, so it equals Agi, for some periodic 
polynomial gi of degree n, and we have h — A g, where 




n H~ 1 


+ g l 


as desired. 

Solution to 1.1.6: Since / is increasing and nonconstant, there exist ro < so such 
that /(ro) < f(so). Increasing so if necessary, we may assume <5 = jo — ro > 1. 
Let A = / (so) — / (ro)- 

Choose [n, si] to be either [ro, (ro + so)/2] or [(ro -F so)/2,so], whichever 
makes f(si) — f(r\) larger. (Choose either if they are equal.) Then f(s\) — 
/(rj) ^ A/2. Similarly choose fo, sf\ as the left or right half of [rj , s\], to max- 
imize /(52)”/(r2)» and so on, so that 5/— r f - = 2~ l S, and/fa) — /(rj) ^ 2“*A. 

Let a = limr,*, and set c = A/ (25). Given x e (0, 1], choose the first integer 
i > 0 such that 2~*8 ^ *. Then 2 "‘5 ^ x/2. Also [r/,s,] contains a and is of 
length ^ x, so [r,-, s,] £[a-x,a~h x]. Since / is increasing, 

f(a +x)- f(a -x)> f(si) - f(n ) ^ 2-*‘ A = 2c2" / 5 ^ c*. 

Finally, the inequality f(a + x) - f(a - x) ^ cx is immediate for * =0. 

Solution to 1.1.7: 

1. This is false. For 


. . [ 0 for 

f(0 - g( o - 1 j for , _ o 

we have lim,_>o g(0 = lini/_i.o /(f) = 0 but lim^o / (g(0) = 1- 

2. This is false, /(f) = t 2 maps the open interval (-1,1) onto [0, 1), which is not 

open. 



3. This is true. Let x, xo € (— 1, 1). By Taylor’s Theorem [Rud87, p. 1 10], there 
is | e (— 1 , 1 ) such that 


n— 1 


m = £ 


f m (xo), . . / <n) (?) 


A=0 


*! 


(x - xo) + 


nl 


( x - xo) n in e N). 


We have 


lim 

n—>oo 


/ <n) (S ) 


n! 


(* - xo )" 


^ f . i*-*or A 

^ lim — = 0 , 

n~* oo n! 


so 


S, x ^ / W (x 0 ) / x/ 
/(*) = 2 _, — - — (* - * 0 / 


for any xo € (- 


. 

k=o 

■ 1 , 1 ) and / is real analytic. 


Solution to 1.1.8: Let /(x) = sinx — x + x 3 / 6 ; then /(0) = /'( 0) = /"(0) = 0 
and f"'(x) = 1 — cosx, so f'"(x) ^ 0 for all x, and /"'(x) > OforO < x < 2n. 
Hence, for x > 0, fix) = /q f'"{t)dt > 0; similarly fix) = /q f"(t)dt > 0, 
and finally /(x) = fit ) rfr > 0. 

3 

Solution 2. The function /(x) = sin x — x + has derivatives 


x 2 

fix ) = cosx - 1 + — 

/"(x) = — sin x + x 
/'"(x) = — cosx + 1 . 


Now f"'(x) ^ 0 with equality at the discrete set of points 2nn, n e Z. Therefore 
f" is strictly increasing on M, and since /"( 0 ) = 0 , we obtain f"(x) > 0 for 
x > 0. Therefore /' is strictly increasing on K + ; since f'(0) = 0, we obtain 
fix) > 0 for x > 0. Therefore / is strictly increasing on R + ; since /(0) = 0 
we obtain fix ) >0 for x > 0 , as required. 

Solution 3. Consider the Taylor expansion of sin x around 0, of order 5 , with the 
Lagrange remainder. For x > 0 we have 


r 3 r 5 

sinx = x - — + — 4- 

6 5! 


x 3 cos^ 

for some 0 < f < x. Since 77 > 0 and — — 

jl ni 

follows for positive x. 


cos 6 £ 

6 ! 

> 0 we conclude that the result 


Solution to 1.1.9: The Maclaurin expansion of sinx of order 3 is 

x 3 

sinx =x - — - * + 0 (x 5 ), (x-* 0 ), 



therefore 


sin 2 x = x 2 + 0{x 4 ) (x -* 0) . 

So, for ft near 0, we have y(h) — 1 — 8 n 2 h 2 + 0(ft 4 ). (Alternatively, observe that 
y(ft) = cos4pift and use the expansion for cosine.) Thus, 


f(y(h)) = 



2 

1 + 2y/2n\h\ + 0(h 2 ) 


(ft-* 0). 


Using the Maclaurin expansion — — = 2 — 


2x + 2x 2 + 0(x 2 ), we get 


/(;y(ft)) = 2 - As/2n\h\ + 0(h 2 ) , (ft 0) . 


Solution to 1.1.10: 1. Suppose / : [0, 1] (0, 1) is a continuous suijection. 

Consider the sequence {x n ) such that x n 6 f~ l ((0, l/n)). By the Bolzano- 
Weierstrass Theorem [Rud87, p. 40], [MH93, p. 153], we may assume that (*„) 
conveiges, to x e [0, 1], say. By continuity, we have f{x) = 0, which is absurd. 
Therefore, no such a function can exist. 

2. g(x) = | sin2jrx|. 

3. Suppose g : (0, 1) -> [0, 1] is a continuous bijection. Let xq = g _1 (0) and 
x\ — g -1 (l)- Without loss of generality, assume xo < x\ (otherwise consider 
1 — g). By the Intermediate Value Theorem [Rud87, p. 93], we have g([*o, x\]) — 
[0, 1]. As xo, x\ G (0, 1), g is not an injection, which contradicts our assumption. 

Solution to 1.1.11: Let A(c) denote the area the problem refers. The condition on 
/" implies the convexity of /, so the graph of / is always above any tangent to 
it, and we have 

rb 

A(c) = / (fix) - /(c) - f'(c)(x - c» dx . 

Ja 

The derivative of A is given by 

f b 

A\c) = - / /"(c) C* - c) dx 
Ja 

= 2 °- + (ft - a)cf’(c) 

= /"(c)(ft - a) ^c - —■'j 

so the minimum occurs at c = {a + b)/2. As A 1 is an increasing function, A is 
convex, so its minimum in [a, ft] corresponds to the only critical point in {a, ft). 

Solution to 1.1.12: Using the parameterization 


x — flcosr, y = ft sin f, 



a triple of points on the ellipse is given by 


(a cos ti , b sin f/) t i = 1 , 2, 3. 
So the area of an inscribed triangle is given by 


1 

a cos t\ 

bsmn ab 

1 

COS fl 

sinfi 

• 

1 

a cos t2 

b sin t2 = — 

1 

COS t 2 

sin?2 

1 

a cos t3 

i * . 2 

b sin *3 

1 

cos £3 

sin ?3 


which is ab times the area of a triangle inscribed in the unit circle. In the case of 
the circle, among all inscribed triangles with a given base 2w (0 < w < 1), the 
one of maximum area is an isosceles triangle whose area equals 

g(w) = w(l 4* \/l — w 2 ) . 

Using elementary calculus one finds that the maximum of g on the interval 
0 < w < 1 occurs at w — \/3/2, corresponding to an equilateral triangle, and 
equals 3>/3/4. Alternatively, fixing one side of the triangle as the basis, we easily 
see that among all the inscribed triangles the one with the greatest area is isosceles 
because of the maximum height, showing that the angle at the basis is the same. 
Fixing another side we see that the triangle is indeed equilateral. Hence, the area 
is maximal when 

2 7t , 2jt 

t 2 = ti + — and t 3 — t 2 + — 

that is, when the corresponding triangle inscribed in the unit circle is regular. 

For the ellipse with semiaxes a , b, this corresponds to an inscribed triangle with 
maximum area equals 3ab\/3/4. 

Solution 2. Let / : R 2 -» R 2 be the stretch function /( x, y ) = (ax, by). By a 
well know lemma in the proof of the Change of Variable for Integration [MH93, 
p. 524, Lemma 1], or the theorem itself when proven in its whole generality, 

vol (/(D) = I det f\ • vol A 

since the determinant of / is constant, following on the steps of the previous 
proof, the maximum for the area is achieved over the image of an equilateral 
triangle and it is equal to 

vol ( f(T )) = ab ■ vol (T) = 3ab~ 

4 

Solution to 1.1.13: Assume that a and b are in A and that a < b. Suppose 
a < c < b. Let (x n ) and (y n ) be sequences in [0, oo) tending to +oo such that 
a — lim^oo f(x n ) and b — lim^oo f(y n ). Deleting finitely many terms from 
each sequence, if necessary, we can assume f(x n ) < c and f(y n ) > c for every 
n. Then, by the Intermediate Value Theorem [Rud87, p. 93], there is for each n a 



point z n between x n and y n such that f(z n ) = c. Since obviously lim z n = -f-oo, 
it follows that c is in A , as desired. ”“ >0 ° 

Solution to 1.1.14: For each x > 0, the equation x(l f \og(l/£y/x)) = 1 may 
be solved for e to obtain s = e/{x l ^ 2 e l ^ x ) that we will call /(*). 

For* > 0 define g(x) = x l ^ 2 e l ^ x = e/f(x). Then g'(x) = ^x~^/ 2 e ] / x (x—2). 
Thus g is strictly decreasing on (0, 2] and strictly increasing on [2, oo). Moreover 
lim*_*04 g(x) = oo = lim^oo g(x), and g{2) > 0. Thus lim*_»o+ /(*) = 0 = 
lim^-xx) / (x), f is strictly increasing on (0, 2] and strictly decreasing on [2, oo), 
/ is continuous on (0, oo), and /( 2) = ~Je/2. Denote the restrictions of / to 
(0, 2) and (2, oo) by f \ , /2 respectively. Then for each 0 < s < -Je/2, the given 
equation has exactly two solutions, namely x = / 2 _1 (£). The smaller 

solution is then x — As f\ is strictly increasing and continuous, with 

f\ (Of) = 0, we deduce that x(s) 0 as e Of. 

Fix s > 0. Now £“**(£) = {e/x l l 2 e l l x )~ s x = e~ s x {JrS l 2 e s l x , where x = 
x(e) = As e Of, x — ► Of. The function* h* has 

limit oo as * -> Of. This proves the second part. 

Solution to 1.1.15: Let g be a polynomial, 

g(*) = ao f a \ (* - a) f ci 2 (x -a) 2 h a n (x - a) n . 

If we take 

1 f(a)g(a) f"(a)g(a) f f'(a)g'{a) 

ao = - ttt ’ a\ — 77 ~\ — * fl 2 = jrr » 

f(a ) f(a) f{a) 

a calculation shows that the requirements on g are met. 

Solution to 1.1.16: Suppose that all the roots of p are real and let deg p — n. We 
have p(z) = (z — r\) ni {z — n) n2 • • * (z — r*)"* , where r\ < r2 < • • • < r* and 
5^ tii = rc. By differentiating this expression, we see that the r,* ’s are roots of p' of 
order /*,- — 1 when it* > 1. Summing these orders, we see that we have accounted 
for n — k of the possible n — \ roots of p'. Now by Rolle’s Theorem [MH93, p. 
200], for each i, 1 ^ i < k — 1, there is a points/, n < s/ < r/4.1, such that 
p'(s/) = 0. Thus, we have found the remaining k — 1 roots of /?', and they are 
distinct. Now we know that o is a root of p' but not of p, so a ^ 17 for all 1. But 
a is a root of p", so o is a multiple root of p'; hence, o 7^ s/ for all i. Therefore, 
o is not a root of p', a contradiction. 

Solution to 1.1.17: Let * € E and h > 0. By the Taylor’s Theorem [Rud87, pag. 
110], there is a w e (*, * f 2 h) such that 

f(x +2h) = f(x) + 2 hf’(x) + 2h 2 f"(w), 



fix +2h)~ fix) 
2 h 


hf"(w). 


or rewriting 



Taking absolute values and applying our hypotheses, we get 

!/'(*)! < £ + hB. 


Now making h = 


the conclusion follows: 




Solution to 1.1.18: Consider the function /( x) = \ogx/x. We have a b — b a iff 
f(a) = f{b). Now f\x) = (1 — logJc)/jc 2 , so / is increasing for x < e and 
decreasing for x > e. For the above equality to hold, we must have 0 < a < e, 
so a is either 1 or 2, and b > e. For a = 1, clearly there are no solutions, and for 
a — 2 and b = 4 works; since / is decreasing for x > e, this is the only solution. 

Solution 2. Clearly, a and b have the same prime factors. Let b — a + t, for some 
positive integer t. Then a a a l — b a which implies that a a \b a , therefore a\b. We 
have then b = ka , for some integer k > 1. Now b a = {ka) a = a b implies that k 
is a power of a y so b = a m for some m > 1. Now b a = a ma = a 0 *” exactly when 
ma = o m , which can easily be seen to have the unique solution a = m = 2. So 
a — 2 and b — 2 2 = 4. 

Solution 3. Let Z? = <z(l + /), for some positive t. Then the equation a b = b a is 
equivalent to any of the following 

a a(l+t) = (a(1 + t yf 

(a a )' + ’ =a a (l +tf 

(a a )‘ = (1+ 0° 
a' = 1+ 1 . 


We have, by the power series expansion of the exponential function, that e* > \ +r 
for positive t, so a < e. As a — 1 is impossible, we conclude a = 2. The original 
equation now becomes 

2 b = b 2 

which, considering the prime decomposition of b, clearly implies b = 4. 
Solution to 1.1.19: The equation can be rewritten as a xb ~ x, or 



= logo. 


There is thus a solution for x if and only if loga is in the range of x (logx)/x b . 
Using elementary calculus, we get that the range of this function is (-oo, 1 /be]. 
We conclude then that the original equation has a positive solution for x if and 
only if logo < 1/be, that is, if and only if 1 < a < e l / be . 



Solution to 1.1.20: Let fix) = 3 x x 3 for x > 0. We have 


W- gfj > >o 

a : 4 



jc > 


3 

log 3 


As 3/ log 3 < 3 < tt, we have /( 3) = 1 < /(jr) = 3 n /7r 3 , that is, tt 3 <3*. 

Solution 2. The same kind of analysis can be performed to the function /( x) — 
ln(jc)/jc, which is decreasing for jc > e, as well as others like g(jc) = jc 3 — 3 X and 
h( jc) = (3 +jc)( 7r “*\ 


Solution to 1.1.21: Fix a in (1, oo), and consider the function fix) = a x x~ a on 
(1, oo), which we try to minimize. Since log/(jc) = jc log a— a logjc, we have 


/'(*) 

fix) 



showing that fix) is negative on (1, j~) and positive on , oo). Hence, / 
attains its minimum on (1, oo) at the point jc a = j^, and 


log/Cc a ) = a - a log 




The number a thus has the required property if and only if ~ e - ^ 1 . To see 
which numbers a in (1, oo) satisfy this condition, we consider the function 
g(y) = to on (1, oo). We have 


g'(y) = 


1 — logy 


from which we conclude that g attains its maximum on (1, oo) at y = e, the 
maximum value being gie) = -■ Since g(y) < \ on (1, oo)\{e), we conclude 

that < 1 for a in (1, oo), except for a = e. The number a = e is thus the 
only number in (1 , oo) with the required property. 


Solution to 1.1.22: Let £0) = e x /x { for x > 0. Since gix) -► oo as x ->• 0 and 
as jc oo, there must be a minimum value in between. At the minimum. 


g'(jc) = e x x r (l - t/x) = 0, 


so the minimum must occur atx = t, where 

gix) = git) = = (e/tf. 

Thus, 



and the right-hand side is strictly larger than x l if and only if t <e. 



Solution to 1.1.23: / can be written as its second degree Maclaurin polynomial 
[PMJ85, p. 127] on this interval: 

fix) = /(0) + f'(0)x + t^-x 2 + 

where f is between 0 and x. Letting * = dh— in this formula and combining the 

n 

results, we get, for n ^ 1 , 


" ( f G)' / (4))~ 2/<0> ■ " ft 


(0) / (3 V«) / (3) ifi, 

" I ^ o "T* 


6n 3 

/ (3) («„) + / (3) (A.) 

6n 2 


6n 3 



- 2 /'( 0 ) 


for some a n , p n € [—1, 1]. As /"' is continuous, there is some M > 0 such that 
| /'"(*)) < M for all * 6 [-1, 1]. Hence, 




< oo. 


Solution to 1.1.24: Using Taylor’s Theorem [Rud87, p. 110], 

f{x 4 -h)- fix ) = f\x)h + - ~ h 2 for some z € ix, x 4- h) 
and similarly 

fix — h) — fix) = —fix)h + — h 2 for some weix — h,x). 

A* 

The result follows by adding the two expressions, dividing by /i 2 , and taking the 
limit when h 0. 

Solution to 1.1.25: 1. The geometric construction 



0 


shows that 


2 7C 

$in0 > —6 for 0 < 0 < —• 

it 2 

An analytic proof can be written down from the fact that the sin function is con- 
cave down (second derivative negative) in the interval 0 < 6 < 

It can also be seen from the following geometric construction due to Jozsef 
S3ndor [S£n88] and later rediscovered by Feng Yuefeng [Yue96]: 





As cos 6 ^ 1/2 for 0 ^ 6 ^ 7r/3, and sin0 is an increasing function on [0, tt/2], 
we have 


r k [* e -Rs me de<2R \ f J e -K™e cos e<te + R k f J e - R ^ 3) de 

Jo Jo J T 


= 2R x ~ l (l - <? -/?sin(7r / 3) ) + 
= o( 1) ( R -> oo) 


Rfjc 


Ksin0r/3) 


Solution to 1.1.26: Let T = M \ 5, T is dense in M because each nonempty 
interval contains uncountably many numbers. 

Fix p eT and define F : R -> K by 

nx) = r /^f. 

Jp 

F vanishes on 7\ so, as it is continuous, F vanishes on M. Therefore, we have 
F f = f = 0. 

Solution to 1.1.27: /'(c ) = 0 for some c e (0, 1), by Rolle’s Theorem [MH93, 
p. 200]. The concavity of / shows that / is increasing on (0, c ) and decreasing 
on (c, 1). The arc length of the graph of / on [0, c] is 


L(0.C) = f fx + /'(X) 2 dx = lim - V J\ + /'(It) 2 
/ft v «->oo M ' v 

J0 *=0 

where e ( kcfn , (fc + l)c//i). By the Mean Value Theorem [Rud87, p. 108] we 
can assume the f^’s satisfy 


We get 



/ ((fc 4- l)c/n) - fikc/ri) 

M I M , I, I ■■■■■■ P * • 

c/t i 



k=0 
n - 1 


< ttn £](c/rt) + (/ ((fc + 1 )c/n) - f(kc/n )) 

Jfc=0 

= c + /(C) 

since / is increasing. A similar reasoning shows that L( C , i) < 1 - c + /(c). So 
L[0.i] ^ c + /(c) 4- 1 - c 4- /(c) ^ 3. 

Solution to 1.1.28: The convergence of /,°° |/ / (^)|^/jc implies the convergence 
/,°° f'(x)dx, which implies that lim^oo fix) exists. If that limit is not 0, 



then / ( w ) an( i f\° f(x)dx both diverge. We may therefore, assume that 
lim^oo / {x) — 0. Then j f{x)dx -> 0 as r oo (where |rj is the greatest 
integer ^ r), implying that j?° f{x)dx converges if and only if 

j / (x)dx exists (where n here tends to oo through integer values). In 
other words, the convergence of f(x)dx is equivalent to the convergence of 

/” +1 f(x)dx. It will therefore, suffice to prove that 


00 rn+l 

Ei/ 

n=l Jn 


f (x)dx - f(n) | < 00 


We have 


pn+l 


/»n+l 

/ - /(n) 

— 

/ c/w - /oo*** 

Jn 


Jn 


px 

/ / f\t)dtdx 

Jn Jn 

pn+l 

= / \f\t)\dt . 

- • M 


pn+l pn+l 

< / / \f\t)\dtdx 

Jn Jn 


oo 


Hence, ^ 
«=i 


pn + 1 

/ /(*)</* - /(«) 
Jn 


poo 

/ l/'COkfr 

!i 


< 00 , as desired. 


Solution to 1.1.29: We have 


jw(*)l = !“(*) - “(0)1 < \x\ 
and 

|m 2 (x) - u(x) | = ]w(Ar)ljw(Ar) - lj< |x|(|*| + 1) 

so , 1 

pi pi 5 

|»l(u)l < J \u(x) 2 - u(*)l < h x(x + 1 )dx = -• 

Equality can be achieved if \u(x)\ = x and \u(x) — 1 1 — x 1 . This is the case 
for u(x) = —x which is in E. 

Solution to 1.131: Let 

u(t) = l + 2f f(s)ds. 

Jo 

We have 

«'(/>= 2/(0 ^ 2 jm . 


SO 


J* ) - 1 = l‘l£k dS< fo dS = ,; 



therefore, 


/(/) < V«(0 < H- 1 . 


Solution to 1.132: We will show b must be zero. By subtracting and multiplying 
by constants, we can assume a — 0 ^ b. Given e > 0, choose R ^ 1 such that 


and 

<p'(x) >b/ 2^0 

for all x > R. By the Fundamental Theorem of Calculus [MH93, p. 209], 

<p(x) = ) + f <p'(x)dx, 

Jr 


so 


2s ^ (p{x ) — (p(R ) 



f x b 

I -dx = (x - R)b/2. 

R 2 


For x — 5R, we get 

b ^ s/R ^ s. 

Since e > 0 was arbitrary, we must have b = 0. 

Solution to 1.133: Let 0 ^ k\ < k 2 < 1, then for all x € (0, 7 r/ 2 ), 


9 9 

—fci cos x > — ki cos * 

>f\ — COS 2 X > \/l “ ^2 cos 2 JC 
1 ^ 1 

-v/l “ ^2 COS 2 X 

/•?r/2 | i.jr/2 j 

f - .. =■■■ i ===== dx < I — ===== d* . 

0 v 1 — cos 2 * ^0 v 1 — k.2 cos 2 a: 


Solution to 1.134: With the change of variables y = x+ft, we have 


m 


/ oo 

-oo 


— /JC 2 


rfjt 


/ oo 

“OO 


00 dy 


- -i r * - # 


V? VF J- oo 


so 



3/2 

2 


pu 

G(«, u, *) = / e ,2+xt dt. 

Jv 


Solution to 1.135: Let 



Then F(x ) = G( cos*, sin*, x), so 


F'(x) = 


dG du dG dv dG 
du dx dv dx dx 


and 


= e“ !+ '"(-siiii)-e (,,!+J "' ) c 0 s*+ f ttf 

Jv 

F'( 0) = -1 + / t/dt = - 3). 

JO 2 


Solution to 1.136: 1. Let f(z ) i=- 0. Then 

f(x)f(z) = / (\/ x 2 + z 2 j = f(-x)f(z), 

so /(x) = /(— x) and / is even. 

Also, /(0)/(z) = /(z), so /(0) = 1. 

2. We will show now that f(^/nx) — (f(x)) n for real * and natural n> using the 
Induction Principle [MH93, p. 7]. The result is clear for n = 1. Assume it holds 
for n — k. We have 


/ (y/k + 1 *) = / + * 2 


= / (Vfct) /(*) 

= aw)* /« 

= (/( x ))* +1 . 


If p, 4 € N, then 


and 


HP) = / (a> 2 • l) = (/(!)/ 


from which follows 


If /(l) > 0, we have 


{> - 


(/( i)) p . 


(/ a ))* 2 . 


/(*) = (/(!))* • 


so, by continuity on E, 



• If /(I) = 0, then / vanishes on a dense set, so it vanishes everywhere, 
contradicting the hypothesis. 

• To see that /( 1) <0 cannot happen, consider p even and q odd. We get 
f{p/q) > 0, so / is positive on a dense set, and /( 1) > 0. 

Note that we used only the continuity of / and its functional equation. 
Differentiating, we easily check that / satisfies the differential equation. The 
most general function satisfying all the conditions is then 


with 0 < c < 1. 

Solution 2. 1 . Let x = y = 0. Then /(0) 2 = /(0), so /(0) = 0 or 1 . If /( 0) = 0, 
then 0 = / (Vi?) for any x, so, in fact, f(x) = 0 for all x > 0. If fly) 0 
for any y, then f(x) f(y ) = 0 implies f(x) — 0 for all x, so f(x) = 0 for all 
x if /( 0) = 0. Since we assume / is nonzero, we must have /( 0) = 1. Then 
evaluating at y = 0 gives f(x) = f(Vx*) = /(—*), so / is an even function. 

2. Differentiate with respect to y to get 

f(x)f\y) = f\r)r y 

where r = y/x 2 + y 2 and r y denotes the partial derivative of r with respect to y. 
Differentiate again to get 

f(x)f"(y) = f"(r)r * + f\r)r yy . 

Since r y — y/r and r yy = x 2 /r 3 , we get 

fix) = f"(0)xf(x) 

for y = 0. The solution of this differential equation is 

fix) = 

and since / vanishes at infinity, we must have f"i0)/2 = — y < 0. Thus, 
/ ix) — for some positive constant y . 

Solution to 1.1.37: Let C be die set of all sequences £ = (£n)i° such that e n 
equals 1 or -1; it is an uncountable set. For e in C let f £ be the function on [0,1] 
such that 

• fe (0) = 0; 

• f e il/n) = e n /n for n a positive integer; 

• on each interval (l/(n + 1), 1 /it], f £ is the linear function whose values at 
the endpoints agree with those given by (2). 



Each function f e is continuous: continuity at points of (0,1] is obvious, and con- 
tinuity at 0 follows because |/(*)| < *. Each f E takes rational values at ra- 
tional points: if* is a rational point between a = \/{n -f 1) and b — \/n , then 
* = (1 -t)a+tb with t a rational point of [0,1], so /*(*) = (l-*)/«(a)+*/«(6)is 
rational because f E {a) and f e (b) are. The functions f E thus form an uncountable 
subset of 5, showing that S is uncountable. 


1 .2 Limits and Continuity 


Solution to 1.2.1: Fix *q. We have 


IgCO - g(*o)l < 


/ OO 

■oo 


\f(x, t) - f(x 0 , 01 

\+t 2 


dx 


— R p R 

+ 

-oo J—R 


p oo 

+ L 


where R is any positive number. Fix e > 0. Because of the boundedness of / 

f°° 1 

and the convergence of / ^ dt, we can choose R so that the first and last 

integrals on the right are each less than s/3. Since / is continuous on R 2 , it is 
uniformly continuous on the compact set [*o — 1. * 0 + 1] x [~R, R]. Hence, there 
is a 8 in (0,1) such that \f(x, t) — f (*o, 01 < s/6R for all t in [— /?, /?] whenever 
|* — *o| <5. Hence, for \x — *o| < $, the middle integral is also less than e/3, 
implying that |g(*) — g(*o)| < £ - This establishes the continuity of g. 


Solution to 1.2.2: Consider /(*) = sin*. The Mean Value Theorem [Rud87, p. 
108] implies that 


fix) - f(y) = /(£)(* — y) = (cos£)(* - y) for some £ e (0, 1), 


and since | cos £ | < 1 , this implies 

I/CO - f(y)\ <\x-y\ whenever x^y. 

However, if M < 1 were such that 

I fix) - /(y)| < M\x - y| for all *, y e /, 

then, putting * = 0 and letting y -» 0, we would get |/'(0)| < M < 1, which 
contradicts the fact that /'( 0) = 1. 

• 

Solution to 1.23: Suppose / is not continuous at £ € [0, 1]. Then, for some 
e > 0, there is a sequence (*„) converging to £ with |/(*«) — /(£) | > s for all 
n. By the first condition, there is a sequence (y«) such that y n lies between £ and 
*„ and | f(y n ) - /(£) I = Then 

yn e /-' (/(?) + e)U/-> (/(£) - e) f $S f~ l (/(£) + e)U /" 1 (/(£) - e) 



which contradicts the second condition. 

Solution to 1.2.4: There exists 8 > 0 such that \x - y\ ^8 implies 
| /(x) - /()0| < 1. Let B = 1/S. Take any x >0 and let n x — \x/8 \ , the 
greatest integer not exceeding x/8. Then 


n x 


l/(*)l = I/M - /(0)| « |/M - f(n x S ) | + £ I/O) - /(O - 1)5)1 

l 

^ 1 4- w* ^ 1 4~ Bx . 


The proof for x <0 is similar. 

Solution to 1.2.5: 1. Let f\ be the restriction of / to [0, 2]. The ranges of / and 
f\ are the same, by periodicity, so / attains its extrema. 

2. Let S > 0. f i is uniformly continuous, being a continuous function defined on 
a compact set, so there is e > 0 such that 

\Ma)-fi(b)\ <8 for a,b e [0,2], \a -b\ < e. 

Let x, y € M with |x — y| < s. Then, there are xi, X 2 = x\ 4- 1, yi, yi — yi 4- 1 € 
[0, 2] with /(xi) = f (x 2 ) = /(x), / (yi) = /(y 2 > = /(y). and |x,* - yyl < £ 
for some choice of i, y € { 1,2}, and the conclusion follows. 

3. Let / attain its maximum and minimum at and £ 2 , respectively. Then 

/(£i 4-7 t) - /(£ 1 ) ^ 0 and /(& + w) - /(fe) ^ 0; 

as / is continuous, the conclusion follows from the Intermediate Value Theorem 
[Rud87, p. 93]. 

Solution to 1.2.6: Let (x„) be a sequence of numbers in [0, 1) converging to 
zero. As h is uniformly continuous, given 8 > 0 we can find e > 0 such that 
\h(x) — /z(y)| < 8 if jx — y| < e\ therefore, we have 

\h(x n ) - h(x m ) | < 8 

for n and m large enough. (/(x rt )) is a Cauchy sequence then, so it converges, to 
£, say. If (y n ) is another sequence with limit zero, a similar argument applied to 
/(* 1 ), f(y 1 ), . . . shows that lim f(y n ) = £. The function g : [0, 1] -► E given 
by 

o(r\ - \ for x € *) 

£ for x = 0 

is clearly the unique extension of h to [0, 1]. 

Solution to 1.2.7: Let lim x _>oo fix) = a. Given s > 0, let K >0 satisfy 
|/(x) — a\ < s / 2 forx ^ K. If x, y ^ K we have then 


I fix) - /(y)| < I fix) - a\ 4- \a - /(y)| ^ e . 



The interval [ 0 , K] is compact, so / is uniformly continuous there, that is, there 
exists 8 > Osuch that, if jc, y e [ 0 , K] and |jc-y| < 8 , then l/(jc)-/(y)l < e/ 2 . 
Finally, if x ^ K, y > K verify \x - y\ < 8 , we have 

l/M “ f(y)\ < I /(*) - f(K) | + \f(K) - fiy) | < 5 , 

therefore, if x y y ^ 0 satisfy \x-y\ < a, we have | fix) - /(y)J < s, as desired. 

Solution to 1 . 2 . 8 : Let £ be the set of discontinuities of /. We have E = 2?i U 
£2 U £3 U £4, where 

£j = {* € £ | f { x ~) = /(*+) < /(a:)} , £2 = {* € £ | /(jc-) > /(jc+)} 

£3 = {* € £ | f(x-) = /(*+) > /(*)} , £4 = {jc e £ | /(jc-) < /(*+)}. 

For x e £1, let a* € Q be such that fix—) < a x < /(*+)• Now let's take 
b x , c x e Q in such a way that b x < x < c x and 

b x <t <c x , x implies fit) < a x • 

This map (p : E\ -> Q 3 given by x h* (a x , b x , c x ) is injective since {a x , b x , c x ) — 
ia y , by, c y ) implies fiy) < a x < fiy) for jc ^ y. So £1 is, at most, countable. 

For jc € £2, take a x e Q with fix—) > a x > /(jc-}-) and choose b x , c x e Q 
such that b x <x < c x and 


b x < t < x implies fit) > a x 


and 

t <c x implies fit) < a x ; 

this map is an injection £2 -► Q 3 , so £2 is, at most, countable. 

Similar methods lead to analogous results for £3 and £4. As the union of count- 
able sets is countable, the result follows. 

Solution 2 . Define the function a : R -v R by 

aix) - max{|/(;c) - /(* 4 -)l , |/(jc) - /(jc-)|); 

observe that a (jc) >0 if and only if jc is a discontinuity of /. 

For each n e N, let the set D n be given by 

D n = {jc € R | aix) ^ -). 

lftr 

It is clear that the set of discontinuities of / is D — U£ii A* • We shall prove 
that each D n has no accumulation points, so, it is countable. If a e D n , using 
the fact that f{a+) = lim JC _ >fl+ /(jc), we can find 8 > 0 such that, for all jc, 
a < x < a 4- 8 , we have 


f(a+) ~ i < m < f(a+) + i' 



that is, for every point in this interval, <?ix) ^ 1/2 n. In the same fashion, we can 
find an open set a — 8 < x < a such that no point is in D n , showing that D n is 
made up of isolated points so it is countable, and so is D. 

Solution to 1.2.9: By Problem 1.2.8, it is enough to show that / has lateral limits 
at all points. We have, for any x € R, 

-oo < sup{/(y)} = fix—) < /(*+) = inf{/(y)} < oo 
y<x y <x 

since / is an increasing function. 

Solution to 1.2.10: Fix s > 0. For each * € [0, 1], let 8 X be as in the hypothesis 
and l x = (x—8 x ,x +<$*). The open intervals [I x } cover [0, 1] so, by compactness 
and the Heine-Borel Theorem [Rud87, p. 30], we can choose a finite subcover 

[0, l)Cl Xl Ul X2 V---UI Xn . 

Let M = max{/(x,) + e). If x € [0, 1] then fix) < M and / is bounded from 
above. 

Let N be the least upper bound of / on [0, 1J. Then there is a sequence of 
points (x n ) such that (f(x n )) tends to N from below. Since [0, 1] is compact, 
by the Bolzano-Weierstrass Theorem [Rud87, p. 40], (MH93, p. 153], (x n ) has 
a convergent subsequence, so (by passing to a subsequence) we may assume that 
(x„) converges to some p € [0, 1], By the upper semicontinuity of / and the 
convergence of (f(x n )), we have, for n sufficiently large, f(x n ) < f ip) 4- e and 
N < fix n ) + e. Combining these, we get fip) ^ N < f(p) + 2e. Since this 
holds for all e > 0, fip) = N. 

Solution to 1.2.11: Suppose / : M M is continuous, maps open sets to open 
sets but is not monotonic. Without loss of generality assume there are three real 
numbers a < b < c such that f(a) < f{b) > f(c). By Weierstrass Theorem 
[MH93, p. 189], / has a maximum, M, in [a, c], which cannot occur at a or b. 
Then /((a, c)) cannot be open, since it contains M but does not contain M + s 
for any positive e. We conclude then that / must be monotonic. 


Solution to 1.2.12: The inequality given implies that / is one-to-one, so / is 
strictly monotone and maps open intervals onto open intervals, so /(M) is open. 

Let z n = f{x n ) be a sequence in /(M) converging toz e M. Then z n is Cauchy, 
and, by the stated inequality, so is x n . Let x = limx w . By continuity we have 
fix) = filimxn) = lim f(x n ) — z so /(M) is also closed. Thus, /(R) = M. 


Solution to 1.2.13: 1. For e > 0 let 
L- max (|/(x)! + 1) 

*e[0,l] 


and 


0 < 8 < min 



We have 


f l x n 

Jl-8 


f(x)dx 


[' x n 

Jl-8 


\f{x)\dx ^ L8 < - 



and 


pl-6 fl-8 

/ x n f{x)dx s; / (l - S) n \f(x)\dx ^ LS tt+ \ 
Jo Jo 


so 


lim f l x n 

n-^ooJo 


f(x)dx = 0. 


2. We will show that 


lim n f x n 

fi-»00 Jo 


(/« - /(l)Vte = o. 


For e > 0 let 5 be such that !/(*) - /(1)| < e/2 if jc € [1 - 5, 1]. We have 


M'/ 


(fix)-f(\))dx\ < 


n f x" 

Ji-s 


\f(x)-f(l)\dx < 


R /' 

Jl-5 2 




and, letting i = sup^ €[01] \f(x) - /(1)|, 


« f *"(/(*) - f(\))dx ^ n f 

Jo Jo 


1_s „ fJ (l-«)" +I 

x Ldx = n— 

n “b 1 


and the result follows. 

Now it suffices to notice that 

n f x n f(x)dx — n f x n (f (x) - f (\))dx + n f f(l)x n dx. 
Jo Jo Jo 


Solution to 1.2.14: Suppose that / is not continuous. Then there exist e > 0, 
x € [0, 1], and a sequence ( x n ) tending to x such that | f(x) — f{x n )\ > e 
for all n. Consider the sequence ((*„, fix , ,))) in G/. Since the unit square is 
compact, by Bolzano-Weierstrass Theorem [Rud87, p. 40], [MH93, p. 153], this 
sequence has a convergent subsequence; using this subsequence, we may assume 
that ((*«, f{x n ))) converges to some point (y, z). Then we must have the se- 
quence (*„) converging to y; so, by the uniqueness of limits, x — y. Since Gf is 
closed, we must have z — fix). Hence, (f(x n )) converges to fix), contradicting 
our assumption. 

The converse of the implication is also true, see the Solution to Problem 2.1.2. 

Solution to 1.2.15: For each y e [0, 1], consider the function g y {x) = fix, y). 
Then g(x) = supg y (x). The family {g y } is equicontinuous because / is uni- 
formly continuous. It suffices then to show that the pointwise supremum of an 
equicontinuous family of functions is continuous. Let e > 0, jco € [0, 1]. There is 
yo such that 


gy 0 (*o) < g(*o) < gy 0 (*o) +£. 



Let 8 be positive such that if \r — $| < 8, then \g y (r) — g y (s)| < e for all y, and 
jjco — jci j < 8 . For some y \ , we have that 


gyi (*l) ^ g(*l) < gy j(*l) +*• 


Further, by equicontinuity of {g y }, we have the two inequalities 
\gy 0 (xo) - gy 0 (xi)\ < e and |g y ,(*o) - g yi (xi)\ < S. By combining them we 
get 

gy 0 (xo) < £*)(*!) + 8 < #(*l) + 8 < gyx (*l) + 28 


and 

gyi (*l) < gy t (*0> + S < g(x o) + S < g w (*o) + 2 £. 

These two inequalities imply |g y , (*i) — £y 0 (xo)| < 2s. This, combined with the 
first two inequalities, shows that |g(xo) — gC*i)| < 3 e. Since this holds for all e 
and *o and all *i close to *o> g is continuous. 


Solution to 1.2.X6: We need only show that / 1 (F) is closed whenever F is 
closed. Let F be a closed subset of R. Let (x n )^° be a convergent sequence in 
/ _1 (F) with limit jco- We need only show that *o is in / -1 (F). For n > 0 
let y n = f(x n ). The sequence (y n )i° is in F and it is bounded (since the con- 
vergent sequence (x n )j° is). Passing to a subsequence, we can assume the se- 
quence (y«)i° converges, say to yo. which lies in F because F is closed. The set 
K = {yo, yi, y 2 , — ) is then compact, so f~ l (K) is closed. Hence f~ l (K ) con- 
tains its limit points. But the sequence (x w )j° lies in / -1 (K) and converges to *o- 
Therefore jcq is in f~ l (K), and so also in / -1 (F), as desired. 


1 .3 Sequences, Series, and Products 


Solution to 1.3.1: A" < A J + • • • + AjJ < kA ” , so we have 

Ai= lim K)' /n < lim (Al + ■ ■ ■ + A n k ) >/n < lim (kA") l,n = A t . 

«->oo ' 17 n-HX > v 1 K 7 n->oo ' 1 7 1 

showing that the limit equals A\ . 

Solution to 1.3.2: Let p\ = \,p 2 = (2/1 ) 2 , Pi = (3/2) 3 p n = (n/(n-l))". 

Then 

PiP2-_^Pn _ 

n ~ ^7’ 

and since p n — ► e, we have lim(/z^/n!) 1//rt — e as well (using the fact that 
limn 1 /" = 1). 

Solution 2. As the exponential is a continuous function, L = exp( lim L n ) where 

n—>oo 


Ln = logrt (log 1 + log 2 -1 + logn). 



Since 


logl4*log2H Hog(/i — 1) < J \ogxdx = n\ogn — n + 1, 


we have 


L n ^ (1 — l/n)logn— logw + 1 — \/n = 1 — (l+log/i)/n -> 1 as n -+ oo. 
On the other hand, 

logl+log2H f-log ^ log xdx = n log « — n + 1 , 


Ln < logrt - (« logn - n + 1 )/n = 1 - \/n. 

Hence, 

1 - (1 +logrt)/n ^ L n < 1 - 1 /n, 
so Ln — > 1 and L = exp(l) = e. 

Solution to 133: Obviously, ^ 1 for all n; so, if the limit exists, it is ^ 1, and 
we can pass to the limit in the recurrence relation to get 


*00 = 


3 + 2xoo 
, • 

3 4* Xqo 


in other words, *£> + *oo — 3 = 0. So x 0 0 is the positive solution of this quadratic 
equation, that is, jcqo = j(— 1 -f Vl3 ). 

To prove that the limit exists, we use the recurrence relation to get 


3 4 2 Xn 3 “I - 2x n -i 

Xa+ ' ~* n = T+Z ~ 3+^_! 

l) 

~ (3+* n )(3+* w +l) 

Hence, — x n \ ^ | \x n — Iteration gives 


fc+i-^«K3 ”l*i -*ol = 


3 n -4 


The series X)S=i (*«+ 1 - *«), of positive terms, is dominated by the convergent 

series \ Yl^Li 3“ n and so converges. We have C*«+t ~ x n) = limx„ — x\ 
and we are done. 

Solution 2. To prove the existence of the limit it is enough to notice that if g is 
defined by 

* (JC) = T+7 



we have 


|£'C*)| ^ yg < 1 for x^l 
and apply the Fixed Point Theorem [Rud87, p. 220]. 

Solution to 1.3.4: We prove, by induction, that 0 < x n < 1/2 for n ^ 1. First, 
0 < x\ = 1/3 < 1/2. Suppose for some n > 1, that 0 < x n < 1/2. Then 
2/5 < jc„+i = 1/(2 -fx n ) < 1/2. This completes the induction. 

Let fix) — 1/(2 + x). The equation f(x) = x has a unique solution in the 
interval 0 < x < 1/2 given by p = \/2 — 1. Moreover, |/'(*)| = 1/(2 + x) 2 < 
1/4 for 0 < x < 1 /2. Thus, for n ^ 1, 

l*n+l - P\ = l/(*«) - /(P)l 
^ \ \*n - pi 


by the Mean Value Theorem. 
Iterating, we obtain 


1 


\x n +i -pK (-r |*„_i - p I 
< • • • 


Hence the sequence x n tends to the limit V2 — 1. 

Solution 2. Define fix) — 1/(2 + x) for 0 < x < 1. Then / maps the closed 


1 


1 


< - for x € 
4 


interval [0, 1] to [1/3, 1/2] c [0, 1]. Also \f\x)\ = ( + 

[0, 1]. Therefore / : [0, 1] -* [0, 1] is a contraction map with Lipschitz constant 
1/4 < 1, so / has a unique fixed point y, and the sequence x n+ \ — fix n ) defined 
above converges to y. We have y = 1 /(2 + y) or y 2 +2y = 1 , whence y = y/2— 1 
(since 0 < y ^ 1). 


Solution to 1.3.5: By the given relation x n +\ ~x n = (a— 1 )(jc„ —x n -\ ). Therefore, 
by theInductionPrinciple[MH93,p.7], wehavex,,— x„-\ = (a— l)* -1 (xj — *o)» 
showing that the sequence is Cauchy and then converges. Hence, 


n n 

X n ~X0 = “ Xk ~d = ( Xl ~ X °> ~ 1 ^~ I * 

*=1 Jk=l 


Taking limits, we get 


lim x n = 

n-+oo 


(1 - ot)xo 4- x\ 

2 — a 


Solution 2. The recurrence relation can be expressed in matrix form as 

Ct'HC;,)- ^ H? V)- 



Thus, 


(t'H’G)' 

A calculation shows that the eigenvalues of A are 1 and a — 1, with corresponding 
eigenvectors v\ = (1, 1)' and V 2 = (a — 1, 1)*. A further calculation shows that 

(x A /(I -a)xo + xi\ fxo-x\\ 

UJ = 1~~ 2 - a J ”* + ) ** • 


Hence, 


(*£' ) = (S) = — + - " »1 + (« - i) n ^-^-V2 


2 — a 


2 — a 


Since |a — 1 1 < 1 we have lim (a — \) n = 0, and we can conclude that 

n-> oo 


lim x n = 

n-+ oo 


(1 - a)xo + x\ 
2 — of 


Solution to 13.6: The given relation can be written in matrix form as ( Xn x + ] ) = 
), where A = ~q). The required periodicity holds if and only if A k = 

(J J). The characteristic polynomial of A is A 2 — 2 cX 4- 1, so the eigenvalues of A 
are c ± Vc 2 — 1 A necessary condition for A k — ( J ® ) is that the eigenvalues of 

A be k th roots of unity, which implies that c = cos j = 0, 1 [|J. If 

c has the preceding form and 0 < j <\ (i.e., — 1 < c < 1), then the eigenvalues 

of A are distinct (i.e., A is diagonalizable), and the equality A k = (q J) holds. 
If c = 1 or —1, then the eigenvalues of A are not distinct, and A has the Jordan 
Canonical Form [HK61, p. 247] 

( l 0 \)or(- 1 _!j), respectively, in which case A k j=. J). Hence, the desired 

periodicity holds if and only if c — cos where j is an integer, and 0 < j < 

k/ 2. 

Solution to 13.7: If lim** =^61, we have *oo = « + x 2 ,; so 

1 ± vi — 4 a 

X oo — « 


and we must have a ^ 1/4. 

Conversely, assume 0 < a < 1/4. As x n +i — x n = x 2 —x 2 ^ , we conclude, by 
the Induction Principle [MH93, p. 7], that the given sequence is nondecreasing. 
Also, 

2 1 1 1 
Xn+i =a + x n < - + - — - 



if x n < 1 /2, which shows that the sequence is bounded. It follows that the se- 
quence converges when 0 < a < 1 /4. 

Solution to 13.8: First we show, by induction, that the sequence (x n ) is bounded. 
For that, choose M large so that max |*i |, \2x n +\ — x n | < M, for all n. 


\ x n + 1 1 — 


Xn -f* (2x/j-f- 1 Xn ) 


< ^ (|x n | + |2x w+ i -x n \ )<M 


showing that (x n ) is bounded. Now to compute the limit write 

x n (2x w +i X n ) 
x n + 1 — « 


and taking the lim sup, we have 

lim sup -M 
lim sup < 

showing that lim sup x n < x. In the same way we obtain lim inf ^ > x, showing 
that limjc n = x. 

Solution to 1.3.9: Let y n = x n /*/a. It will be shown that y„ -> 1. The sequence 
(y„) satisfies the recurrence relation 

yn — ~ \y n - l H ) • 

2\ y n -ij 

We have y n > 1 for all n because for any positive b 


Hence, for every n, 


y n -i - y n = I: (y n -i — ) > 0 , 

2 V y n - 1 / 

so the sequence (y n ) is nonincreasing. As it is also bounded below, it converges. 
Let y n -* y. The recurrence relation gives 


y= K y+ i)’ 

i.e., y = 1/y, from which y = 1 follows, since y > 1. 

Solution to 13.10: Clearly, 0 ^ x n +\ = x n (\ - jcJ) ^ x n ^ ^ x\ for all n. 

Thus, 

*n+l = *n(l -X^)^X n (\ -X n { ) , 



and therefore 


n In 

x n ^ X\ PJ(1 - **) = X\ exp I J^log(l - x\ ) 

1 \k=l 

Since log(l — x\) — 0{x\) ask -> oo, the sum converges to a finite value L as 
n — ^ oo and we get 

liminfjtn ^ x\ exp (L) > 0 . 
n-* oo 



Solution to 13.11: 1 . We have 



so x n is bounded by 1/2 and, by the Induction Principle [MH93, p. 7j, nonde- 
creasing. Let X be its limit. Then 



and, as the sequence takes only positive values. 



2. It is clear, from the expression for / above, that 

fix) ^x for x < -i 


and 



for 



therefore, the sequence diveiges for such initial values. 
On the other hand, if \x — 1/2| < 1, we get 


x 1 


1 

/(*> - 2 

< 

X ~ 2 


so, for these initial values, we get 


1 


1 

x n+l ~ j 

< 

X ~2 


n 



Solution to 13.12: Suppose that lim f n +\ /f n = a < oo. a ^ 1 since the the 
sequence f n is increasing. We have 



fn 



Taking the limit as n tends to infinity, we get (since a # 0) 

a = 1 -f — 

a 

or 

a 2 - a - 1 = 0. 


This quadratic equation has one positive root, 

1+V5 

*=-2— 

We show now that the sequence (/„+ 1 //„) is a Cauchy sequence. Applying the 
definition of the f n ’s, we get 


fn+l 

fn 


fn- 1 - fnfn-2 

fn 

fn— 1 


fn- 1 + fn-lfn-2 


Since f n is an increasing sequence, 



0 


fn—l fn—\fn—2 ^ "2- fn—l fn— 2' 

By substituting this in and simplifying, we get 


fn+l 

fn 

<i 

fn 

fn—l 

fn 

fn—l 

^ 2 

fn—l 

fn- 2 


By the Induction Principle [MH93, p. 7], we get 



fn 

1 

< 

h h 

fn—l 

2 n ~ 2 

h fi 


Therefore, by the Triangle Inequality [MH87, p. 20], for all m > n, 


fnv 4-1 
fm 




h 

H 



1 


2 *- 2 * 


Since the series 2 -n converges, the right-hand side tends to 0 as m and n tend 
to infinity. Hence, the sequence (fn+i/fn) is a Cauchy sequence, and we are 
done. 


Solution to 1.3.13: We have 


1 

n -f l 




n 



*=1 



I 

n 



which is a Riemann sum for /J ( 1 4 x)~ l dx corresponding to the partition of the 
interval [0, 1] in n subintervals of equal length. Therefore, we get 

lim ( — H 1 - = f — 7 — dx — log 2 . 

n-»oo 4 1 2 n) Jo \ x 

Solution 2. Using the inequalities 

we get 


log 2 = >o 8 n 


k=n+l 


-yii-fa) 

) k—n+l x 7 


= *°8 (777) = 


therefore, we have 


2 n . 

log 2 ^ lim V s 7 ^ log 2 

it-vnn r 


n-*oo ' A: 
*=n+l 


and the result follows. 


Solution 3. We have 


w 1 


_ 1 _ 
+ 2 n 


1 + 2 + 


= l + 5 + 
= ,-! + 


-L-fi+I 

2 n \ 2 

— 2 ( — 4 

2 /i \2 


a 


+•••+ 


h) 


2n—l 2n 


and the result now follows from the Maclaurin expansion [PMJ85, p. 127] of 
log(l 4* x). 


Solution to 13.14: We have 


Hnk~H n = 


1 1 1 
_j + . . . — 7 

n 4 1 n 4 2 nk 


\> + i > + ; V 


n 



f k 1 

The right side is the lower Riemann sum of the integral / — dx over the parti- 

J 1 % 

tion of [1, it] into ( k — 1 )n intervals each of length Because the lower Riemann 
sum is less than the integral, whose value is log k, we get H n k — H„ < log/:. 

To get the other inequality note that the change in £ on the interval [1,14- 

the partition is 1 ^—r = • ■ - and it is less than that on every other interval 

l + i n + 1 

of the partition. Hence 


f k 1 11 

I dx (Jink Hri) < (k l)n • — 

J 1 X 


k- 1 


n n 4- 1 n 4-1 


since each term in the Riemann sum contributes an error of less than — 


n n 4- 1* 


and there are (k — l)n terms. So we can take C = k— 1. 

One can deduce a more precise error bound as follows. For each subinterval of 
the partition, translate the region between the curve y = £ and the approximating 

rectangle horizontally so as to put it above the interval [1,14--]. The translated 

regions are then nonoverlapping. As they lie within a rectangle of width £ and 
height 1 , the sum of their areas, which bounds the difference log k — (Hnk — H n ), 
is less than We can thus take C = 1. In fact, one easily sees that the translated 

regions fill up less than half of the preceding rectangle, so C = | works. 


Solution to 1.3.15: Let n > 0. For n, we have 


m - 1 


1 


x m <x n + J^ k2 

k~n 


^ x n 4* |/j 


where 



Taking the lim sup, with respect to m, we have 


x„ > lim sup x m - | n . 

m-*oo 

The series £ k~ 2 converges, so lim | n = 0. Considering the lim inf with respect 
to n, we get 


lim infx„ ^ limsupx OT - liminf|n ^ lirnsupx m . 
n->oo m-»oo n-±oo #w->oo 

The reverse inequality also holds, so limjt„ exists. 

Solution to 1.3.16: Fix S > 0, and choose no such that e n < 8 for all n > n 0 . 
Then 


fl/jo+ 1 ^ ka nQ 4* £iiq < kci n Q 4* 5 



a no+2 < Qno 4* k8 + S/io+i < k* a no 4~ (1 4* k)8 

a no+3 < k* a n o 4~ {k 4* k*)8 4* £no+2 < k? a nQ 4* (1 + k 4* k^)8 

and, by the Induction Principle [MH93, p. 7], 

fl/io+m < k™ a no 4- (1 4 k 4 H k m ~ i )8 < 4- - — — * 

Letting m oo, we find that 


limsupa n ^ - — -■ 

n->oo I — k 

Since 8 is arbitrary, we have lim sup^^ a n ^ 0, and thus (since a n > 0 for all n) 
lim a n — 0. 

n->oo 

Solution to 1.3.17: If (x n ) is unbounded, then, without loss of generality, it has no 
finite upper bound. Take x ni — x\ and, for each k e N, x nk such that 
x nk > max{k, }. This is clearly an increasing subsequence of x n . 

If x n is bounded, it has a convergent subsequence: limy,, = £, say. y n contains 
a subsequence converging to £4 or one converging to £— . Suppose (z n ) is a 
subsequence of (y n ) converging to £4-. Let z n \ — z\ and, for each k > 1, let 
I ^Znk < Znic - 1 • This is a monotone subsequence of (*„). 

Solution to 1.3.18: Suppose that there are* > 1, e > 0 such that \b m /b n —x\ ^ e 
for all 1 ^ n < m. Since \\m(b n /b n +\) = 1, for all k sufficiently laige there exists 
an integer n* > k such that b m /bk < x if m < n* and b m /bk > * if m > «*. In 
particular, for each k, 

hi+L 

h b k 

or 

bn/c+l . v rt 

— - 1 > — > — > 0 . 

bnii b nk X 

As nu tends to infinity as k does, the left-hand side should tend to 0 as & tends to 
infinity, a contradiction. 

Solution to 1.3.19: 1. Using the Ratio Test [Rud87, p. 66], we have 


(2n)!(3/i>! 
/? ! (4/z) ! 


(2/?+2)!(3n+3)i 

(/i+l)!(4«+4)! 


_ n!(4n)!(2n 4- 2)(2 n 4- l)(2w)!(3n 4- 3)(3n 4- 2)(3w 4 l)(3w)! 
(2n)!(3n)!(n 4- l)n!(4n 4- 4)(4n 4- 3)(4n 4- 2)(4n 4* 1)(4«)! 

_ (2 n 4- 2) (2n 4- l)(3n 4- 3)(3n 4- 2)(3w 4- 1) 

“ (n + l)(4n 4- 4)(4n 4- 3)(4n 4- 2)(4n 4- 1) 

27 t 

“> T7 < 1 

64 


so the series conveiges. 



2. Comparing with the series £ l/(« log/i), which can be seen to diverge using 
the Integral Test [Rud87, p. 139], 


lim 


l/n 1 * 1 /” 

1/nlogn 



oo 


we conclude that the given series diverges. 

Solution to 13.20: 1. Assume that J2 a n < oo. As (y/a n +i — *Jcinf = a n +i + 
a n - 2^a n a n +i, we have 

00 l 1 

Y y/ a n a n+l < J Y, Qn+l ^ ~ 2 ai Y, ttn < °°* 

n=l n — 1 n=2 

2. Since J2 ( a n + a n + 1 ) = 2 X] + £ (\Mh- 1 “ ) 2 » we require a 

sequence = b 2 , b n > 0, such that £ b n b n + 1 < oo but — b n ) 2 = oo. 

One such example is 

if n is odd 
if n is even. 


b n = 


l 

f 

n 


Solution to 13.21: As 


lim 


/z^(log/z) c 

(n + 1 )* (log n + l) c a" 



the series converges absolutely for \a\ < 1 and diverges for \a\ > 1. 


(i) b > 1. Let = 1 + 2e; we have 

„l+2£(l 0 g„) c = ° (^1+?) to 

and, as the series converges, the given series converges 

absolutely for b > 1 . 

(ii) b — 1. The series converges (absolutely) only if c > 1 and diverges if 
c < 1, by the Integral Test [Rud87, p. 139]. 

(iii) b < 1. Comparing with the harmonic series, we conclude that the 
series diverges. 


« a — —1. By Leibniz Criterion [Rud87, p. 71], the series converges exactly 
when 

lim — — = 0 

n b { logn) c 

which is equivalent to b > 0 or b = 0 , c > 0. 



Solution to 13.22: Note that 


Vn 4* 1 - <Jn 1 
* ^V2 

that is, 

V» + 1 - -/n/n x _ 

niw l/n-'+'/z 

so the given series and 

°o j 

^ n*+U 2 

n=l 

converge or diverge together. They converge when x > 1/2. 

Solution to 13.23: If a ^ 0, the general term does not go to zero, so the series 
diverges. If a >0, we have, using the Maclaurin series [PMJ85, p. 127] for sin jc, 

111 o 

sin - = -~x 4* o(n ) (n -» oo) 

n n 6 n 5 

and, therefore, 

(=-"■;) = sir + 0(n ~ 3a) 

Thus, the series converges if and only if 3 a > 1, that is, a > 1 /3. 

Solution to 1334: For n = 1 , 2, ... the number of terms in A that are less than 
10" is 9" — 1, so we have 



Solution to 13.25: Let S be the sum of the given series. Let No = 0. By conver- 
gence, for each k > 0 there exists an Nk > A^_i such that 

oo c 

!><*• 

N k +1 

For Nk 4- 1 ^ n ^ A^ + l let c n — 2 k . We have lime,, = oo. As the terms are all 
positive, we may rearrange the sum and get 

OO 00 W*+l 

n=l k - 0 N k + 1 




oo oo 

k=0 N k + 1 

oo 

= £2-*s 

k=0 

= 25. 

Solution 2. The convergence of the given series shows that there is an increasing 
sequence of positive integers (iV*) with a » < V ^ 3 ^ or 

f 1 if n<Ni 
Cn ~~ \ k if Nk^n < Nk+ 1- 


Then c„ -> oo, and 

oo N\ —1 oo oo 

^c n a„ < + E*E ah 

n=l n= 1 fc=l n=Afc 

oo oo , 

<E-+Ef 

«=1 *=1 * 

OO OO 1 

<E fln+ E^ 

n—l k=l K 

< OO. 

Solution 3. Let J2 a n converge to 5. For positive n let R n = £j*_j a k> ^d /?o = 0, 
so we have a n — R n — R n - 1 for all n. Consider the sequence c n defined by 
c n = l/(v^ + As R n -* 5 we get -> oo. 

We have 


OO 

^2,c n a n 

n=l 



/?n— 1 
+ */Rn-l 


oo 

= Ev^-v^ 


n=l 



Solution to 13.26: Using the formula sin 2x = 2 sin* cos* and the Induction 
Principle [MH93, p. 7], starting with sin j = 1, we see that 


7 r jt 

cos ^ cos ^3 


n 

cos — = 


1 


2” 2"- 1 sin § 


m • • 



So we have 

1 _ 2 §■ 2 
2 n_1 sin |r tt sin |r tt 
since sin jc ~ jc (jc 0). 


(n oo) 


1 .4 Differential Calculus 


Solution to 1.4.1: Lemma 1: If (x n ) is an infinite sequence in the finite interval 
[a, b], then it has a convergent subsequence. 

Consider the sequence^ = sup{x n \n ^ k}. By the least upper bound property, 
we know that y* exists and is in [a, b] for all k. By the definition of supremum, it 
is clear that the y*’s form a nonincreasing sequence. Let y be the infimum of this 
sequence. From the definition of infimum, we know that the y**s converge to y. 
Again, by the definition of supremum, we know that we can find jc„’s arbitrarily 
close to each y*, so we can choose a subsequence of the original sequence which 
converges to y. 

Lemma 2: A continuous function f on [a, b) is bounded. 

Suppose / is not bounded. Then, for each n, there is a point x n e [ a , b] such 
that |/(jc„)| > n. By passing to a subsequence, we may assume that the x n *s 
converge to a point x e [a, b]. (This is possible by Lemma 1.) Then, by the 
continuity of / at jc, we must have that )/(*) — /(jc„)| < 1 for n sufficiently 
large, or |/(jc„)| < |/ (jc)| -f 1, contradicting our choice of the x n ’s. 

Lemma 3: A continuous function f on [a , b\ achieves its extrema. 

It will suffice to show that / attains its maximum, the other case is proved in 
exactly the same way. Let M — sup / and suppose / never attains this value. 
Define g( x) = M — f (jc). Then g( jc) > 0 on [a, b] t so 1 jg is continuous. There- 
fore, by Lemma 2, \/g is bounded by, say, N. Hence, M — /(jc) > \/N, or 
/(jc) < M — 1 /N y contradicting the definition of M. 

Lemma 4: If a differentiable function f on (a , b) has a relative extremum at a 
point c € (a, b), then /'(c) = 0. 

Define the function g by 



/(*)-/(c) 

x—c 

0 


for jc ^ c 
for x — c 


and suppose g{c) > 0. By continuity, we can find an interval J around c such that 
g(jc) > 0 if jc € J . Therefore, /(jc) — / (c) and jc — c always have the same sign 
in Jy so /(jc) < c if jc < c and /(jc) > /(c) if jc > c. This contradicts the fact 
that / has a relative extremum at c. A similar argument shows that the assumption 
that g(c) < 0 yields a contradiction, so we must have that g (c) = 0. 

Lemma 5 (Rolle’s Theorem [MH93, p. 200]): Let f be continuous on [a, b] 
and differentiable on (a, b) with f {a) = f(b). There is a point c € (a, b) such 
that /'(c) = 0. 



Suppose f'(c) / 0 for all c € (a, b). By Lemma 3, / attains its extrema on 
[a, b], but by Lemma 4 it cannot do so in the interior since otherwise the derivative 
at that point would be zero. Hence, it attains its maximum and minimum at the 
endpoints. Since f(a ) = f(b), it follows that / is constant, and so f'(c) = 0 for 
all c € (a, b) y a contradiction. 

Lemma 6 (Mean Value Theorem [Rud87, p. 108]): If f is a continuous 
function on [a, b], differentiable on ( a,b ), then there is c 6 (a y b) such that 
f(b)-f(a) = f'(c)(b-a). 

Define the function h(x) = f(x)(b — a ) — x(f(b) — f(a)). h is continuous on 
[a, b] t differentiable on ( a , b) y and h(a) = h(b). By Lemma 5, there is c e (a, b) 
such that h'(c) = 0. Differentiating the expression for h yields the desired result. 

There is a point c such that f(b) — f(a) — f'(c)(b — a), but, by assumption, 
the right-hand side is 0 for all c. Hence, f(b) = f(a). 


Solution to 1.4.2: 1. We have exp (f(x)) = (1 + l/x) x , which is an increasing 
function. As the exponential is also increasing, so is /. 

2. We have 


lim f{x) = lim 
x ->0 x -*0 


log(* + 1) - log* 

l/x 


= lim 

jc-*0 


l/(* 4-1)-!/* 

—l/x 2 



On the other hand. 



so lim /(*) = L 

x-»oo v 


Solution to 1.43: Let 0 < s < t. Then by the Mean Value Theorem, there exist u 
in the interval (0, s) such that f(s) = f(s ) - /( 0) = sf(u) and v in the interval 
(s y t ) such that f(t) — f(s) = (t — s)f'(v). Then 


— = /(«) < /'w = 


m - m 

t —s 


This inequality reduces to f(s)/s ^ f{t)/t. Hence g is an increasing function on 
the interval (0, oo). Now g{ 0) = /'( 0) = lim x _ 0 f(x)/x = lim^o g(x). Fix 

* > 0. For 0 < t < *, g(t) ^ g(x). Taking limits as t -* 0 we conclude that 
8(0) < g(x). Thus g is increasing on (0, oo). 

For * > 0, g(x) is the slope of the chord of the graph of / joining the points 
(0, /( 0)) and (*, /(*)). 

Solution 2. Since /(0) = 0, /(*) = /* f'(t)dt and using the fact that /'(*) is 
increasing, we get 



f(x)dt = */'(*) , 


so g'(x) 


xf'(x) - f(x) 


is positive and g an increasing function of*. 



Solution to 1.4.4: 1 . The function f ( x ) given by 

f(x) — x 2 sin - 

x 

has a derivative that is not continuous at zero: 



2x sin 7 — cos 7 

n A 

0 


for x £ 0 
for x — 0 



2. Consider the function g given by g(x) = f (x)—2x. We then have g'( 0) < 0 < 
g'(l). Therefore, g(x) < g(0) for x close to 0, and g(x) < g(l) for* close to 1. 
Then the minimum of g in [0, 1] occurs at an interior point c € (0, 1), at which 
we must have g'(c) = 0 , which gives /'(c) = 2. 

Solution to 1.4.5: Suppose y assumes a positive maximum at £. Then y(|) > 0, 
/(£) = 0, and y"(£) ^ 0, contradicting the differential equation. Hence, the 
maximum of y is 0. Similarly, y cannot assume a negative minimum, so y is 
identically 0 . 

Solution to 1.4.6: 1 . Suppose u has a local maximum at *o with u(xo) > 0. Then 
u"{xq) ^ 0, but u"(x o) = e**u{x o) > 0 and we have a contradiction. So u cannot 
have a positive local maximum. Similarly, if u has a local minimum at *o> then 
u"(x$) ^ 0 , so we must have u(x o) > 0 and u cannot have a negative local 
minimum. 


2. Suppose k(0) = u( 1) = 0. If u(x o) i=- 0 for some xq € (0, 1), then, as u 
is continuous, u attains a positive local maximum or a negative local minimum, 
which contradicts Part 1. 

Solution to 1.4.7: From the given inequality we get 

0 ^ e~ Kt y\t) - Ke~ Kt y{t ) = ^ (e~ Kt y(t)j (t ^ 0) . 

Integrating from 0 to t we find that, for t ^ 0, 

e~ Kt y( t) - y(0) < 0 , 
from which the desired inequality follows. 

Solution 2. Let z(t) = log y(f). Then z'(r) = y'{t)/y{t) < K. Fix t > 0. By the 
Mean Value Theorem, there exist u in the interval (0, t) such that z(t) — z(0) = 
z'(u)t < Kt. Hence z{t) < Kt + logy(0). Since the exponential function is 
strictly increasing, we obtain y(r) < e Kt y( 0). This inequality also holds forr = 0. 

Solution to 1.4.8: Without loss of generality assume xo = 0. As / is continuous 
and /( 0) = 0, we have f'(x) > f{x) > 0 in some interval [0, e). Suppose that 
f(x) is not positive for all positive values of x. Let c = inf{x > 0 1 f(x) < 0}. 
Since / is continuous and positive in a neighborhood of the origin, we have 
c > 0 and /(c) = 0. By Rolle’s Theorem, [MH93, p. 200] there is a point 
d with 0 < d < c and fid) = 0. However, by the definition of c, we have 
f'(d) > f(d) > 0, a contradiction. 

Solution 2. Let g(x) = e~ x f{x). Then g'{x) = e“* (/'(*) - f(x)) > 0. As g is 
an increasing function, we have g(x) — e~ x f(x) > g(x o) = 0 for x > *o, and 
the conclusion follows. 


Solution to 1.4.9: Suppose that f(x) < 0 for some positive value of x . Then 
a = inf{* > 0 | f(x) < 0} is positive. Since / is continuous, f(a ) = 0. Let 
b € (0, a) y then f(b) > 0. By the Mean Value Theorem [Rud87, p. 108], there 
exists c € {b, a) such that f'(c ) = (f(a) — f(b))/(a — b) <0. Applying the 
same theorem to f on the interval (0, c) we get a number d e (0, c) such that 
f"{d) = (/'(c) — /'(0))/c < 0. Since 0 < d < a, f(d) > 0, contradicting the 
assumption that /"(*) ^ / (x) for all x € (0, a). 


Solution to 1.4.10: Let / : R R be defined by f{x) —ae x -\ 
We have 


— x — 



2 


lim f{x) = -oo and lim fix) = oo 

*->-oo x—*oo 


so f has at least one real root, xo y say. We have 


x 2 

fix) = ae r* — 1 — x > ae r* — 1 — x — — - = f(x) for all x e M; 
therefore, by Problem 1.4.8, / has no other root. 



Solution to 1.4.11: Let g : [0, 1] -v R be defined by g(x) = e 2x fix). We have 

g'(x) = e~ 2x (f\x)- 2/(*))<0 

so ^ is a decreasing function. As g(0) = 0 and g is nonnegative, we get g s 0, so 
the same is true for /. 

Solution to 1.4.12: Consider the function g defined on [0, 1] by g(x) = e x f{x). 
We have 

fix) = e* (f(x) + 2 fix) + fix)) > 0 

so g is concave upward; that is, the point (*,#(*)) must lie below the chord 
joining (0, g(0)) and (1, g(l» = (1,0) for* € (0, 1). Then g(x) < 0 and the 
conclusion follows. 

Solution to 1.4.13: As (p\ and (pi satisfy the given differential equations, we have 
(ff x (t) = vi icpiit)) and (p 2 it) = vi i<piit)). Since (p\ito) = (piito ), it follows from 
our hypotheses that (p[ (to) < (p' 2 (to). Hence, there exists a point so > to such that 
(pi it) < (pi{t) for fo ^ t < so. Suppose there existed a point so <t <b such that 
<P\ it) > 92 (t). Let t\ ^ so be the infimum of all such points t. By continuity, we 
must have that <pi (/i) = (pi{t\). Hence, repeating the above argument, we see that 
there must be a point si > t\ such that (pi it) ^ <piit) if t\ < t < si, contradicting 
our definition of t \ . 

9 1 

Solution to 1.4.14: Let fix)—: c sin- and g(x) = x. Then we have 
lim fix) — lim g(x) = 0 and x 

jc ->0 j :->0 


.. fix) .. . 1 A 

lim — — = lim x sin — = 0. 
x-+o gix) Jt-*0 x 


As g'ix) = 1 and fix) = 2x sin - - cos we have 

X X 


fix) 1 1 

lim — — = lim 2x sin cos — 

x-+0 g\x) j :->0 X X 


which does not exists. 

Solution to 1.4.15: The given conditions imply that /'(0) = 0, so the question is 
whether lim x _>o fix)/x must exist. The answer is no and one counterexample 
is f{x) = x 3 sin j. A calculation gives 

fix) _ . i 1 

= 3x sin cos — • 

X XX 


Solution to 1.4.16: By Rolle’s Theorem [MH93, p. 200], f(x i) = 0 for some 
xi e (0, 1). Then, since /'( 0) = 0, /"fe) = 0 for some x 2 e (0, a:i). Repeated 



applications of Rolle’s Theorem give f n Hx n ) = 0 for some x n € (0, and 
therefore, f^ n+l Hx) — 0 for some x e (0, x„) C (0, 1). 

Solution to 1.4.17: Since ^ 0 and / ^ 0, we deduce that / is monotone and 
lim fit) = f exists. Hence, for every 8 > 0, we have 

t-+o o 

fit + 8)- fit) „ 

hm = 0 . 

t-*oo 0 


On the other hand 


/(f+a) /«) = f , (t) + i sf „ (0) 


for some 0. Therefore, 


limsupl/'COI < i$sup|/"(0)|. 

f—>oo £ $ 


Letting 8 0 we get lim fit) = 0. 

/-»O0 

Solution to 1.4.18: Let* > 0 and 8 > 0. Since / is positive and log is continuous. 




Sr) = a 108 ("Twr; 


log fix 4- 8x) - log fix) 

= lim 

o 8 

= ii m x ^ log + — 1 ~ log H-R 

5-+0 8x 

-X (log /(*))' 

_ */'(*) 

fix) 


and the result follows, by exponentiating both sides. 


Solution to 1.4.19: It is enough to show that 

r m - m J 

l,m and lim 

ft h-+0~~ 


m - m 

h 


both exist and are equal. By L’HopitaTs Rule [Rud87, p. 109] 

ta , Um m . „ m m 

0+ h h-> 0+ 1 h-> 0 

The other lateral limit can be treated similarly. 


Solution to 1.4.20: We have 

Ptix) 

fix) 

Ptix) 


(1 -f r 2 )* 3 - 3/ 3 * -f f 4 
3(1 + t 2 )x 2 - 3 1 3 
6(1 +t 2 )x 



• t < 0. In this case, p' t > 0 and p t (x) < 0 for jc sufficiently negative, 
and p t {x) > 0 for jc sufficiently positive. Hence, by the Intermediate Value 
Theorem [Rud87, p. 93], p t has exactly one root, of multiplicity 1, since 
the derivative is positive. 

• t = 0. Now p t (x) = jc 3 , which has a single zero of multiplicity 3. 

• t > 0. We have 



and p' t '{x) < 0 for negative jc; p"{x) > 0 for positive jc. So 



is a local minimum, and 




is a local maximum of p t . 

We will study the values of p t at these critical points. As p t { 0) > 0 and 
pj(0) < 0, the relative maximum must be positive. 

We have 



say. We get 

(i) 0 < t < 2 — V3. In this case, we have A t > 0, so p t has one single 
root. 

(ii) 2 — y/3 <t <2 + y/3. Now A t < 0 and p t has three roots. 

(iii) t > 2 + \/3. We have A t > 0 and p t has one root. 


Solution to 1.4.21: Let 



/(*) ~ /(a) 

x — a 



so that lim h{ x) — 0 and fix) = /(«) + ( f\a ) + h(x)) (jc — a). Then 

x-+a 

f(yn) — f i x rt) f'(a)(yn “ X n ) + hQQjyn — a) — hpCn)ipCn — a) 


y n -x„ 


yn-Xn 



so that 

fiyn ) - fpCn) 

yn-Xn 


- f'(a) 


<My n )\(^) + m n )\(^) 

\y n -x n J \y n -x n J 


< \h(y n )\ + \Kx n )\ 

= o(l) (n -> oo). 


Solution to 1.4.22: By changing variables, it is enough to show that /( 1 ) > /( 0). 
Without loss of generality assume / (0) = 0. Consider the function g defined by 

g(x) = f(x) - f(l)x. 


As g is continuous, it attains a maximum at some point £ € [0, 1]. We can assume 
| < 1* because g(l) = g(0) = 0. As g(£) ^ g(x) for £ < x < 1, we have 


g(x)-g(£) - /1X , 

0 ^ limsup — = -f(l) + 

x-*£+ x - £ 


m - m 

x-S 


As the rightmost term is nonnegative, we have /(l) ^ 0, as desired. 


Solution to 1.4.24: We have 

1 = fiz) ^ ^ = (&> + £iz + bz 2 H — ) + ff + * 

Multiplying this out, we get £o = 1 and 


n 


£ 


%n—k 

(k + D! 



From this, it can easily be seen by the Induction Principle [MH93, p. 7] that all 
the £/ ’s are rational. 


Solution to 1.4.25: The function / given by 

f(x . f (-l/3)e 3 -«A+2/(2x-3) for o < at < 3/2 

I 0 for x sj Oor* > 3/2 

is such a function. 


1 


i 


3/2 



This is based on the example of a nonconstant function having derivatives of 
all orders, vanishing for negative *: 

1 e~*/ x for x > 0 
0 for x ^ 0. 

Solution to 1.4.26: Let g(x) = sin rt x; it follows from the Taylor series of sin* 
that the first nonzero derivative of g at 0 is = n\. For any positive number 

A., set c = ct/{n\\ n )\ then /(*) = csin w (Ajt) satisfies /<">(0) = cX n n\ = cc. 

There is a real number M such that |g^(*)| ^ M for * € [0, 2i r] and 
k = 0, 1, . . .n — 1. Since g and its derivatives are periodic, with period 27 T, 
Ig^COI < M for all real * and k < n. Therefore |/ (A) 0OI = |c|A*|gW(*)| ^ 
\c\X k M = C\ k ~ n for all real *, where C = \a\/n\. Choosing k ^ max(l, C/s) 
ensures that |/^(*)l < £ for all * eR and k = 0, 1, ...» — 1. 

Solution to 1.4.28: We claim there is an s > 0 such that f(t) ^ 0 for all 
t e (0, s). Suppose, on the contrary, that there is a sequence *„ -> 0 such that 
f(x n ) — 0. Considering the real function 91 / (*), to each subinterval [* n+ i , x n ], 
we find a sequence t n -* 0, t n e , *„ J, such that 3tfXt n ) = 0 for all n, but 

since lim r ->o+ f'(0 = C, this would imply 91 C = 0. In the same fashion, using 
the imaginary part of / (*), we see that £5 C — 0, which is a contradiction. 

Since f{t) is nonzero on a small interval starting at 0, the composition with the 
C°° -function absolute value 


| |:C\{0}->R + 

will give a C 1 -function g{t) = |/(/)|, on a small neighborhood of zero. 

Solution to 1.4.29: By Taylor’s Theorem [Rud87, p. 110], there is a constant C 
such that 

i/oo - m - f'm\ < cx 2 

when 1*| < 1. Since /'( 0) = 0, we actually have |/(*) — /( 0) — /'(0)| ^ Cx 2 
and, consequently, by the triangle inequality, / (*) ^ /( 0)4- Cx 2 when |*| < 1. 
We conclude: 

If (*, y) lies on or below the graph of / and |*1 < 1, then 
y ^ /(0) + Cx 2 . 

Now consider the disc D centered at (0, /( 0) 4- b) with radius b, where 
0 < b < 1 will be chosen at the end. Clearly, (0, /(0» is on the boundary of 
D. On the other hand, if (*, y) e £>, then |*( < b < 1 and 

x 2 + {y- /(0) - bf < b 2 
\y - /( 0) - b\ < y/b 2 - x 2 

y > f(.0)+b—Jti 2 ~—x 2 = f(0)+b—b/\ — x 2 /£> 2 > /(0)+f>— i>(l— x 2 /2b 2 ) 



since Vl — x ^ 1 — x/2 when 0 ^ x ^ 1. Thus, 

y > f (0) + x* J2b. 

If 1 /2b ^ c, then it follows that ( x , y) must be above the graph of /. So we are 
done if we take b = min{l/2, l/2c}. 


1 .5 Integral Calculus 


Solution to 15.1s Let a = xo < x\ < . • • < x n — b be any partition of [a, b], 
Since /' is Riemann integrable, on each interval [*t_i, x{] it has a finite supre- 
mum Mi and infimum m/ . 

By the Mean Value Theorem [Rud87, p. 108], 


n 


n 


n 


^ ^ wij (xj Xi— i) ^ ^ ] (/(*«) /fe-i) ^ ^ 1 Mj(xj Xi— i) . 


i=l 


i—l 


i=l 


Hie middle sum simplifies to f(b)— /(a), which therefore lies between the lower 
and upper sums for the partition. As these sums both converge to the integral of 

/' on [a, b], we must have / f(x)dx = f(b) — /(a). 

Ja 

Solution to 1.5.2: Assume f does not vanish identically. Then, for some 8 > 0, 
the set {* € (0, 1) j f(x) > 5} is nonempty and, as / is continuous, open; 
therefore it contains a closed interval / of length L > 0. Let g be the function that 

equals 8 on I and 0 off /. Then g is Riemann integrable with jjJ g(jc) dx — 8L. 
Since f ^ g we have 


f 

Jo 


f 

Jo 


f(x)dx ^ / g(x)dx = 8L > 0, 


as desired. 

Solution 2. The properties of the Riemann integral we use are 

• If /, g are (Riemann) integrable on [ a , b] and /(*) ^ g(x) for all * then 
£f(x)dx>£g(x)dx. 

• If / is integrable on [a, b] and a < c < b then / is integrable on [a, c] and 
on [c,b], and £ f(x)dx = £ f(x)dx + £ f(x)dx. 

Suppose that /(c) > 0 for some c. We consider 0 < c < 1. Since / is con- 
tinuous at c, there is an interval [a, b ] containing c in which f(x) > /(c)/2. 
Then 


f f{x) dx ^ f(c)(b - <0/2 > 0, 
Ja 



and hence 


j o f(x)dx — jf f(x)dx + J f(x)dx + J f(x)dx> 0, 

a contradiction. A similar argument applies when c is an endpoint of [0, 1 ]. 

Solution to 1.53: Since / is continuous, it attains its minimum and maximum at 
*0 and yo , respectively, in [0, 1], So we have 



x 2 dx < 


[ x 2 f(x) dx < /(y 0 ) f x 2 dx, 

0 Jo 


or 

/(* o) <3/ x 2 f{x)dx < /(y 0 ). 

Jo 

Therefore, by the Intermediate Value Theorem [Rud87, p. 93], there is a point 
£ e [0, 1] with 



x 2 f{x) dx . 


Solution to 1.5.4: Since the discontinuities are only of the first type (the limit 
exists), they do not have any accumulation point (for a detailed proof of this, see 
the Solution to Problem 1.2.8), and form a finite set. Let d\ < d 2 < * • • < d n 
be the set of discontinuities of /. Then / is continuous in every interval [*, y] 
with d n <x < y < d n + j ; using the Solution to Problem 1 .5.5 (on both endpoints 
of the interval), / is integrable on each interval of the type [d n , d n+ 1 ], so /is 
integrable on [a, b]. 

Solution to 1.5.5: 1. Let J/(*)j < M for x e [0, 1). If (b n ) is a decreasing 
vanishing sequence, then /J |/| < M is a bounded, increasing sequence, so it 
must conveige. We conclude that |/| is Riemann integrable over [0, 1], and so is 

/• 

2. The function f(x) = l/xis integrable over any interval [b, 1] for positive b , 
but is not integrable over [0,1]. 

Solution to 13.6: Using change of variables, 

/ oo roo 

\f(x)\dx = / (I /Ml + \f(-x)\)dx . 

-oo JO 

If, for* > 1, we had*(|/(*)| + \f(—x)\) > 1, we would have the convergence 
of the integral /j°° \dx. So, there is x\ such that *i(|/(*i)| + |/(-*i)l) < 1. 
If, for all * > max (2, *i), we have x(\f(x)\ 4- |/(-*)|) > 1/2 we similarly 
conclude the convergence of /^ X ( 2 ,xi ^{\/x)dx, thus, there is X 2 > *1 with 
X2(\f(x2)\ 4- l/(-* 2 )l) ^ 1/2. Recursively we can then define a sequence (*„) 



such that x n +i > max(n + 1, x n ) and x n (\f (x n )\ -f \f(-x n )\) < 1/m. It follows 
that x n -> oo and 

lim x n \f(x n )\ = lim x n \f(-x n )\ =0. 

n—>oo n-+oo 


Solution to 1.5.7: 1. Letting t = x -f s, we get 


/(*) = 


_ ^ 2 /2 


J r oo 
0 


,-(x-hs) 2 


J roo 

f 

0 


e g2 ^ 2 ds. 


Since 5 > 0, e -v2 / 2 < 1, so e ^Z 2 < e sx for all positive*; then 


roo 1 

0 < f(x) < I e sx ds = — 

Jo x 


2. Let 0 < jci < * 2 . For s > 0, e SXl s 2 ^ 2 > e 5X2 ^Z 2 , 


so 


fix 1 ) 


-1 


00 - /-OO _ 

e -«! -*/2 ds> / e-**-* l 2 ds = f(X2) 

Jo 


Solution 2. 

1. The function / is clearly positive. Using integration by parts, we get 


r . r h -"*)' * - 


*2/2 /.oo „-f 2 / 2 


_ / £l_ 

Jx t' 


dt. 


Therefore, 


m = --e xl f 2 f 

x Jx 


00 g— f 2 / 2 j 

— s— dr < - 

r 2 * 


2. We have 


^ - (: 




1 




00 .-t 2 / 2 


r c . 


^ + 4 , 

‘OO y,“ f 2 /2 


_ 2 /? f 00 ^ 

= * /2 / — 5 — Jr > 0 , 

«/jt t 

so / is an increasing function. 

Solution to 1.5.8: Integrating by parts and noting that (p vanishes at 1 and 2, we 
get 


f 2 _/Ajc 

/ e iXx <p(x)dx = —?>(*) 
Jl IA 




e lXx (p\x)dx , 



applying integration by parts a second time and using the fact that <p' also vanishes 
at the endpoints, we get 

/ 2 I /»2 

e lXx (p(x)dx = —— J e tXx <p" (x) dx . 


Taking absolute values gives 


X 


e ,kx (p(x)dx 


< — f 2 U" 


i 2 Jl 


1 (p (x)| dx . 


Since <p e C 2 , the integral on the right-hand side is Unite, and we are done. 

Solution to 1.5.9: Suppose that / is such a function. Cauchy-Schwarz Inequality 
[MH93, p. 69] gives 


Jo 


xf (x) dx 


a l 1 \ l/ 2 

x 2 f(x)dx I f{x)dx\ 


^ a. 

So we must have a chain of equalities. For equality to hold in the Cauchy-Schwarz 
Inequality, we must have x^ffjx) = kyfjjx) for some constant k, so 
sff(x) s 0, which contradicts 


X 


f(x)dx = 1. 


Thus, no such function / can exist. 

Solution 2. Multiplying the given identities by a 2 , -2a, and 1, respectively, we 
get 


f f(x)(a — x) 2 dx = 0 

Jo 


but the integral above is clearly positive for every positive continuous function, so 
no such function can exist. 

Solution to 1.5.10: Dividing the integral in n pieces, we have 


n — 1 


fU/n) 


h n 


-/ 

Jo 


f(x)dx 




n ~l rU+U/ n 


<£/ 


1/07") - /C*)l 



For every x e { j/n , (J + 1 )/«), applying the Mean Value Theorem [Rud87, p. 
108], there is c e {j/n, x ) with 


f\c) = 


m - fUM 

x - j/n 


As the derivative of / is uniformly bounded by A/, this gives us the inequality 

!/(*) ~ fU/n)\ < M{x - j/n). 


Therefore, 


y 'f<J/n) 

h n 


f' 


fix ) dx 


/*0+D/n 

^ / M{x — j/n)dx 


~0 J H n 





1 

2« 2 


M 



» 


Solution to 1-5.XX: Suppose not. Then, for some 8 > 0, there is a sequence of real 
numbers, (*„), such that x n oo and |/(* n )| ^ 8. Without loss of generality, 
we can assume f{x n ) > 8. 

Let e > 0 verify 


!/(*) - fiy ) I < ^ for |* - y| < e , 


then 



poo 

contradicting the convergence of / f{x)dx. 

Jo 

Solution to 1.5.12: Let 


g(*) = fix ) 4- f f{t)dt. 

Jo 

The result follows from the following claims. 

Claim 1: liminf /( x) < 0. 

OO 



If not, there are e, *o > 0 such that f(x) > e for jc > xq. Then, we have 

J rx o px 

' f(t)dt+ / f(t)dt 
0 Jx o 

J rxQ 

' f (t )dt + e(x - xo). 

o 

This is a contradiction since the right side tends to oo with jc. 

Claim 2: limsup/(jc) ^ 0. 

x-+oo 

This follows from Claim 1 applied to the function — /. 

Claim 3: limsup/(jc) ^ 0. 

JC-*O0 

Assume not. Then, for some e > 0 there is a sequence xi , JC 2 , . . . tending to oo 
such that /( jc„) > e for all n . By Claim 1, the function / assumes values < e/2 
for arbitrarily large values of its argument. Thus, after possibly deleting finitely 
many of the jc/,’s, we can find another sequence y \, y2 , ■■■ tending to oo such that 
y n < x„ for all n and f(y n ) ^ e/2 for all n. Let z n be the largest number in 
\y n , x n \ where / takes the value s/2 (it exists by the Intermediate Value Theorem 
[Rud87, p. 93]). Then 


g(x n ) - g(Zn) = f{x n ) - f(Zn ) + / f(t)dt 



which contradicts the existence of lim g(x). 

jc-*oo 

Claim 4: lim inf /(jc) > 0. 

*-KX> 

Apply Claim 3 to the function — /. 


Solution to 1.5.13: Suppose that for some e > 0, there is a sequence x n oo 
with jc n f (jc„) > e. Then, as / is monotone decreasing, we have f{x) > e/x for 
jc large enough, which contradicts the convergence of J 0 / (x)dx, and the result 
follows. 


Solution to 1.5.14: Let 0 < e < 1. As 

POO 

I f(x)dx< oo, 

Jo 

there is an N > 0 such that for n > N, 

oo 

f(x)dx < e. 



Therefore, for n large enough, that is, such that ns > N, we have 

[ G) f {x)dx = f © mdx + £ © mdx 



one on 

<s I f(x)dx+ I f(x)dx 
Jo Jne 

one 

<8 I f{x) dx +8 

Jo 

°° f(x)dx + iy 

Since this inequality holds for all s > 0 and for all n sufficiently large, it follows 
that 

1 f n 

lim - / xf{x)dx = 0. 
n—*oo n Jo 



Solution to 1.5.15: Using the Maclaurin expansion [PMJ85, p. 127] of sin x, we 
get 


sinjc 


CO 


= E<-«" 

0 


. 2 n 


x (2w + 1)! 


The series above is alternating for every value of x, so we have 


smx 


* x 2n+\ 


- D-D" 
0 


(2 n + 1)! 


.2*4-2 


ilk + 3)! 


Taking k = 2, we have 



which gives an approximate value of 71/144 with an error bounded by 0.00013. 
Solution to 1.5.16: Let 


/ (0 = f r, u/4 + ,08 '- 

Jo (je 4 + / 4 ) ' 


It suffices to show that for t > 0, the function lit) is bounded below and mono- 
tonically increasing. For x,t ^ 0, we have (x + t) 4 ^ x 4 + 1 4 , so 


m> 


[ 1 dx t f 1+ ' du t 

I — — + logf = / b logf = log(l 4- 1) ^ 0. 

Jo x + * Jt u 


We now show that I' it) ^ 0 for t > 0. We have 


lit) 


f* dx f l dx 

JO t ((*/0 4 + l)' /4 / ((Jt/r) 4 + l) 1/4 +Iog '’ 



letting y = x/t, we get 


m 


=/' 

Jo 


(/ + 1 ) 


(/ + 1 ) 


174 +logr. 


/,( 0 _ ^ TT )'/ 4 + 7 >0 - 


Solution to 1.5.17: Integrate by parts to get 


roo r oo / j \ poo 

Jo f(x9dx = io \T X x ) f(x)2dx = - i 

The boundary terms vanish because * /(jc ) 2 = 0 at x = 0 and 00 . By the Cauchy- 
Schwarz Inequality [MH93, p. 69], 


II 


xf(x)f(x)dx < x 2 f(x) 2 dx J J f'(x) 2 dx . 


Solution to 1.5.18: Consider the figure 



The left side of the desired inequality is the sum of the areas of the two shaded 
regions. Those regions together contain a rectangle of sides a, and b, from which 
the inequality follows. The condition for equality is b = f(a ), the condition that 
the two regions fill the rectangle. 



Solution 2. Without loss of generality, assume f(a) < b. We have 

ab = r fix ) dx + Tib- fix)) dx. 

Jo Jo 


The second integral is 


lim - 

n->oo n 





For 0 ^ k ^ n — 1, 


a 

n 


jk + l)fl 

n 



Substituting in the limit above. 


lim 

n-* oo 



(k + lM>\\ l r t(k + i)a\ 



Multiplying out each term in the sum and rearranging them, and noting that 
/( 0) = giO) = 0, we get 


* .£* -> (?) {> - • (?)) +»f -/» 

Since g is continuous, this equals 

ff(a) 

I giy)dy + aib- fia)). 

Jo 

As giy) > a for y e if (a), b), we have 

aib-fia »< f giy)dy. 

Jm 

This gives the desired inequality. Also, we see that equality holds iff fia) = b. 

Solution to 1.5.19: Given e > 0, choose R so that \fix)\dx < e/4. Then 
f\x\^R \fix) cos xy\dx < e/4 for all y. So 


|g(z) “ g()0! = / fix) icosxz - cos xy)dx 

J \x\2R 

+ / f ix)icosx z — cos xy)dx 

J \xfeR 

<: “ + / \f ix)W cos XZ- cos xy\dx . 

2 



The latter integral approaches 0 as z -► y by uniform convergence of cos(*z) to 
cos(xy) on the compact interval —R ^ x ^ R. Hence, for \z — y| sufficiently 
small, 

£ £ 

lg(z) - g(y)l < 2 + 2 = * 

and g is continuous. 

Solution to 1.5.20: Let M be an upper bound of j/J, and let K = lgC*)!*/* . 

Fix s > 0. Since lim| X |->oo / (.x) = 0, there exists R\ > 0 such that j/(x)| < s 
for \x\ > R\ . As K is finite, there is R 2 > 0 such that | >/?2 \g(x)\dx < e . For 
\x\ > R\ + R 2 we have then 

\h(x)\ < f I fix - y)l|g(y)|rfy + f \f(x - y)||g(y)|rfy 
J—R.2 J\y\>R2 

^ s f IgOOkty + M f \g(y)\dy 

J-R 2 J\y\>R2 

^ e(K -f M) . 

As e is arbitrary, the desired conclusion follows. 

Solution to 1.5.21: We will do the proof of the sine integral only. For n > 0, let 

S n = I sinx 2 dx. 

JyfiZF 

We show that the series £ S„ converges and use this to show that the integral 
converges. 

By the choice of the domains of integration, the 5„’s alternate in sign. Also, 
setting u = x 2 , we get 


2I5,| = 


Finally, the 5,’s tend to 0: 


r(n 

Jnn 


(n+l)ff sin „ 


du 


Mn+l)n s j nM 


L 


nn -y/li 7T 
Mn+2)n sinM 

J(i 


du 


— 2|5,+i|. 




du 


Mn+})n s j nM 

Jnn ^ 


du 


1 




2|5„| = 



and the right-hand side gets arbitrarily small as n tends to infinity. Therefore, by 
Leibniz Criterion [Rud8 7, p. 71], t he series £ S n converges. Let a > 0 and n be 
such that s/rm < a < \/(n + l)n. Then 


J ra r 

' sinx 2 dx — Ys* = I 
0 k—0 Ja 


/•Vfo-H)* 


00 


smx 


dx- J2 

k—n+l 



The second term tends to zero as n tends to infinity. By estimates almost identical 
to those above, 





sin x 2 dx 



|(n -1- 1 )jt — fl 2 | 

2a 



so the first term does as well. Therefore, we have 



oo 

sin x 2 dx = y ^S n 

n—0 


< 00 . 


k 

Solution to 1.5.22: Let p(x) = ^ ajx } be a polynomial. We have 

j=o 


lira (n -f 1) f x n p(x)dx = lim Y ” ~r j - aj = p(l). 
n^oo J 0 + ; + 1 


So the result holds for polynomials. Now let / be a continuous function and 
s > 0. By the Stone-Weierstrass Approximation Theorem [MH93, p. 284], there 
is a polynomial p with ||/ — p||oo < £- So 


(n + \) f x n f(x)dx 

Jo 




+ 


f'x* 

Jo 


( n + 1) / x n p{x)dx - /( 1) 


^ £ + 


f'x" 

Jo 


(« + 1) / X n p{x)dx - /(l) 


-^^+lp(l)-/(l)l 
< 2b. 


Since e is arbitrary, the desired limit holds. 

Solution to 1.5.23: log* is integrable near zero, and near infinity it is domi- 
nated by V*. so ^ given integral exists finitely. Making the change of variables 
x — a/t , it becomes 



log* = loga 
x z + a 2 a 


log a dt 
a Jo 1 + 1 - 
logo r 


_ i r°jogf 

a Jo \+t‘ 


arctan t — 


a 

7r log a 

~2a 


-J. 


If we treat 7 in a similar way, we get J = — J, so J = 0 and the given integral 
equals 

i r logo 
~~2 a 

Solution 2. We split the integral in two and use the substitution x = a 2 /y. 


f°° log* 
f 0 X 2 + a : 


• A+ r 

I X 2 + a 2 Ja 


log* 


- r 

~ Jo X 2 + a 2 

~ f a lQ g* 

Jo x 2 + d 2 
_ f a 21og a 

Jo a 2 + y 2 


dx + 


dx + 


idy 


x 2 + 0 2 

0 log (fl 2 /y) | 
a 2 + (a 2 /y) 2 ' 

2 logo — logy 

a 2 + y 2 


(-S) 


n lo % a y 

= 2 arctan — 

a a 0 

_ 7t lOgfl 

= 2 a * 


Solution 3. Using residues, and arguing as in the solution to Problem 5.1 1.28, we 

get, for f(z) = % » 

z 2 + a 2 

f° f°° „ v Jt / I7r\ 

j f(z)dz + J /(z)dz = 2jriRes (/, /a) = - ^loga + yj . 


«/ — OO 

On the negative real axis, we have 


/(z)rfz = 


0 log( — x) + 71 i 


=/' 

=/ 


x 2 + a 2 

m 

' ogJ >+ 

POO 

* 2 +o 2 

Jo 

* ogJC w* + 

7T 2 / 

2fl 

JC 2 +fl 2 


9 



therefore. 


and 



log* 
x 2 + a 2 


dx + 


2 • 
7T Z I 


2 a 


7t 

a 


^log a + 


in 

T 


) 


f°° log* A nloga 

Jo x^Td 2 


Solution to 1.5.24: As sin* < 1, to show that / converges, it is enough to show 
that I > —oo. By the symmetry of sin * around n/2> we have 


fTt/2 

1=1 log(sin *) dx 4- 

Jo. 

pn/2 

= 2 1 log(sin*)d* 

Jo 

pn/2 

^2/ log(2 x/n)dx 

Jo 

> —00. 


f log(sin*)d* 

n/2 


The first inequality holds since on [0, n/ 2], sin* ^ 2 x/n\ see Problem 1.1.25. 
Letting * = 2 m, we get 


pi r/2 

= 2 

Jo 


log(sin2M) du 


a nf 2 pn/2 pn/2 \ 

log2JM+ j Iog(sinM)dM 4* J \og(cos u)du 1 . 

The first integral equals (n/2) log 2. As cos u — sin(jr/2 — m), the last integral is 


rn/2 

JO 


log (sin(7r/2 — m» du 


r n/2 

JO 


log(sin m) du 


-r 

Jn/2 


log(sinM) du. 


The above equation becomes / = n log 2 4- 27, so 7 = —n log 2. 


Solution to 1.5.25: The integrand is continuous at * = 0, so that no trouble arises 
there. For r > 0 let 

f r sin* 

/(r) = / — -j=r dx . 

Jo v* 

For n a positive integer, 

n 

■ /(«*) = £(- 

k=l 




where 



From the 7r -period icity of |.sin*| it follows that a* > for all k, while 
a k < 1 /V (k— 1 )jt -+ 0. Hence ^lim^/ (nn) exists finitely by the alternating 

series test. For r > 0 let n r be the smallest integer such that r < ns. Then 


l{r) - l{n r n) 


-»(*) 


(r -» oo) , 


P OO gjjjjjjr 

s0 exists finitely, which means / — — dx converges. On the other 

Jo v* 


hand. 


L 


00 I sin atJ 00 

-pr-dx ^ 

0 V* .. Jkjt+ ! 


~ /•**+¥ 


k = 0 
oo 


fer+ f [ sin jcj 


dx 




WV « 

E^ 


1 


27T 


S 2 V(* + 1)7T 3 
1 


3 


= oo . 


An alternative proof of the convergence of the integral uses integration by parts: 


f r sin* f r 1 

I — -=r dx — — I —= d( cos *) 
J 1 \/X J j 


<sfx 

cos* 
yfx 


r J *r 

, + 2 i 


cos* 


dx 


„ cosr 

= cos 1 — -f- 


S 


The right side converges as r -> oo because 


i r 

2Ji 


*3/2 

cos* 
* 372 


dx . 


poo 

J 1 


-^d 


* < OO. 


1 .6 Sequences of Functions 


Solution to 1.6.1: Let B be the set of function that are the pointwise limit of 
continuous functions defined on [0, 1], The characteristic functions of intervals, 
Xi * are in B. Notice also that as / is monotone, the inverse image of an interval is 
an interval, and that linear combinations of elements of B are in B. Without loss 
of generality, assume /( 0) = 0 and /( 1) = 1. For n e N, let the functions g n be 
defined by 



n-l 





n 



I 



From the construction we can easily see that max |g n (x) — f(x)\ ^ consider 

xeio.i] n 

now the following result: 

oo 

Lemma: Let { h n } C B with max \h n (x)\ < A n and Y ^ A n < oo. Then 

*€[0,1] " 

n—\ 

°° 1 
23 h„ € B. As \g 2 w - g 2 k I < |g 2 ‘+' - /|+|« 2 ‘ - /| < and 23 ik=T < °°’ 

n=l 4 

we get 


cx> 


y: (# 2 *+ i - &*) = / — 82 z b 

k=l 

f — 82 + 82 — f € B. 

Proof of the Lemma: For each n let /?„ be the pointwise limit of {(pi) C B such 

that \h n (x)\ ^ A n on [0, 1]. Consider the functions d>* = J2n-i Vk- Given s > 0, 
take m such that £S=m+l A n < e/3. Then the sum Y,Zm+i |M*)I < e/3 and 

ZZm+i WW < 

For x e [0, 1], take K so that 


\h n (x) - (p n K (x)\ 


3m 


for n = 1, 


For k > K we then have 


00 

23m*> - <t>*w 
#1=1 


m 


00 


|^n(^) ~ <Pk(x)\+ |^n(^)|+ |^*C*)|<£ 

fc=l n=m+l M=m4-i 


n=m+l 


00 

s° € b. 

n=l 



Solution to 1.6.2: Let a < b be real numbers and e > 0. Take n large enough so 

Unia) -g(a)\ <e and \f n (b)-g(b)\ < £• 

Then, using the Mean Value Theorem [Rud87, p. 108], 

\gia)-gib)\ ^ \g(a)-f n (a)Mfn{a)-f n m+\Mb)--g(b)\ <2s+\f^)\\b-a\ 
where a < £ < b. As the inequality holds for any e > 0, 

lg(a)- gtfOl < \b-a\ 
and the continuity of g follows. 

Solution 2. Let N > 0. We will show that g is continuous in [-N, N). We have, 
for any n e N, by the Mean Value Theorem, 

Unix) - f n (y) I = !/„'(£)(* - y) I < IN for*, y € [-V, N ]. 

So the sequence {/„} is bounded. The relation 

Unix) - fniy ) | = |)J(f)(* - y)| ^\x~y\ 

shows that it is also equicontinuous. By the Arzel^-Ascoli Theorem [MH93, p. 
273] we may assume that {/„} converges uniformly on [~N, N]. The function g, 
being the uniform limit of continuous functions, is continuous as well. As N is 
arbitrary, we are done. 

Solution to 1.63: Let e > 0. By uniform continuity, for some 8 > 0 we have 
\f(x) — /(y)l < b for |jc — y| < 8. Take N satisfying l/N <8. For 0 < k < V, 
let %k = kf N, and divide [0, 1] into the intervals [£*_i , £*], 1 < k < N. Since f n 
tends to / pointwise, by taking the maximum over the finite set {£*} we know that 
there exists M > 0 such that if n ^ M, then \f n (£*) — /(£*) | < e for 0 < k < N. 
Each of the f n ' s is nondecreasing, so we have, for a: € £*]> 

/(& t-i) -s< fn(x) < f{%k-i) + 2 e. 


or 

\fnix)-m~i)\<2e. 


Therefore, 

Unix) - f(x) I < Unix) - /(&-: i)l + l/(&-l) - fix) I < 3*. 

Since this bound does not depend on x , the convergence is uniform. 

Solution to 1.6.4: Assume the contrary. Then, for some real * and positive b, 
given any 8 > 0, we can find y € (x — 8 , x 4- 8) such that \f(x) — f (y)| ^ e. 



For each positive integer m let y m € (x — ^ , x + ~) with \f (x) — / (>m)l ^ e * 
We know that lim^oo fniym) = /Oto). therefore, given e > 0, we can find, for 
each m, an integer n m such that 

\fn m (ym) / O'**)! < » 

and choose them so n \ < ni < • • *. 

Consider the sequence (x„) defined by x n = y m for n m ~\ < n < n m . Then 
x„ -> x, but f n (x n ) f{x) since, for each m, 

\fn m (*««) /(■*)! = l/j|» (y»l) / C*)l 

^ 1/00 - /(y«)l - l/Cy».) - /««, &«)l 

> € — s/2 = f/2 . 


Solution to 1.6.6: 1. For k e N, consider the continuous functions gk given by 


8k(x) = \ 


K 


4k - 16k 2 \x - Ik] 
0 


if 

if xtl&.zl 


Define fo a 0, and, for k > 0, fk(x) = /q gk(t)dt. We have fk € C*(R + ), 
/*(0) = 0, and //(*) = g*(x) -> 0 = /q(x) for all x € R+. However, 

J rx poo 

' gkiOdt = / gk(t)dt = 1 ^ /oCO* 

0 ./o 

2. /^(x) -> / 0 '(x) uniformly on R. 

Solution to 1.6.7: As / is a homeomorphism of [0,1] onto itself, we may assume 
without loss of generality (by replacing / by 1 — /) that / is strictly increas- 
ing, with /( 0) = 0 and /( 1) = 1. We first treat the case where /' is a con- 
tinuous function. By the Stone-Weierstrass Approximation Theorem [MH93, p. 
284], there is a sequence of polynomials {P n ) which conveige to / uniformly. 
Since /' > 0, we may assume (by adding a small constant) that each of the P n is 
positive. Further, since the P n 's converge uniformly, 

l 

= 1) = 1. 

Defining a n by 



we can replace each P n by a n P„, so we may assume that 





Now consider the polynomials 


Qn{x) 


0 


Q n (0) = 0, Q n ( 1) = 1, and Q' n (x) = P n (x) > 0 for all x and n. Hence, each 
Qn is a homeomoiphism of the unit interval onto itself, and by their definition, 
the Q n ’s convene to / uniformly. 

It is enough now to show that any increasing homeomorphism of the unit inter- 
val onto itself can be uniformly approximated by C 1 homeomoiphisms. Let r > 0 
and 



for 0 < x < 1 
for x — 0 


A calculation shows that f r is C 1 on [0, 1], f r (1) = 1, //( 0) = 0, and //( 1) = r. 
For r, s > 0, let 


„ frM for xe[0,l) 

8rsK ) -\~f s (-x) for x € [ — 1,0]. 

Each g rs is a C 1 -function such that g r s (0) = 0, g rs G) = 1, g r *(-1) = -1, 
g' r ,(—l) — s, and g^(l) = r. By scaling and translating, we can find a C 1 
function on any interval such that its values and the values of its derivative at both 
endpoints are any given positive values desired. 

We can now approximate any continuous homeomorphism / as follows: 
Given s > 0, choose n > 0 such that if J* — y\ < \/n, for these values 
|/(jc) — f(y)\ < £ - (This is possible since [0, 1] is compact, so / is uniformly 
continuous there.) Partition [0, 1] into 2 n intervals of equal length. On the inter- 
vals [2k/2n, C 2k + l)/2 n], 0 < k < n — 1, approximate / by the line segment 
joining f(2k/2n) and f((2k 4- l)/2w). On the other intervals, join the line seg- 
ments by suitable functions as defined above to make the approximating function 
C 1 . Since / is an increasing function, this approximating function will always lie 
within s of it. 

Solution to 1.6.8: 1. Let S € = {* e [0, 1] | f(x) ^ M—e) for positive s. f(x) ^ 
M— e if and only if for each n, f n (x) > M— e, so S e = Hn^i frT* (W ~ oo)). 

So each S e is closed. By definition of supremum, each set S e is nonempty. Also, if 
£i are finitely many positive numbers, f\- ^ = Smin« f 5^ 0- As [0, 1] is compact, 
the intersection of all sets S e is nonempty. Let t belong to this intersection. Then 
M > /(f) > M — e for arbitrary s > 0, so /(/) = M. 

2. Take f n (. x) = minfnjc, 1 — x). 

Solution to 1.6.9: Fix e > 0. For each u, let G n = {x | f n (x) < e). Then 

• G„ is open, since /„ is continuous. 

• Gn C Gn +1 Since fn ^ fn+1 • 



• [0, 1] = ujji J Gn, since f n (x) -> 0, for each x. 

Since [0, 1] is compact, a finite number of the G n cover [0, 1], and by the second 
condition above, there is N such that G n = [0, 1] for all n ^ N. By the definition 
of G n , for all N, we have 0 ^ f n (x) < € for all * e [0, 1]. This proves that 
the sequence f n converges uniformly to 0 on [0, 1]. 

Solution to 1.6.10: If f n (x) f(x) pointwise on E, then f n converges to / 
uniformly on E if and only if sup £ ]/„ (jt) — / (x)| tends to 0 as n tends to oo. We 
note that if A C B then sup^ | f n (x) — f(x)\ < sup# | f n (x) — f(x) |. 


k = 0. In this case |/ n (x)| < 1 (n so supj^ \f n \ 0 as n -v oo. Hence f n 
converges uniformly on R, and also on every bounded subset of R. 


I- fn(x) = 


n—x A 


x 2 -J-n 


0 pointwise, and the derivative is /„'(*) = 2 ^)2 * 


so | /„ j attains its maximum at x — where 

supj/„| = /„(Vn) = 


1 


2 yfn 


so that sup \f n j -* 0 as n 
and also on bounded sets. 


oo, hence the convergence is uniform on R 


k-2. f n {X) = 


x 2 +n 


and sup | f n | = 1, thus the convergence is not uniform on 


R. However, since the function is even and increasing on R+, the supremum 

„2 


on [— 0 , a] is sup \f n | = f n {a) — so that sup \f n \ 0 as n 

a z + n 

and the convergence is uniform on bounded subsets. 


oo 


k ^ 3. Again f„(x) -> 0 pointwise, but sup \f n | = oo, thus the convergence is not 
uniform on R. In the same way as above, |/ n | is even, and increasing on 
R+, this can be seen directly or by computing the derivative 

2)x 2 + kn) 

JnW ~ (x 2 + n)2 

so sup \f n I = fn (&) -> 0 as n oo. Thus the convergence is uniform on 
bounded sets. 


Hence the convergence is uniform on R when k = 0 and l only, and uniform 
on bounded sets for all k. 

Solution to 1.6.11: Let Vk be the set of polynomials of degree ^ k, and let L — 
d(f Vk) = inf{ || / - Pj| | P € Vk)> where the norm is that of Cfo.ij. Then, there 
exists a sequence {/>„} contained in Vk such that ||/ - || -> L. Then, for some 

M > 0, II P n || < \\Pn - /II + II /II ^ M, for all n e N. Let x x e [0, 1] be 



k distinct points. Thus, |P*(x,)| ^ ||P*|| ^ M> for all i = 1, . . . , k and n e N. 
The sequence (P*(xj)) is bounded, so, passing to a subsequence if necessary, 
we may assume that it converges. We can repeat this argument and suppose that 
lim/_>.oo PnM = yt for any i = 1, . . . , k, for some constants y/. Let P(x) — 
E/=i JW(*) where 


O). (jt) = ~ *l) • ‘ • (* ~ ~~ Xj+l) • • - (x - XjQ 

(x,- -xj) ■ • • (x; - x/_i)(x/ - x,+i) • • • (Xf - Xk) 

i.e., P is Lagrange’s interpolation polynomial. Clearly, there are positive con- 
stants Li such that |<y,(x)| ^ L/, for all i = 1, . . . , fc, and all x € [ 0 , 1], There- 
fore, for all x € [ 0 , 1 ], we have |P*(x) - P(x)| ^ Eif=i !*»(*/) - yt\ K(x)| ^ 
E?=i Li \Pn(xi) — y,*j — > 0 . This means that for this polynomial P in 7 we 
have P n P; but HP* - /|| L, whence L = ||P — /||, i.e., d(f, V k ) = 
||/ — P||, P e Vk> therefore P is a polynomial of degree ^ k, which minimizes 
d{f \ V k ). 

Solution to 1.6.12: Let ao, ... y ao be D -1- 1 distinct points in [0, 1]. The polyno- 
mials f m , defined by 


D 

fm (x) = | | 


i= 0 
i&n 


x — a x 


for m — 0, 


D 


satisfy f m {a{) — 0 for i ^ m, f m {a m ) = 1. Any polynomial of degree, at most, 
D can be written 

D 

P(x) = S P ( a m)fm(x) 
m = 0 

since the right-hand side is a polynomial of degree, at most, D which agrees with 
P in D 4- 1 points. 

Let M be an upper bound of |/ m (x)| for x e [0, 1] , m = 0 Given 

e > 0 let N e N be such that |P«(a m )l ^ \d+ 1 )M ^ or n ^ N. Then we have 


D 

\ p n(x)\ K ^2 \ p n{a m )\ \fm(x)\ < £ 
m-0 


therefore the convergence is uniform. 

Solution to 1.6.14: Suppose that f nj / uniformly. Then / is continuous, and 
/( 0) = limy_,oo cosO = 1. So there is £ > 0 with /(x) > 1/2 for |x| < £. If j 
is large enough, we have, by uniform convergence, 


!/(*) - f nj (*)l 



for all x. 


7t 

~ — <€. 
2 nj 



For one such j, and x — - — > we get 

2rij 

\ < /(*) < I/M - fnj Ml + 1/n; Ml < \ + /«; M = \ + I COS || = 5 
a contradiction. 


Solution to 1.6.15: 1. In an obvious way we see that d(f, /) = 0 and d(f, g) — 
dig, f), so we only need to verify that d(f, g) > 0 for / ^ g and the Triangle 
Inequality [MH87, p. 20]. 

If / ^ g then |/ — g\ is positive in a small interval and so is the iuntegrand 
and the integral is nonzero. Now the function a i-> j+a is increasing in [0, oo). 
Hence, fora = \f-g\,b=\g- h\, c = \f-h\, we have c^a+b and 

c _ a b ^ a fr 

l+c^l + o + t 1 + 1 + a + b ^ 1 4* a l+b 

which implies the Triangle Inequality. 

2. For natural rt define f n by 


f , * f n 2 x , 0 < x < 1/n 

/ " w " l 1/x, l/n<x < 1. 

It is easy to verify that the sequence {/„} is Cauchy, since for any n, m we have. 



max{l/m,l/«} 

max{l/m,l/n} 


\fm00 ./nC*)l . 

1 +!//«(*)-- /«(*)! * 

1 dx 


= max{l/m, 1/n) . 


Suppose that (C[o.i], d) is complete and take / as the limit of the sequence 
{/„}. If f(a) ^ 1 fa for some a € (0, 1], then, by continuity, there exists e > 0 
such that \\/x — / (jc)| ^ e for x G ( a— e , a]. Therefore, 

d(fn,f)< r 

•/a-e 1 + « 

for sufficiently large n. But the right hand side is a positive constant independent 
of rt, which contradicts the convergence /„ /. Thus /(«) = 1 /a for all 

a € (0, 1]. This contradicts the continuity of / on [0, 1]. We conclude then that 
(C[o t \],d) is not complete. 

Solution to 1.6.16: (a). Let f„ : [0, 1] -» R be defined by f„(x) = x n . [0, 1] is 
compact, ||/ w || = 1, but the sequence f n is not equicontinuous. 

(b). Let fi = [0, 1], and g n (x) = n. This sequence is clearly equicontinuous, Q is 
compact, but no subsequence of g n can converge. 



2 



(a )fn (b)g n (c)h„ 


(c). Consider now h„ : R R, /*„(;*:) = X[/i-i,n+]](*)cos((;t — n) jt/ 2), where 
X[a,6] is the characteristic function for the interval [a,b].\\h n \\ < 1 and the se- 
quence is equicontinuous, however no subsequence can converge. 

Solution to 1.6.17: For each n, let g n be the function that equals f n at the points 
k/n, k = 0, 1, . . . , n, and that on each interval [(& — l)/n, k/n] interpolates its 
endpoint values linearly. By the assumption on f n , the slope of g n on each of 
the preceding intervals is at most 1 , so g n is a Lipschitz function with Lipschitz 
constant at most 1. Hence the sequence {gn}^ is uniformly equicontinuous, so 
by the Arzelh-Ascoli Theorem [MH93, p. 273], it has a uniformly conveigent 
subsequence [gn^JL i- Let g be the limit function. Fix a point x in [0, 1]. For 
each jy let xj be a point in [0,1] of the form k/tij (k = 0, . . . , nj) such that 
1/tij < \x — Xj j < 2/tij. We have 

!#(*) - fnj (*)1 < l#(*) - gnj (*)l + I gnj (*) “ gnjiXj ) | + \f nj (Xj) - fnj (*)l 

< \g(x) - gnj + — + ~ 

ilj nj 

As j oo, the first summand on the right tends to 0 uniformly, showing that 
fnj -> g uniformly. 

Solution to 1.6.18: By the Arzela-Ascoli Theorem [MH93, p. 273], it will suffice 
to prove that the sequence [f n } is equicontinuous and uniformly bounded. 
Equicontinuity. For 0 < x < y < 1 and any n, 

\fn(y) - /«(*) I = |jT | < j '~* dt =2^y-2^. 

The function Fix) = 2^/x is continuous on [0, 1], hence uniformly continuous. 
Therefore, given e > 0, there is a 8 > 0 such that |F(y) - F(x)\ < e whenever 



x and y are in [0, 1] and |y — x\ < 8. By the inequality above, we then have 
\fn(y) — fn(x)\ < £ for all n when |y — x\ < 5, establishing the equicontinuity 
of the sequence. 

Uniform boundedness. Since /q f n (x)dx = 0, the function f n cannot be always 
positive or always negative, so there is a point x n on [0, 1] such that f n (x n ) = 0. 
Then, by the estimate found above, for all x: 

|/„(x)K2|VJ-^| <2. 


Solution to 1.6.19: We claim that a subset A of M is compact iff A is closed, 
bounded and {/' | / € -A} is equicontinuous. If A satisfies all conditions and {f n } 
is a subsequence in A then [f n ] and {/„'} are bounded and equicontinuous and 
by the Theorem of Arzel^-Ascoli [MH93, p. 273], there is a subsequence { f n . } 

such that { f nj } and { /„' y } are uniformly convergent and therefore, sequences of 

Cauchy. Since M is complete and A is closed, { f nj } converges to / € A in M, 
and A is compact. 

On the other hand, if A is compact, consider the spaces: 

JW = {(/,/')!/<= A/} A = [(f,f')\f eA) 

flat 

A is compact in A/, and so are each of the projections, and, by Arzelfc-Ascoli 
Theorem, {/' | / e A} is equicontinuous. 

Solution to 1.6.20: We consider three cases. 

• (a n ) has a vanishing subsequence. Then, the corresponding subsequence of 
{fn} converges to x 4- cosx, a continuous function. 

• (a n ) has a subsequence with limit a 0. Then, the corresponding subse- 
quence of {/„} converges to 

— sin(<zx) -f cos(x + a ) , 

a 


which is continuous. 

• \<*n\ -> oo. In this case, “ sin a n x -> 0, and cos(x -{- a n ) depends on 
a n (mod 271 ). Let (b n ) be the sequence defined by b n = a n (mod 2jt), 
b n € [0, 2jt]. As [0, 2jt] is compact, (b n ) has a convergent subsequence, to 
b say. Then the corresponding subsequence of {/„} converges to cos(x +b), 
a continuous function. 


Solution to 1.6.21: The answer is no. Consider the sequence of functions 

fn : [0, 1] -> R whose graphs are given by the straight lines through the points 
(0, 0), (1/2 n, n), (1 /n, 0) to (1, 0). 



k 



The sequence approximates the zero-function pointwise, but 
for all n. 


f 1 fn 

JO 


(x)dx = ^ 


Solution to 1.6.22: We have 

gn(x) = gn(0) + g' n (0)x + i l ^p- x 2 = - n ^ x 2 for some £ € (0, 1) 
so 

l&WI < ^ for *6 [0,1]. 

Also, 


l«iW| = l*»-«i(0)|<|fii'(OC*- 0)|su for x € [0, 1]. 
Therefore, 

I gn(x) - s w (y)| ^ \x - y\ for x, y € [0, 1]. 

The sequence {#„} is then equicontinuous and uniformly bounded; so, by the 
Arzelh-Ascoli’s Theorem [MH93, p. 273], it has a uniformly convergent subse- 
quence. 

Solution to 1.6.23: Fix e > 0. Since K is continuous on a compact set, it is 
uniformly c ontinuous. So, there is a 8 > 0 such that \K(x\, yj) — K(x 2 , yi)\ < e 
whenever y / (*1 — X2) 2 + (yi — yi) 2 < 8 . Let / and g be as above, and suppose 



x\ and X 2 are in [0,1] and satisfy \xj — X 2 I < S. Then 


l/(*i> - /(* 2)1 = 


/’ 
Jo 

f 

f 

Jo 


g(y) (K(x 1 , y) - F(* 2 , y)) dy 


|g(y)| 1 /^* 1 , y)-*(x 2 ,y)Irfy 


1 • e dy = e . 


As the estimate holds for all / in F, the family F is equicontinuous. 

Solution to 1.6.25: 1. By the Cauchy-Schwarz Inequality [MH93, p. 69], we have 


l£n(*)Kyjf (x+y)dy } j jf (f n (y)) 2 dy ^ yj (1 + y) dy V5 = yj^- 

2. Since y/xlt- y is a continuous function of x and y on the compact unit square, 
it is uniformly continuous there. Hence, given any e > 0, there exists 8 > 0 such 
that 

|V*i -Tyi - </x2 + n\ < £ 

whenever |jq — X 2 I + |yi — y 2 l < 8. In particular, \y/x[ + y — V *2 4- y | < e 
whenever |jq — * 2 ! < therefore. 


\gn(.Xi) - gn(.X 2 )\ = 



(V*i + y - V *2 + y) /n (y) ^y 



whenever |*i — * 2 ! <5. Since the same value of 8 works for all values of n simul- 
taneously, the family {g n } is equicontinuous. Using the uniform bound established 
above the conclusion follows from the Arzelfc-Ascoli’s Theorem. 


Solution to 1.6.26: We will first show that {g n } is a Cauchy sequence in sup-norm. 
Using the Cauchy-Schwarz Inequality [MH93, p. 69], we have 

l£n(*) £/*(*)! ^ f |F(x, y)|(^n(y) — fm(y))dy 

Jo 

< \K(x, ylPdyJjT' |/„(y) - f m (y)\ 2 dy 

hence, 



] 

i My) - fm(y)\ 2 dy 


sup |g n (*) - gn(*)| < sup 
*e[0.1] JcelO.l] 



Since K is continuous, it is integrable, and taking M = sup^^oj] | K(x, y)|, we 
have 

IISnM -ft. O') II < MJjf' 1 fnty) - fm(y)\ 2 dy -► 0 

showing that the sequence {#„} is a Cauchy sequence in the sup-norm; as C[0, 1] 
is complete on this norm, the sequence converges uniformly. 

Solution to 1.6.27: We’ll use the Stone-Weierstrass Approximation Theorem 
[MH93, p. 284] in the space C[o,ij equipped with the sup norm 
j|/ - g\\ = sup{| f(x) - g(x) j | * € [0, 1 ]}. Let / € C i0t i] and let { p n } be a 
sequence of polynomials conveiging to / in the sup norm. Using our hypothesis 

with fc = 0we conclude that, for some positive M, we have j Jjj <p n dx | ^ M for 
all n. Given e > 0 there exists an integer k(s) such that \\f — Pk(e)\\ < 377 for 

k ^ k(e). As Jjj pic(e)<Pn converges, it is a Cauchy sequence, therefore there is an 
integer n(e) such that 


r 1 / 

r 1 

Pk(e) 1 Pn ~ J 

PkieWm 

D 



for m, n > n(e ) , 


for m, n ^ n(s), we have 


r 1 

f 1 


r 1 r 1 

/ /«n “ 1 

f<Pm 


/ f<Pn ~ I Pk(e)<Pm 

I JO JO 


JO JO 


+ 


/' 


Pk{e)<Pn “ I Pk(e)<Pm 
0 JO 


/' 


+ 


f 


PkieytPm 




f<Pi 


nt 


j l/-P*(eW.I + | + jf 1/ ~ Pk(e)<Pm\ 

- pm II f 

JO 


'0 

< 11 / 
< 5 


^ + - + 11/ 
0 d 


“ P*(e) II / 

JO 


therefore the sequence f f<p n » being Cauchy, converges. 

JO 




< 00 


Solution to 1.6.28: As 



by the Weierstrass M-test [Rud87, p. 148], the given series converges uniformly 
on R to a continuous function f. We have, since the convergence is uniform, 


T e iX n x 


sin X n T 


1 1 ^ sin KT 

XT /,£ n 2 dX ~2 T^ Lt « 2 * ~ n 2 KT ' 


As 


sin^r 1 
n 2 X n T ^ n 2 


we have, again by the Weierstrass M-test , that 


OO 

£ 

n=l 


sin^T 

/i 2 x n r 


converges uniformly in T. Therefore, we get 


. 1 f j., SJ ^-^sinA.„T i* sin X„ T 1 

7->oo 2T J_ T r-»-oo“ n 2 X n T “7-»> oo n 2 X n T n 2 

/?— -1 I?— I Ajj— U 


Solution to 1.6.29: Let cr > 1. It suffices to show that f (x) is defined and has 
continuous derivatives for x ^ cr. The series Yl n ~ x converges for such x. As 
n~ x ^ n~° , it follows from the Weierstrass M-test [Rud87, p. 148] that the series 
converges uniformly, so £ is a continuous function. To see that it has continuous 
derivatives of all orders, we formally differentiate the series k times, getting 


OO 

£ 

n= 2 


(- log n) k 


IV 


It is enough to show that this series converges uniformly on k. Since 


(- log n) k 


n 


(log «y 


n 


a 


by the Weierstrass M-test , it will suffice to show that the series 


oo 

£ 

n=2 


(log ft V 

n° 


conveiges. But 


(log n)* / 1 ^ 

— - — = o ( — — I (n oo), 
n a \n a ~ e J 


f(^) 

n= 1 


for any positive e. As 



converges for a — e > 1 , we are done. 


Solution to 1.630: Fix an interval [a, b] and e > 0. Since / is continuous, it is 
uniformly continuous on the interval [a, b+ 1], then there exists an N > 0 such 
that if n ^ N and \x — y| < 1/n we have j f(x) — f(y)\ < e. We will show that 
f n (x) converges uniformly to 


r 


f(y)dy 


for all x in the given interval. Fix x and n ^ N. We have 


fX+\ 


f x+(k+\)/n 

/ f(y)dy-f„(x) 

— 

T f(y)dy-f n (x) 

Jx 


to Jx+k/n 


By the Mean Value Theorem for Integrals [MH93, p. 457], for each k there is 
ak € (x + k/n , x + (k + 1 )/ri) such that 

px+(k+l)/n 

/ f(y)dy - f(a k )/n. 

Jx+k/n 

Substituting this in the above, expanding using the definition of /„, and using 
uniform continuity, we get 


r 


fiy)dy - f n (x ) 



\f(flk)~ fix + k/n ) | 


< e. 


Since this holds for any x, we are done. 


Solution to 1.631: Let a > 0, then for |/i| > 
x € [-a, a]. 


l/(* + »)l 


< 


1 + n 2 j 2 


4a, the bound on / gives, for 
= M n . 


As the series 




-00 


conveiges, by the Weierstrass M-test [Rud87, p. 148], the series 


Yl /(*+") 

|nj>4a 

converges uniformly. So the series for F(x) converges uniformly on [—a, a] and 
F is continuous there. As a is arbitrary, F is continuous on R. 



We have 


a 

F(x + 1) - F(x ) — lim 52 (/(* + 1 + «) - /(* + * 0 ) 

a-*oo ' 

—a 


= lim (/(x + 1 + a) - fix - a)) 

a-^-oo 
= 0 


the last equality holding by our assumption on /. 

If G is continuous and periodic with period 1, then, since the series for F 
converges uniformly, 

-1 oo f i 

I F{x)G{x)dx = 5^ / fix + ri)G(x) dx. 

J 0 

In each integral on the right-hand side, let y = x 4- n, and get, since 
Giy - it) = GOO, 

00 ptt+1 poo 

52 / f(y)Oiy)dy = / fiy)Giy)dy . 

-00 Jn J -°° 


Solution to 1 . 632 : Given / and 5, let A : [0, 1] M be defined by 
A(x) = / (v^)- By the Stone-Weierstrass Approximation Theorem [MH93, p. 
284], there is a polynomial P such that 1 Pix) — h(x)\ < e/2 for x e [0, 1], from 
which it follows that 

|p ^x 4 ^ — fix') | = |p ^x 4 ^ — h (* 4 )| < e/2 for x € [0, 1]. 

If P - T!k =0 a k* k > take Co, . . . , C„ € Q such that Y!k=o \ a k — Cftl < e/2. Then 
we have 


n 

c** 4 * - /(*) 


i:c k x“-r akX “ 

+ 

n 

Jfc=0 


iT 

o 

II 

o 


*=0 


1 .7 Fourier Series 


Solution to 1.7.1: 1 . We have, for neN, 

1 f* 

— I fix) cos nx dx = 0 

71 

because the integrand is an odd function. Also 


If* 2 f* 

— I fix) sin nx dx = — / / (x) sin nx dx 

* J-n 71 Jo 



so the Fourier series of / is 


2 


71 


( 


x cos nx 


n 


it 

0 



cos nx 

n 



2 (_iy»+i 
Ti n 



(— iy +1 2 . 

sinn*. 

n 


2. If the series converged uniformly the function / would be continuous, which 
is not the case. 

3. As / and /' are sectionally continuous, we have 



(~l)" +1 2sin/iA: 

n 


fix—) + /(*+) _ { /(*) if x ^ (2 n + 1 )7t 

2 ~ \ 0 if x = (2« -f 1 )tt 


where n € Z. 


Solution to 1.7.2: 1. Since fix) is an odd function, the integrals 


i r 

71 J-n 


fix ) cos nx dx 


vanish for n e N. The Fourier series has only terms in sin nx given by 


1 f n 3 . 
>„ = —•/ x Si 
7T J- n 


sin nx dx. 


2. As / and f are sectionally continuous, we have 


00 


Y m b n sin nx = 

n=l 


fix-) + fix+) 


_ f fix) if x £ 
| 0 if x = 


( 2/1 + 1 ) 7 T 
(2/1 -f 1>7T 


where n e Z. 

3. Using Parseval’s Identity [MH93, p. 577) 


1 00 i fn 

y°0 + Yf- a l + b n) = - / f 2 W dx 

2 «= 1 * J ~* 


and the fact that all a n = 0, 




Solution to 1.73: The answer is no; fix) = 1 satisfies the above equation and is 
not identically zero. 



Solution to 1.7.4: As / is \/2-periodic, we have 


/(n) = f l f(x)e- 2nnix dx = [ l f(x + V2)e- 2mrix dx. 

Jo Jo 

Letting y = x 4- V2, we get 

/(n) = e 2 ”^ 2 / f{y)e- 2nniy dy. 

A/2 


Since / is also 1 -periodic, we have 


/(n) = e 2rari ' /2 



dy = e 2 "’ nV5 /(n). 


e 2nmj2 ^ 1 forn ^ 0, so / (n) = 0 for « ^ 0 and / is constant 

Solution to 1.7.5: Suppose that such an / exists. As the power series for e* 
conveiges uniformly, we have, for/i > 0, 


/(n) = f f(x)e 2n,nx dx — ^ 2nni) ^ C ^ ^ x k j x _2nni. 

h * ! ^0 

This equality contradicts the Riemann-Lebesgue Lemma [MH93, p. 628], which 
says that lim / (n) — 0, so no such a function can exist. 

oo 

Solution 2. From the assumptions the function x 2 / (x) is orthogonal to all polyno- 
mials, so by the Stone-Weierstrass Approximation Theorem [MH93, p. 284] it is 
identically zero, and so it is /(x), which is a contradiction with the first integral. 

Solution to 1.7.6: The Fourier series of / converges to / because /" exists. Let 
the Fourier series of / be 


~ 4* cos nx 4- fi n sin nx). 


oo 


n - 1 


As f" — g- kf is continuous, we obtain its Fourier series by termwise differen- 
tiating the series for /, and get 


kao 

2 


OO 

4* (Jk — n 2 ^ a n cos nx 4- — n 2 ^ fi n sin nx'j — 

i t=l 


ao 

2 


00 

+ y>„ cosnx + b n sinnx). 

n=\ 



So we have 


k ’ 


a n o b n 
— > o * Pn i 


k — n 2 


k-n 2 


for n > 1. 


Solution to 1.7.7: Consider the Fourier series of /, 

oo 

/w = f+£<« * cos /zjc + b n sin nx ). 

/2— 1 

We have a 0 = 0, and, by Parseval’s Identity [MH93, p. 577], 

p2n i x y v r 2n 

f 2 (x)dx = 7 T + ^2) ^ ^ ^ ^ w 2^2 + ^ {f'(x)fdx, 


Solution to 1.7.8: The Riemann-Lebesgue Lemma [MH93, p. 628] states that 
the result is valid for all functions g (jc) of the type 

cos knx and sin knx 

using linearity of the integral the result extends to all finite trigonometric polyno- 
mials 


p{ x) = ak cos knx + b n sin knx . 


k=0 


We will now use the fact that the set of trigonometric polynomials is dense in the 
space of continuous functions with the sup norm (Stone-Weierstrass Approxima- 
tion Theorem [MH93, p. 284]) to extend it to all continuous functions. Given any 
e > 0, there exists a p e (x) as above such that 


lg(*) - Pe(x ) | < £ 


then 


lim f f{x)g{nx)dx — f f(x)dx f g(x)dx 
JQ JO Jo 


( lim f ' 

\n-+oo J 0 


f(x)p e (nx)dx 


-f 

Jo 


f 

Jo 


f(x)dx I p e (x)dx ) ^ 


< lim f f(x)(g(rix) — p e (ttx))dx 4- f f(x)dx f (g(x) - p e (x))dx 

n ~*°° Jo Jo Jo 


< lim f \f(x)\\g(nx)- p e (nx)\dx + 

n~>co Jq 


f\f(x)\dx [' 
Jo Jo 


\g(x)- p e (x)\dx 


f 

Jo 


<2 £ I |/(*)| dx 



1.8 Convex Functions 


Solution to 1.8.1: Let i W = max«[o,i] |/(x)|. Consider a sequence (x„) such 
that *o = 1. and 0 < x n < 3 — satisfies |/(x)| < M/2 n for 0 < x < x„. 
Define g : [0, 1] -»■ [0, 1 ) by $(0) = 0 and, using the fact that x„ 0, 

M „ . M 

8M = t — + (1 - 1)— r 

for 0 < x = lx n+ i + (1 - t)x„, t € [0, 1], n = 0. 1 We have g > / and 

gfa)-gfa+l) _ Mj 2" > «/y~‘ _ g(x n ^i) - g(.x n ) 

Xn Xn-\-\ Xfi -*n-H *n— 1 

so g is concave. 

Solution to 1.8.2: Fbr x ^ y and t € [0, 1], let 

c = (log f(y) - log f(x))/(x - y ) . 

By hypothesis, we have 

e cdx+(l-t)y) /(w + (1 _ t)y) ^ te cx f(x) + (1 - t)e^f(y) 


SO 


f(tx + (1 - t)y) < te c(x ~ yW -'>f(x) + (1 - t)e- c(x -»‘ f(y) 

_ ^ (log / (y)-log /(*)) Cl—/) 4 - (1 - t ) e 0ogf(*)-1ogf(y))t jr^ 

:, m y m+n . o{ mp w 

= /w'/oo 1- ' 


taking logarithms, we get that log / is convex. 

Solution to 1.8.3: Consider an interval [a, b] and suppose that the maximum of / 
does not occur at one of its endpoints. Then, by Weierstrass Theorem [MH93, p. 
189], there is c e (a, b) maximizing /. By the continuity of /, there are intervals 
A = [a, ao] and B — [bo, b] in [a, b] with fix) < /(c) if x lies in A or B. By 
the Mean Value Inequality for Integrals [MH93, p. 457], we have 


m ^ 


H 

ao — a 


f(y)dy + 


u 


2ft 

= /(c). 


f(y)dy + ^rf 

[ao,b 0 } ^ Jb 

n, v . - do x/ x , b-bo s 

f(c) + — — /(*) + —ZT—f(c) 


f(y)dy 


2h 


2h 



This contradiction shows that / must attain its maximum at a or b. 

If L(x) is any linear function, a straightforward calculation shows that L is 
convex and satisfies the mean value inequality above, and that both of these in- 
equalities are, in fact, equalities. Now let L be given by 

L{x) = fr - a)m - (x - b)f{a) 

b — a 

and consider G(x ) = f(x) — L(x). By the linearity of the integral, since / and L 
satisfy the Mean Value Inequality, G does as well. Therefore, G takes its max- 
imum value at a or b. A calculation shows that G(a) — G(b) = 0. There- 
fore, we must have that f(x) ^ L(x) for all x € [a, b]. For any t € [0, 1], 
(1 — t)a + tb € [a, b]. Substituting this into the inequality gives that / is convex. 




2 

Multivariable Calculus 


2. 1 Limits and Continuity 


Solution to 2.1.1: Let x € R n , e > 0, and let B denote the open ball with 
center f(x) and radius e. For n = 1 , 2 ,..., let K n be the closed ball with cen- 
ter x and radius l/n. By (ii) we have p|i° f(K n ) = {/(*)}. By (i) the sets 
OR” — B) fl f(K n ) are compact for n = 1,2,.... They form a decreasing se- 
quence, and their intersection is empty, by the preceding equality. Hence, there is 
an no such that (R* — B) fl f(K n 0 ) = 0, which means that |/(y) — f(x)\ < e 
whenever \y — x\ < 1 /no. So / is continuous at x. 

Solution to 2.1.2: Let (x, y) £ G(g). Then y ^ g(x), and there exist disjoint 
neighborhoods V of y and V' of g(x) in W 1 . By hypothesis, we can find a neigh- 
borhood U of x such that g(U) c V'. Then U x V is a neighborhood of Qc, y) 
disjoint from G(g), and this proves that G(g) is closed. 

The converse is false. Take n — 1, and let g : M — > M be defined by 
g(x) = l/x, forx ^ 0; g( 0) = 0. Then the graph of g is closed in 1 x 1, 
and g is discontinuous at 0. 

Solution 2. Let p : l" x M" I" defined by p(x, y) = y — f(x). Then p is 
continuous and G/ = p~ l (0) is closed being the inverse image of a closed set. 

Solution to 2.1.3: If V ^ R n let x be in the boundary of U. Therefore there is a 
sequence (x n ) of elements of U converging to x. (h(x n )) is a Cauchy sequence, 
so it is convergent, to y say. Let y = h(z). Then z ^ x since z € V and x £ U. 



Then, 


h(x n ) h(z) and x n ■/> z, 
which contradicts the fact that h is a homeomorphism. 

Solution to 2.1.4: We show that / is continuous at (0, 0); for the genera! case, 
use a change of variables. By adding a constant, if necessary, we may assume 
/( 0, 0) = 0. Suppose / is not continuous at the origin. Then, for any e > 0, there 
is a sequence (( x n , y n )) tending to the origin with \f(x n , y n )| ^ £ for each n. 
Since / is continuous in the first variable, there exists a S > 0 such that if \x\ < S , 
then |/(x,0)| < e/2. Applying this to our sequence, we see that there is an 
N > 0, such that if n > N then \x n \ < 5, so \f(x n , 0)| < e/2. However, for 
each such n, /(*„, y) is continuous in the second variable, so by the Interme- 
diate Value Theorem [Rud87, p. 93], there exists y', 0 < y' n < y n , such that 
\f(x n , y ' n ) I = ne/(n -1- 1). Since the y n ' s tend to 0 as n tends to infinity; the y' ’s 
do so as well. Hence, the set E = [(x n , y' n )\n ^ N] U{(0, 0)} is compact. Then by 
our hypothesis, the set f(E ) is compact. But f(E) = {ne/(n + 1) | n ^ N) U {0}, 
and e is a limit point of this set which is not contained in it, a contradiction. Hence, 
/ is continuous at the origin and we are done. 

Solution to 2.1.5: Continuity implies /( 0) = 0, so if any Xk is 0, then so are 
all subsequent ones, and the desired conclusion holds. Assume therefore, that 
Xk 5^0 for all k. The sequence (11**11) is then a decreasing sequence of positive 
numbers, so it has a nonnegative limit, say c. Suppose c > 0. The sequence 
(**), being bounded, has a conveigent subsequence, say (** .), with limit a. Then 
||or || = limy_*oo || Xkj II = c. Hence, |J/(a)|| < c. But, by the continuity of /, 

/(or) = Jim / (x kj ) = lim x kj +u 

J— >oo 7 00 J 

and ||**y+i || ^ c for all j, so we have a contradiction, and the desired conclusion 
follows. 


Solution to 2.1.6: 1. If {ej, . . . , e„] denotes the standard basis of K” and N (e; ) 
the norm of each base vector, then any vector v in the unit sphere can be written 
as 

v = c\e\ H 1- c n e n where 0 < < 1 

so N (u) < |ci|V(vi)H 1- |c rt |JV ( e n ) < n max{Af (e \ ), . . . N(e n )} showing that 

N is bounded on the unit sphere. 

2. Let B be the supremum of N in the unit sphere, then for any vector x ^ y 


y = * + ||y-*|| 


y-x 

lly-Af|| 


so N{y) < N(x) + ||y-*||W 



that is 


N(y)-N(x)^B\\y-x\\ 



changing the places of x and y we then get N(x) — N(y) < B\\x — y ||, that is 


and N is continuous. 

3. Let A > 0 be the minimum of the continuous function N on the compact 
unit sphere, where B > 0 is already the maximum, then 

" w - (r) 

so taking the maximum and minimum over all such v, 

AM < N(v) < B\\v\\ . 


Solution to 2.1.7: 1. Let A be a closed subset of R m , and suppose b € R” \ /(A). 
For r > 0 let B r be the closed ball in R” with center b and radius r. Since B r 
is compact and / is proper, f~ l (B r ) is compact. As A is closed, A D f~ l (B r ) 
is compact. Since f\.> 0 (A n /~ l (#r)) = A fl f~ x (b) = 0, A H / _I (^) = 0 
for some s > 0, so f{A) is disjoint from the neighborhood B s of b, so f(A) is 
closed. 

2. Suppose B is a compact subset of R". Let Ar = [x e R m | II* || ^ R}. 
Since / is closed, /( Ar ) is closed, so /( Ar ) D B is compact. As / is 1-1, 
n*>o(/(^) H B) = 0. Therefore /(A$) fl 5 = 0 for some S > 0, so f~ l (B ) 
is contained in the compact set R" \ As. Since / is continuous, f~ l (B) is closed. 
Therefore f~ l {B) is compact. 


2.2 Differential Calculus 

Solution to 2.2.1: We maximize the function f(x, y) = (x 2 + y 2 )e~ x ~ y ' in the 
first quadrant, x^O and y ^ 0. The function attains a maximum there because it 
is nonnegative and tends to 0 as (*, y) tends to infinity. We have 

= (2x -x 2 - y 2 )e~~ x ~ y , ~ = (2y - x 2 - y 2 )e~ x ~ y . 

dx oy 

The critical points of / are thus the points (*, y) that satisfy 

2x — x 2 — y 2 = 0 = 2y — x 2 — y 2 . 

These equalities imply x — y and 2x 2 — 2* — 0 . Hence, the only critical point 
in the open quadrant is (1, 1). 

On the *-axis, we have /(*, 0) = x 2 e~ x and = (x 2 — 2x)e~ x , so 

df(Q,x) _ _ q on jy f orjc _ o and * = 2. The point (2,0) is thus another candidate 



for the point at which / attains its maximum. By the same reasoning, the point 
(0,2) is another such candidate. The points (2,0) and (0,2) are the only candidates 
on the boundary of the quadrant. 

We have 


/( 1,1) = 2e 


— 


/( 2, 0) = 4e~ 2 = /( 0, 2) . 


Hence, the maximum value of / in the quadrant is 4e 2 , that is 


-2 


(x 2 + y 2 )e * y < 4e 

* 2 + y 1 < f+y-2 

4 ^ 


for x ^ 0, y ^ 0. 

Solution 2. Letting u = t + 1 in the inequality e' ^ t + 1, which holds for any 
real t , we get c u_1 ^ m. For u — x/2 + y/2 we obtain 

i±x_ i ^ * + y 

£ 2 * > — — . 


As 


x +y 
2 




, squaring we get 





* 2 + y 2 

4 


Solution 3. On each level set jc + y = k the maximum for the left-hand side occurs 
at the extremes, where one of the variables is equal to 0. To see this observe that 
x 2 + y 2 is the square of the distance of (x, y) to the origin, which is maximal at 
the extremes of the segment x + y = k in the first quadrant. So we only need to 
prove that 



but this can be easily seem by the same argument as in the last solution, u < 
e u ~ x , substituting u = x/2 and squaring both sides. Alternatively, we can also 
differentiate the function /(x) = e~ x x 2 to see that the maximum for positive 
values of x happens at 2 and then obtain the inequality again. 

Solution 4. On each quart-of-circle 0 ^ #7r/2 of radius r the maximum of the 
left-hand side is r 2 /4 and the value of the right-hand side is 

g r(cos0-fsin0)— 2 


which is a one variable function assuming the minimum at the extremes 0 and 
7 t/ 2, where the value is e r ~ 2 . Using the same argument as before we complete the 
proof. 



Solution to 2.2.2: Let the arc length of the circle between the points of contact 
of the (i — l)th and ith sides be 2 <pi. The area of the corresponding part of the 
hexagon is tan w , the total area is A = Ya=\ tan <pi . This is the function to be 

minimized on (0, n/2) 6 with the restriction £?=i <Pi = n. Since A is a convex 
function on (0, tt/2) 6 c M 6 , any critical point is an absolute minimum. 



We use the method of Lagrange Multipliers [MH93, p. 414]. Lagrange’s equa- 
tions for a critical point are sec 2 <pi = X, which are satisfied by <pi = n/6 , corre- 
sponding to a regular hexagon. The minimal value of A is 2*/3. 

Solution 2. With the same notation as above, the function tan is convex in the 
interval (0, n/2), so, by Jensen’s Inequality [Str81, p. 201], the minimum for 
the area will happen when all angles are the same, that is, when the hexagon is 
regular. 

Solution to 2.23: 1. \f(x, y) J < 2 y jx l + y 2 , and when (x, y) approaches the 
origin the limit is 0, and so is the limit of /( x, y). 

2. Computing the the directional derivative of / in the direction of (x, y) with 
y ^ 0, we have 


lim 


fihx, hy ) 

h 


= lim 
0 


^1 — cos 




and in the direction of the x-axis the limit is trivialy zero, because the function is 
identically zero. 

3. From the previous calculation, we know that , if / were differentiable, the 
derivative would be zero, and then the quotient 


yjx 1 + y 2 

as (x, y) -» (0, 0), but is false. To see it, approach the origin following the curve 
y = x 2 /jr, the limit of the quotient is then 1 — cos jt = 2. 



Solution to 2.2.4: The function / is differentiable at the point z = (*o. yo) € U 
if there is a linear transformation f'(z) e L (R 2 , R 1 ) such that 


lim 


m 



Continuity of the partial derivatives is a sufficient condition for differentiability. 
A calculation gives 


df 

dx 


(x, y ) 


f (4/3)jc I / 3 siny/jc — yx 2 ^cos y/x if x^O 
{ 0 if x — 0 


v\-l x l/3 cos(y/x) if x#0 
dy K >y) ~\ 0 if jc = 0 


which are continuous on R 2 \ {(0, y) | y e R}. Thus, / is differentiable there. At 
any point (0, y), we have 


iMjfmn.ow »-»> 

II (h, k) || 

so / is differentiable at these points also. 

Solution to 2.2.5: Let A = (ajk) be the Jacobian matrix of F at the origin. 
According to the definition of differentiability we have F(x) = Ax + R(x) with 
lim ||/?(*)||/M = 0. Moreover, 



where we used Cauchy-Schwarz’s inequality. 

Choose e positive such that ||«U)||/|U|| < 1 - ^ for |UII < e, for these 
values of x, we have 


If toll $ II Aril + H«(x)|| Vc|U|| + (1 - Vc) ||jt|| = IUII , 


hence F maps the ball centered at 0 with radius e into itself. 



Solution to 2.2.6: The Jacobian determinant of / is given by 

"<*• » - - ( % *4 + - » . 


The derivative £>/(*, y) is invertible exactly when Jf(x, y) ^ 0, thus if and only 
if p'(x + y)p'(x -y) £ 0. 

Since p has positive degree, its derivative p' is not identically zero, so it has 

only finitely many zeros, say Xj k n . The set { Jf = 0} is the union of finitely 

many lines, the lines x + y = k ky k = 1, . . . ,n, and the lines x - y = \ ky 
k = 1 , . . . , n. This is a closed nowhere-dense set, so {Jf ^ 0} is an open dense 
set. 


Solution to 2.2.7: We have 


Vfc(x, y ) = (g'(x)g(y), g'(y)g(x)) . 


For the desired condition to hold, Vh(x, y) must be a scalar multiple of (x, y), at 
least for (x, y) (0, 0). Thus, 


g'CQgCy) _ g'Cytefr) 
x y 

assuming xy ^ 0. This can be written as 


g^c) = g\y) 
xg(x) yg(y)’ 


which implies that 


g\x) 


Xg(x) 

for g has the general solution 


= A 


— constant. The preceding differential equation 


g(x) = Be A * 2 t 2 


with B a constant, positive because g is positive by assumption. Every such g 
obviously has the required property. 


Solution to 2.2.8: Since / is continuous and is connected, f(R n ) is connected. 
We will prove that /(R rt ) is both open and closed in M”. This will imply that 
/(IT) = M", because /(IT) ^ 0. 

Let y = /( x) € f(M. n ). As the rank of (df /dxj) is n, by the Inverse Function 
Theorem [Rud87, p. 221], there are open neighborhoods V x and V y of x and y 
such that f\y x : V x V y is a diffeomorphism; therefore, V y is an open neigh- 
borhood of y, and f(M. n ) is open. 

Let (y„) be a sequence in /(M") converging to y € M”, f(x n ) — y n , say. 
The set K — {y„ \n e N} U {y} is compact; therefore, f~ l (K) is also com- 
pact But {x„\ n e N) c therefore, it contains a convergent subse- 
quence, say (x nj ) with x nj -> x € R n . Since / is continuous, f(x nj ) f(x). 

But lim y n . = y; therefore, f(x) = y, and /( R n ) is closed. 

j-+oo 1 



Solution to 2.2.9: We have R 2 = f(S) U (R 2 \ f(S)) where S is the set of 

singularities of /. It suffices to show that / maps R = R 2 \ f~ l (/($)) onto 
R 2 \ f(S). f(S ) is finite, so R 2 \ f(S) is connected. As f(S) is closed, R is open. 
It suffices to show that f(R) is open and closed in R 2 \ / ( S ). 

As RDS = 0, by the Inverse Function Theorem [Rud87, p. 221], / is invertible 
in a neighborhood of each point of R. Hence, locally, / is an open map, and as 
the union of open sets is open, /(/?) is open. 

Let £ be a limit point of f(R) in R 2 \ /(£), and (£ w ) be a sequence in f(R) 
converging to £. The set (£„) is bounded, therefore, by hypothesis, (/ _1 (£n» is 
bounded. Let (x n ) be a sequence such that f(x n ) = % n - This sequence is bounded, 
so it must have a limit point, x, say. As / is continuous, we have fix) = £. Since 
£ i /OS), x i )), so * € R. Therefore, £ € /(/?), so f(R) is closed in 

K 2 \ f(S). 

Solution to 2.2.10: Consider the scalar field G : R n R given by 
G(y) = || V/(y)|| 2 . We have 



By the hypothesis, we have G(x) = 0, G is C 1 , and G'(x) 5^ 0. Therefore, by the 
Inverse Function Theorem [Rud87, p. 221], G is locally a diffeomorphism onto a 
neighborhood of 0 in R. In particular, it is injective in some neighborhood of x> 
so it has no other zeros there. 


Solution to 2.2.11: 1. Since / is C 2 , we can expand / in a Taylor series [MH93, 
p. 359] around a and obtain 

f(a +h) = f(a) + f'(a) ■ h + If "(a) ■ h 2 + 0(|ft| 3 ) (h -* 0) 

where f"(a) ■ h 2 = h* Hh = [h,Hh),H = and the big Oh notation 

means that for h in some neighborhood of 0, h € Vo, we have |0(|/r| 3 )| < K\h\ 3 
for some K > 0. 

The hypothesis that a is a critical pointimplies that f'{a)-h = 0 for all h € R", 
and the hypothesis that H is positive definite implies that {h, Hh) > 0 for all 
h € R” and zero only at h = 0. Therefore, all the eigenvalues of H are positive 
and there exists some c > 0 such that (h, Hh) > c\h\ 2 (namely c is the minimum 
of all the eigenvalues, which are all real because H is symmetric, by the Schwarz 
Theorem [HK61, p. 340]). Let W a = [a + h | h € V 0 , \h\ < c/k). We have 

f{a + h)-f{a) = (h, Hh) 4- ^ c\h\ 2 -4* 0(|/i| 3 ) 

^ c\h\ 2 - K\h \ 3 = \h\ 2 {c - K\h\) > 0 

which shows that f{a + h) > f(a) for h 0 and h 6 and, therefore, a is a 
local minimum. 



2. Assume / has two critical points, p\ and p 2 - Since the Hessian matrix is posi- 
tive definite, p\ and p 2 are local minima. Let tp\ + (1 — t)p 2 , t e M, be the line 
containing p\ and p 2 - Consider the real function g given by 
g(t) = fit pi + (1 — t)p 2 ). g has local minima at t = 0 and at t — 1. Therefore, 
g has a local maximum at some to € (0, 1). We have g"ito) ^ 0, but 

g”(to) = f'itpi + (1 - to)pi)iP\ - pif = {pi ~ P2, HiP\ - Pi)) 

and our assumptions on H imply {p\ — P 2 , Hipi — p 2 » > 0, a contradiction. 

Solution to 2.2.12: As the Laplacian of / is positive, the Hessian of / has positive 
trace everywhere. However, since / € C 3 , for / to have a relative maximum its 
Hessian must have negative eigenvalues and so its trace must be negative. 

Solution to 2.2.13: With respect to polar coordinates r, 6, we can write u as 
w(r, 6) = r d g{9). We need the expression for the Laplacian in polar coordinates, 
which one can derive on the basis of the easily obtained identities 

dr _ x dr _ y d$ _ sin0 dy _ cos0 

dx ~ r * dy r * dx r dr r 

After some computations one finds that 

a 2 a 2 a 2 l a l a 2 
A = aF + a? = d? + 7¥ + *W 


Hence 

O = A(r d g(0)) = d{d- 1 y- 2 g(6) + dr d ~ 2 g(9) + r''- V(0) 

= r d - 2 (d 2 gm + . 

Thus g must be a solution of the ordinary differential equation g" + d 2 g = 0. 
This equation has the general solution 

g{6) = a cos d6 +bsind0 . 

Since g must be 27r -periodic, d is an integer. 

Solution to 2.2.15: The derivative of T is given by 

CT =(! 2v) 

which is always nonsingular since det(Z)7’) = 2v — 2u is never 0. By the Inverse 
Function Theorem [Rud87, p. 221], this means that T is locally one-to-one. 

2. Considering the function /(w, v) = u+v restricted to u 2 +v 2 = y, we conclude 
that —y/2 y ^ u v < V2y; therefore, the range of T is 

{(*, y) I y > o » -y/^y ^ x < v^y} • 



Let (x, y ) € range(T). u+v = x is the equation of a straight line with slope — 1 in 
the «, u-plane which intersects the circle w 2 + v 2 = y centered at the origin with 
radius *Jy. These two lines intersect exactly at one point in U, so T is globally 
injective. 


v 



Solution to 2.2.16: Letting f\ and fz be the components of /, we have 

I'l/WI 2 = 2/,/,'(r) + 2 hfW). 

Assume t > 0 and use the Mean Value Theorem [Rud87, p. 108] to rewrite the 
right side as 

2' (/,'(? l )/,'(0 + /2( l 2)/ 2 '( f )) 

where 0 < fi = fi(r) < t and 0 < £2 = fc(f) < t. As t \ 0, the continuity of 
f gives 

/i'(fi)/i'(o + — >• n/'(0)ii 2 > 0. 

Hence, there is an e > 0 such that -7- i|/'(r)|| 2 > 0 for 0 < r < e, and the desired 

dt 

conclusion follows. 

Solution to 2.2.17: For X e E, we have 

||A-X|| 2 = (1 - x) 2 + y 2 + z 2 + (2 - r) 2 

= y 2 + z 2 + 1 — 2* + * 2 + (2 — r) 2 
^ ±2yz -f 1 — 2x + 2|jcJ(2 — /) 

= 4\x\ -2x + 2(±yz - |*|0 + 1 . 



We can choose the sign, so ±yz -\x\t = 0 because detX = 0. As4jx|-2x ^ 0, 
we have \\A — X|| ^ 1 with equality when 4 |jc1 — 2jc = 0, |jc| = 2 — t y y = ±z , 
and detX = xt — yz = 0, which give 5 = !J). 

Solution 2. We can use the Method of Lagrange Multipliers [MH93, p. 414] to 
find the minimum of the function 

d(x , y, z , /) = (x - l) 2 4- y 2 4-z 2 4- (/ - 2) 2 
over the surface defined by X) = det~ l ( 0). Setting up the equations 


x — l — Xt 

y — -Xz 
Z = -Xy 
t — 2 = Xx 

substituting the third equation into the second we see that if y / 0 then X = ±1, 
and substituting back into the first and last equations we get a contradiction, so 
indeed y = 0, and then so is z = 0. Now solving the first and last equations 

together we find 

2X+1 

X ~ 1-A.2 
A. 4*2 

To have determinant zero then either X = —1/2 or X = —2, and the two matrices 

&T6 

cs) - as) 

and we can easily see that (q !J) is the closest one. 

Solution to 2.2.18: Let d denote the Euclidean metric in R 3 . We first prove that 
there exist p e S and q € T such that d(p, q) — d(S, T), where 

d ( 5 , T ) = inf {d(s, t) \ t € T) 


and 


d(S, T ) = inf{d(5, t)\seS,teT) 

= inf [d(s, T)\seS). 

The function S R defined by x i-> d(x, T ) is continuous and attains its 
infimum on the compact set 5, i.e., there exists p € 5 such that d(p, T) = 
d(S, T ). The function (p : T R given by x x) is continuous, and 

inf^ (p = infj/ (p where T' is the compact set 

r' = {x€r|J(x,/7)<J(5, T)4- 1). 



Hence there exists q € T' C T such \hatd(p, q ) = d(p, T) = d(S, T ). 

If (*, y,z) e S then z > 9, whereas if (x, y,z) € T then z ^ 1. Therefore 

p £ q. Now 5, T are level sets of 

gi ( x , y, *) = 2x 2 + (y - l) 2 + (z- 10) 2 
g 2 (x, y, z) = z(x 2 4- y 2 + 1) 


respectively. 

Define, onE 3 x E 3 , 

F(x, y, z, u, v, w) = (x- u ) 2 + (y - t>) 2 + (z - u>) 2 
/i (jc, y, z, u, v, w ) = gi (x, y, z) 
fliXt y, Z, K, V, M>) = gl(u, W. «>). 


Then S x T = {($, n) e K 3 x M 3 1 /i (f , q) = 1 , / 2 (|, r>) = 1}. We showed above 
that there exists (p,q) e SxT which minimizes F on S x T. For (£, rj) e SxT, 
the two vectors V/i (£, q) = (Vgi(£), 0), Vjfe (£ , ??) = (0, Vg2(*7)) are linearly 
independent. 

By Lagrange’s Multiplier Theorem [MH93, p. 414], there exist X, pu € E such 
that 

VF(p, #) = XV/j ( p , tf) + pVf 2 (p, q). 

Now 

VF(p, *) = (2(p - <?), — 2(p - q )) , 


and 


X V/T (/?, 2 ) 4- pH flip, q) = A, (Vgi(p), 0) -f p (0, Vg 2 {q)) 

= (>-V£i(/?), pVg 2 {q)). 

It follows from the equations above that \XVg\{p) = p — q = — ^/zVg2(#)- 
None oi p — q, Vg\ (p) and Vg2(<? ) are zero. Thus the vector p — q is parallel to 
both Vgi(p) and Vg 2 {q\ from which the result follows. 

Solution to 2.2.19: Each element of P 2 has the form ax 2 + bx + c for (a, b , c) € 
E 3 , so we can identify P 2 with E 3 and J becomes a scalar field on E 3 : 

. f 1 , 2 , . , v2 . 2ac b 2 « 

J{a,b,c) — / (ax z +6x + crdx = - r + -- + — + — ■ +bc + c 2 . 

JO 3 Z 3 3 


To Q corresponds the set {{a, b, c ) | a-pb-Fc = 1). If J achieves a minimum value 
on Q , then, by the Method of Lagrange Multipliers [MH93, p. 414], we know that 
there is a constant A. with V J = XV g, where g(a,b,c) = a + b + c - 1 . We have 



2 a b 

T + 2 + 


2c a 2b 2 a 

7* 2 + T + c> T +b+2c 


) 



and Vg = (1, 1, 1). These and the constraint equation g(a, b,c) = 0 form the 
system 

( 2/5 1/2 2/3 -l\ /a\ /0\ 

1/2 2/3 1 -1 lb _ 0 

2/3 1 2 -1 \c ~ 0 

1 1 1 0 ;w W 

which has the unique solution k = 2/9, (a, b , c) = (10/3, —8/3, 1/3). There- 
fore, if J attains a minimum, it must do so at this point. To see that J does attain 
a minimum, parameterize the plane Q with the xy coordinates and consider the 
quadratic surface with a linear z term defined by z = J(x, y, 1 — x — y) in R 3 . 
The surface is the graph of the map J : P 2 -> R. Rotating around the z-axis will 
eliminate the xy cross-terms in the equation, reducing it to the standard equation 
of either an elliptic paraboloid or a hyperbolic paraboloid. However, J is always 
nonnegative, so the surface must be an elliptic paraboloid and, as such, has a min- 
imum. 


Solution to 2.2.20: First observe that the group of orthogonal matrices is transitive 
in R” , that is, given any two vectors u and v there is a orthogonal matrix A, such 
that Au = v. Now using the Cauchy-Schwarz Inequality [MH93, p. 69] we see 
that the maximum and minimum of the inner product of any two vectors of the 
same size is ±||v|| 2 and they are both achieved when the vectors are the same 
and have opposite directions, respectively. So the maximum of the function / is 
achieved on the matrices that leave vo invariant and the minimum on the ones that 
reverse it. 

Solution to 2.2.21: Let e\ , . . . , e n be the unit vectors in R” . Let a, b € W be such 
that b = a + hej for some h > 0 and some l ^ j ^n, and that the line segment 
[o, b] = {a + tej 1 0 ^ t ^ h) lies in W. The function t f(a + tej ) has 
derivative Djf = 0, by hypothesis. By the mean value theorem, f(b) — f{a). 

In order to prove that / is constant, it is therefore sufficient to note that any two 
points in W can be joined by a sequence of line segments in W each of which is 
parallel to some axis of R w . 


Solution to 2.2.22: Let 




Then 


dg _ y 2 -X 2 _ df 
dy (x 2 + y 2 ) 2 dx 
Let y be the curve in A given by 

( x , y) = (2cosr, 2sin/), 0 ^ ^ 27T . 


Then 


J g(.x,y)dx + f(x,y)dy = J^ ^ 


** /-2sin/ . . . , 2 cos t \ 

l — - — (— 2sm OH — (2 cos 01 dt 



r 2 k 

= / dt 

Jo 

= 2 n . 

Suppose there is a function h such that (g, f) — Vh — (|j, |^). Then, since y is 
closed, by the fundamental theorem of vector calculus, we obtain 

f gdx-\- fdy -0. 

Jy 

which contradicts the calculation above. 

Solution to 2.2.24: Let (x, t) € M 2 . By the Mean Value Theorem, [Rud87, p. 
108] and the hypothesis, we have, for some (£, rj) in the segment connecting 
(x, y) to (x + y, 0), 

fix , 0 - fix +t, 0) = £>/(£, ri) • ((x, t)-ix+ tj 0)) 

= 0 

so /(x, 0 = /(x -f- r, 0) > 0. 

Solution to 2.2.25: Given two points x and y € M" one can build a polygonal 
path from x to y with n segments all parallel to the axis (adjusting one coordinate 
at a time). Applying the Mean Value Theorem [Rud87, p. 108] to each of the 
segments of the path, we have 




I/(* 1 » • • • » Xi~l,Xi, y/+i, . . . , y n )—f(x\, . . . , Xi-i, yi , y/ + 1 , . . . , y w )j ^ K\x t —yi\ 
and then 


1 / W / Wl ^ ^ ] 1 ^ C^l » • • • » X( t y/+l, • • • » JVi) 

i=l 

/ C^l » • • • » Xi—i , y/ , 37+1 » • • • » yn)| 

n 

^ k Y! to - )*i- 

i=i 

Now applying the Cauchy-Schwarz Inequality [MH93, p. 69] to the vectors 
(1, 1, . . . , 1) and x — y, we get 


l/W - /OOI < * 


n 


E» 

\ii=i 


f2 


E ~ ><i 2 


= ^ Bjc - yll - 


Solution to 2.2.26: Let ((xi , . . . , x n ))k be a sequence in M" converging to 0 e M”. 
This sequence is Cauchy, so there is an TV > 0 such that if k,l > N , then for 
each of the coordinates we have |x/* - xu\ < e/2nM. Then we draw a polygonal 
path, as in the Solution to Problem 2.2.25, from (xj *, . . . , x nk ) to (jci /,..., x„i), 
parallel to the axes. 

If this path does not goes through the origin, then as before 

n 

\f(Xlk Xnk ) - /(*ll, .... Xrd ) | \Xik - X«| < £ 

1=1 

and if the origin is in one of the segments of the polygonal path, we can perturb it 
a bit, by traversing in the same direction but e/4 M away from the origin. On this 
altered path 

n 

E S 

\xik XU | “I - 2M ^ £ 

i=l 

in both case the sequence (f{x \ , . . . , x n )) k is Cauchy and, thus, it converges. 
Given any other sequence ((yi, - . - , y n ))k, an identical argument shows that 
|/(x;„, . . . , Xi„) — f(yi „ , . . . , y/„)j tends to 0, so all sequences must converge 
to the same value, which can be defined as the continuous extension of / to the 
origin. For n — 1, consider the function f(x) = 1 if x < 0 and /(x) = 0 if 
x > 0. 



Solution to 2.2.27: 1. The answer is no, and a counterexample is the function 


/(*. y ) 



for(x, y) £ (0, 0) 



/ is differentiable everywhere, but cannot be extended continuously to the origin, 
because it is constant equal to k/( 1 + k 2 ) on each line y = kx passing through 
the origin. 

2. The answer is again no, with the counterexample a variant of the previous one, 

the function 

xy 2 

g(x,y) = - 2 ~ 2 311(1 g(0, 0) = 0 

x l + y l 

g is now continuous everywhere, but not differentiable because the directional 
derivative does not depend linearly on the vector. Let (u, v) ^ (0, 0). We have 


g((0,0) + /( M , v))-g(0,0) uv 2 

lim = lim t—z r 

/->0 t r-» o + u z 



So the directional derivatives at the origin exist in all directions. If g were differ- 
entiable at (0, 0), as all the directional derivatives vanish there, we would have 
Dg( 0, 0) = 0 (the zero linear map). Then, by definition of differentiability, we 
would have 

g(x, y) = o(|l(x, y ) ||) ((*, y) (0, 0)) 

which is absurd, since 


lim 




= lim 


II (* , y ) II 2x 2 \/zP 

^ / 


0 . 




Both examples are from [Lim82]. 

Solution to 2.2.28: A simple counterexample is 

ftx y) = l * if y = 0 
Jy ,y> | 0 . f y ^ Q 

and not even continuity at the origin and C 1 on the rest of the plane is enough 
to guarantee differentiability, as shown in the counterexample of Problem 2.2.27, 
Part 2. 

Solution to 2.2.29: Let s > 0. By the hypothesis, there is 8 such that 
|| £>/(«;) || < £ if || i^H <8. For j|jc|l < 5, by the Mean Value Theorem [Rud87, p. 
108], applied to the line segment joining 0 and x, we have 

!!/(*) - /(O)ll < \\Dfm\\ ||x - Oil < e\\x\\ for some 0 < £ < 1, 

which implies differentiability at the origin. 

Solution to 2.231: Define / : 3R 2 -> 3R by 

J r(x,y) 

' udx + vdy , 

( 0 , 0 ) 

the line integral taken along the straight line segment from (0, 0) to (x, y ). Fix 
a = {a\> 02 ) € M 2 , and t 0. Using Green’s Theorem [Rud87, p. 253], on 
the triangle with vertices (0,0), (a 1 , 02 ) and («i + t, 02 ), the parametrization 
x = a\ + r, y — 02 , 0 < r < r, and the mean value theorem for integrals, we 
obtain 

m +t, ai) -f(a u a 2 ) 1 

1 7 ( 01 , 02 ) 


t 


udx + vdy 


-if 

t Jo 


u(a\ + x,a 2 )dx 


= m(«i + 0L «2> for some 0 < 0 < 1 . 

df .... 9/ 

Taking the limit when f -> 0; we obtain — = « and similarly, — — v. 

2. Let £/ = R 2 \ {0}. If such a function /:£/-► R existed then, for any closed 
curve C in I/, 

3£d* + jS£*-o. 

9x 9y 

However, for the unit circle with the parametrization x = cos t , y = sin f , 

0 < t < 2jt, 


L 


L 


-y 


c* z + r 


dx + 


x 2 +y d 


dy — 2 n. 


which is a contradiction. 


Solution to 2.232: The answer is no; to see it, consider the function 
/(x,y,z) = 1 -x 2 -y 2 - z 2 . 

Solution to 2.233: Fix a point x € R 71 . By the Chain Rule [Rud87, p. 214], 


D(g o /)(*) = «Dg) (fix))) (( Df)(x » = 0. 


The transformation (£>g) (/ (x)) : R” R is nonzero because g has no critical 
points. The preceding equality therefore implies that the transformation 
(D /)(x) : R” -> R 7 * is noninvertible, so its determinant vanishes. That deter- 
minant is the Jacobian determinant of / at x. 


Solution to 2.234: 1 . Let F : R 2 R be defined by F(x, t) = /(x) — tg(x). 
Then F is a smooth scalar field with F( 0, 0) = 0 and 


9F 

9x 


(0, 0) = /'( 0) - 0g'(0) 



Therefore, by the Implicit Function Theorem [Rud87, p. 224], there exists a pos- 
itive 8 such that, for \t\ < 5, x is a smooth function of f, with x(0) = 0. 

2. Differentiating both sides of /(x(f» = tg(x(t)) with respect to t, we have, for 

\t I < 5, 


*'(» = 


8(0 

no 


As x(0) = 0, the desired expansion of x{t) is 


8 ( 0 ) 
/'( 0 ) 


Solution to 23.35: Subtracting the second and third equations from the first we 
get m 4 — 3m = 0, so that u = 0 or u = \/3. 



If u = 0, then 


3x 4- y — z = 0 
x — y 4- 2z = 0 
2* 4- 2y — 3z = 0 

whose solution is given by x = — z/4, y = 7z/4. 

If w = -v^3, then 

3* + y - z = -3^3 
x — y 4- 2z = —y/3 
2* 4- 2y — 3z = —2^5 

whose solution is given by x = —(z/4) — v^3, y = 7z/4. 

The solution set of the system of equations is a disjoint union of two parallel 
lines in R 4 : 

(x, y, Z, «) = zf“, l.o) 

(x, y, z, u) — z (-i, I.l.o) + (—■ 3^3, 0, 0, -^5) . 

Thus, for any e > 0, the system can be solved for (x, y, z) as a function of 
z € [—€, €], with*(0) = y(0) = w(0) = 0. Namely, let A, B be disjoint sets with 
A U B = [— €, ej \ {0), and define 

{ — z/4 z € -A f 0 z € A 

-(z/4) - y/3 zeB y(z) = 7z/4 w(z) = | ^3 z 6 B 
0 z = 0 l 0 z = 0 

The function y(z) is unique, continuous, and differentiable. Neither functions 
x(z) and w(z) are unique. The function jc(z) is continuous, and differentiable, if 
and only if B = 0. The function w(z) is continuous, and differentiable, if and 
only if B = 0. 

2. We have seen above that the system has a solution if and only if u = 0 or 
u — y/3. So if 0 < u < y/3, the system has no solutions. Thus, the system cannot 
be solved for (x, y, z) as a function of u e [—6, 5], for any 8 > 0. 

Solution to 2.236: Parametrizing the circle by the angle #, the function becomes 

f a b (#) = a sin 2 # 4- b cos # 

and the derivative is 

f ah (0) = 2a sin 0 cos # — b sin# 

= sin#(2tf cos# — b) 



So f a ,b always has at least two critical points at 6 — ijr/2 and maybe two 
additional ones when cos0 = b/2a. For this to happen \b/2a\ ^ 1, that is, the 
(a, b) region is the region in between the lines b — ±2 a, containing the x-axis, 
including the lines itself and excluding the origin. 

Solution 2. Using the method of Lagrange Multipliers [MH93, p. 414] for f a% b 
and g(x, y) = x 2 + y 2 , we end up with the system of equations: 

b — Xx 
2 ay = Xy 
x 2 + y 2 = l. 

From this we can easily see that the pair (*, y) = (±1,0) is always a critical 
point, and if we suppose y ^ 0 then A = 2 o, which implies that the pair of points 

( b V4o 2 -fc 2 \ 

[to’* 2 —j 

might be two additional critical points. They will occur only when a ^ 0 and 
4 a 2 — b 2 ^ 0 , that is \b\ ^ 2\a\ t that is, the region in between the lines b — dt2tf , 
containing the x-axis, including the lines itself and excluding the origin. 

Solution to 2.2.37: Consider the function G : E 2 -> E 2 given by 

Since Vu and Vv are linearly dependent and Vu is never 0, G' has rank 1 every- 
where. Therefore, by the Rank Theorem [Bar76, p. 391], given a point po € E 2 , 
there is a neighborhood V of po, an open set W c E 2 , a diffeomoiphism 
h :W V, and a C^-function g = (gi, gi) : E -> E 2 such that G (/*(*. y)) = 
g(x) on W. So g\ (x) is never 0. Therefore, by the Inverse Function Theorem 
[Rud87, p. 221], gi is locally invertible. By shrinking the set W (and so the 
set V), we may assume that it is invertible. Therefore, gj -1 {u {h(x, y))) = x 

or g 2 ° gf 1 (« ( h{x , y))) = v (k(x, y)) for all (x, y) € W. Since h is a diffeomor- 
phism of W onto V, it follows that g 2 <>gf 1 (m(x, y» = v(x, y) for all (x, y) € V . 
F = g 2 o gj -1 satisfies the required condition. 

Solution to 2.2.38: The conclusion is trivial if / is constant, so we assume / is 
not a constant. There is (xo, yo) e E 2 such that Df(x o, yo) ^ 0. After perform- 
ing a rotation of the coordinates, if necessary, we assume /*(xo, yo) 0. Let 
a = /(xo, yo), and consider the function F : E 2 -» E 2 given by 

F(x, y) = (/(x, y), y) . 

The Jacobian of F is nonzero at (xo, yo). so, by the Inverse Function Theorem 
[Rud87, p. 221], the function F has a local inverse, G, defined in a neighbor- 
hood of {a, yo). Thus, F (G(a, yo)) = («, y) for all y in some closed interval / 



containing yo. Let y be any one-to-one map of [0, 1] onto I. The function 

g(0 = G (a, y(/)) (t € [0, 1]) 
has the desired properties. 

Solution to 2.239: Consider F : M 2 M 2 given by 

y ) = ( fix ), -y + xf(x )) . 

A calculation gives that the Jacobian of F at (jco, yo) is — f'(x o) ^ 0. So, by 
the Inverse Function Theorem [Rud87, p. 221], F is invertible in a neighborhood 
of (*o, yo)- Similarly, / has a local inverse, g, close to xo. In a sufficiently small 
neighborhood of (*o, yo) we can then solve for each component of F -1 explicitly 
and get 

8(u) = g (/(*)) = x 
and 

y = -u + xf(x ) = -v 4- g(M)/(g(M)) = “U + Wg(w). 

Solution to 2.2.40: / is clearly a C°° function, so 

/(X + hY) - /(X) = (X + hY)(X + /iK) - X 2 

= /iXr + hYX + h 2 Y 2 

therefore 

/'(X)-y = xy + yx 

Solution to 2.2.41: 1. Let F : M 4 R 4 be defined by 

F( x, y, z, to) = (* 2 + yz, y(x + w), z(x + tv), zy + tv 2 ) . 

This map is associated with the given map because 

{ x y \ 2 / x 2 + yz y(x H- to) \ 

\ z tv ) \ z{x -f to) zy + w 2 ) * 

The Jacobian of F at (1, 0, 0, 1) is 2 4 ; therefore, F is locally invertible near that 
point. 

2. We have F(l, e , e , -1) = (1, 0, 0, 1) for any e , so F is not invertible near 
(1,0, 0,-1). 

Solution to 2.2.42: Identify the matrix X = (^)with the element of (x, y, z, w) 
e M 4 in the usual way. Let F be defined by F(X) = X 2 4- X 1 . We have 

( 2x + 1 z y 0 \ 

y x+w 1 y I 

z 1 x+w z I 

0 z y 2w + \ ) 


DF(X)(x, y, z, w) = 



so 


DF(X)( 0, 0, 0, 0) 


/l 0 0 0\ 
0 0 10 
0 10 0 
^ 0001 / 


is invertible; therefore, by the Inverse Function Theorem [Rud87, p. 221], there 
is such an s. 

Global unicity fails for X = (~q jj) since X 2 + X r = 0 = 0 2 4- O'. 


Solution to 2.2.43: Since F(0) = 0 and F is clearly a C°°-function, the In- 
verse Function Theorem [Rud87, p. 221] will yield the result if we can prove that 
DF(0) is invertible. We have 


F(X+hY)-F(.X)=X+hY+(X+hY) 2 -X-X 2 =hY+hXY+hYX+h 2 Y 2 


therefore, 


DF(X)Y = Y +XY + YX. 


In particular, DF (0) is the identity operator which is invertible. 


Solution to 2.2.44: Define the function F : M nxn ->- M„ x „ by F(X) = X 4 
F is clearly a C°°-function and F(7) = /, so the Inverse Function Theorem 
(Rud87, p. 221] will yield the result once we prove that DF(I ) is invertible, but 
the computation of the derivative, as above, is 


DF(X ) Y = X 3 Y + X 2 YX + XYX 2 + YX 3 . 


In particular, DF(I) — 4 1 which is invertible, showing that F is a diffeomor- 
phism in a neighbourhood of the Identity matrix. 

Solution to 2.2.45: 1. Using the method of Laplace Expansions [HK61, p. 179] 
we can see that finding the determinant involves only sums and multiplications 
of the entries of a matrix, therefore, it is a C°°-function. 

2. For i, j = 1 , . . . , n, let xy denote the (i, j) th entry of X, and let Xij denote the 
cofactor of x t j , so that 


n 


det(X) = Y^XjjXjj (i as 1, . . . , n) . 
7=1 


Since 


ax/* 


= 0 for each i, j, k, it follows from the preceding expression that 



Thus, X is a critical point of det if and only if X y = 0 for every £ and j or, what 
is equivalent, if and only if the rank of X does not exceed n- 2. 



Solution to 2.2.46: u(t) is differentiable as the composition of differentiable func- 
tions, and the derivative can be computed using the chain rule. 

u'(r) = tr(F 2 (/)F'(r) + F(t)F'(t)F(t) + F'(r)F 2 (f)) 

= tr(F 2 (f)F'(f)) + tr(F(f)F'(r)F(/)) + tr(F'(r)F 2 (r)) 

= 3tr(F 2 (r)F'(r)) . 


Solution to 2.2.47: Let Aj be the 1-column matrix 



so A is the matrix whose column j is Aj , that is, A = (A \ , . . . , A n ). Since det is 
an n-linear function of (R /Z ) n into R, the derivative is given by 


f ft / f 

— det(ri) = ^detMi, .... — 

Aj , . . . , An ^ . 


Let A(i, j ) denote the cofactor of a t j, that is, 




All 

• 

0 

a \ j—1 

• 

• 

Aj y+i ... 

• 

• 

Ain 

• 

• 

A(i, j) = (-l) i+ ' 

m 

A, -11 ... 

A/+H ... 

• 

• 

Oi+lj - 1 

• 

• 

• 

Oi-lj+1 ••• 

Ul+lj+1 ••• 

• 

0 

• 

fli-ln 

fl/+lrt 

• 

• 


• 

A/il 

• 

Clnj-l 

m 

&nj + 1 • • • 

* 

flrtn 


Using Laplace’s Expansion Method to evaluate the determinant [HK61, p. 179] 

det ],•••, ^ • • • » An ^ 

of each component of the derivative, by developing the j th column we get 

det , . « . , j , ♦ • - , An \ — ^ ^ &ij A(i, j ) 


det(A) 




n n 




where the last equality follows from the fact that the inverse matrix is given by 
bjj = • A(j, 0 - Therefore, we have 



- log(det(A» 


1 


4 det(A) 


det(A) dt 

n n 


1 E E j t a ‘j ■ det(A > • b J> 


det < A ) 


n n 



J = 1 i=l 


Jr 


a ijbji • 


Solution to 2.2.48: 1 . The measure preserving condition is that the derivative, /', 
has absolute value 1 at every point. Since the function is continuous it must be 
either /' = — 1 or /' = 1 on the entire domain. Therefore, f(x) = —x + c or 
f(x) = x + c where c is a constant. Thus, / cannot map R into R+. 

2. Take f(x , y) = (e^x, e*). 


2.3 Integral Calculus 


Solution to 23.1: Let / : R 3 R, /(*, y, z) = (a*, by, cz). The volume given 
is the image, under /, of the unit ball of R 3 , B. As the Jacobian of / is abc 
everywhere, we have 


vol (/(£)) 


= /// 


dxdydz 


-Iff. 


abc dxdydz = 


-nabc. 


Solution to 23.2: Using polar coordinates, we have 




dpdO 


Solution to 233: We write 

l = jH e- 3 & 2 e- 2 * 2 * 2 **-* 1 ' 2 dx) dy 

= e~ 2y2/2 e~ 2(x -i )2 dx^j dy 



making the substitution t = (x — dt — V 2 dx on the inner integral, 
get 


we 



now making the substitution: s 




we obtain 



Jt 



Solution 2. As the integrand is positive, the iterated integral equals the double 
integral: 

I = f g-^My-rf+y 2 ) d(x y) 

m 2 

Let u = x + y, v — — x + y; this map is a differentiable bijection R 2 -> R 2 . 
Moreover 


: 2 + (y — x ) 2 + y 2 = i( u 2 + 3v 2 ) and 

Jmt 


3(u, u) 
BOc, y ) 


By the Change of Variable Formula for multiple integrals [MH93, p. 505], 



*-(**+&-* )*+/) y ) 


f e -^u 2 +3v 2 ) 

9(x, y) 

m 2 

d(u, v ) 


rf(u, u) 


If e-^e-Wdiu.v) 
2 


i f e~l*du f e-^dv 

i/K wR 



V3 


Solution to 23.4: Let f(x, y) = a : 3 -3xy 2 . Derivating twice (see Problem 5.9.1), 
we can see that A / = 0, so / is harmonic. Let B\ = {(*, y) | (* + l) 2 + y 2 <9} 
and 62 = {(*, y) | (x - l ) 2 + y 2 < 1). We have 




and 


IL/ (x ' y)dxdy = L v: f($+3e ie )dOJrdr, 

where £ = (—1,0) is the center of B \ . As / is harmonic, the inner integral is 
equal to 27r/(£) = —2n and the integral of / over B\ is — 9 jt. An identical 
calculation shows that the integral over B 2 is jt, so the integral of / over 71 is 
-107T. 

Solution 2. The integrand is harmonic, being the real part of the holomorphic 
function z 3 . Its integral over any disc is therefore the value at the center of the 
disc times the area of the disc. Hence, if we call V\ and V 2 the external and 
internal discs that make up the boundary of 7Z, respectively, we have 



3 xy 2 ) dxdy 


- SL 


(. x 3 — 3 xy 2 ) dxdy 


Solution to 2.3.5: Consider the annular region A between the circles of radius r 
and /?, then by the Green’s Theorem 

fx e x (-<p y dx + (p x dy) - j e y {-(p y dx + <p x dy) = 

= / e x (~<Px dx + <p x dy) 

JdA 

= J f^di^i-Vydx +<p x dy)) 

~ j J A ~ eX( Pyy dy A dx + (e x <p x + e x (p xx ) dx a dy 

~fl e *^ xx + eX(fxx + ^ dx Ad y = ° 


showing that the integral does not depend on the radius r. Now, parametrizing the 
circle of radius r 


I e x (—<p y dx 

Jc f 


+ <Px dy) = 


r2n 

= / t 

Jo 


cos 6 


(<Py (r cos 6 , r sin 6) sin 6 -f <p x (r cos 0, r sin 6) cos 6)rd0 


but when r — > 0 the integrand converges uniformly to 

sin 6 . n cos 6 1 

— sin 6 + — cos 6 — — 

2n 2n 2n 



so the integral approaches 1 when r 0 and that is the value of the integral. 
Solution to 23.6: Using the change of variables 

x = sin^cos0 0<0<2n 
y — sin tp sin# 0 < tp < n 
z = cos#? 


we have 


and 


dA =sin tpdO dtp 


p p pn p2n 

JJ y = j J (sin 2 #?cos 2 6 4- sin#? sin 0 4- cos #?) sin #? J0 J#?. 


Breaking the integral in three terms, we get 


n 2n j pn 

sin tp cos tp dO dtp = 2n • - I sin 2tp dtp = 0 

2 Jo 


n 2n / pit \ p2n 

sin 2 #?sin0 dO dtp = ( / sin 2 tp dtp ) / sin0 dO — 0 

Vo J Jo 


n 2n 

si 


sin 3 tp cos 2 6 dd dtp 


= (j[ Sin3 9 d<p )(f cos 2 6 dO 


p7t j p2n 

= / *-(3 sin tp — sin 3 tp)dtp I cos 2 0 dO 

Jo 4 Jo 

l( , , 1 3 r\/ f 2 * l+cos20 

= -I —3 cos tp 4- - cos 

= | f-3(-2) + |(-2)) JT 

= H 6 ■ t) * = 5*- 



dO 


Therefore, 


SL 


(x 4 4- y 4- z)dA = -jt. 
5 3 


Solution 2. The outward unit normal to S is n = {x, y, z). Consider the vector 
field F(x y y t z) = (*, 1, 1). Then F • n = x 2 + y + z, and divF = 1. Using the 
Divergence Theorem, 


ffs (x2 + y + z)dA = ffs 


F>ndA 



div*W 




Solution to 23.7: 1. We have 


i J k 

d/dx d/dy d/dz 

X 2 -f. y _ 4 3xy 2 xz + z 2 


= -2z/ + (3y - 1) k. 


2. Let H — {(x, y, z) € R 3 1 x 2 + y 2 + z 2 = 16 , z ^ 0), and consider the set 
given by V = {(x, y, 0) € M 3 1 x 2 + y 2 < 16). H and V have the same boundary, 
so, by Stokes’ Theorem [Rud87, p. 253] 



Solution to 23.8: Let C be a smooth closed path in M 3 which does not contain 
the origin, and let L be any polygonal line from the origin to infinity that does not 
intersect C. V = M 3 \ L is simply connected; so to show that 


j F-ds= 0 

it suffices to show that V x F = 0. Let r = (x, y, z) and F = (F, Q y R). We 
have 

Hr) = C g (H) x, g (||r||) y, g (||r||) z) . 

By the Chain Rule [Rud87, p. 214], 


dR 

9y 


f =S'(W)^ + S ' ( ||r,|)|i 


s' (Ml) 



Similarly, 


dP dR 3 Q 3 P 



and we are done. 


Solution to 23.9: 1 . From the identity 

v (/j) = (v/).y + /v J = v/y 

and Gauss Theorem [Rud87, p. 272], we obtain 



dx dy dz 



2. Apply Part 1 with f(x , y, z) = x . 

Solution to 23.10: By Gauss Theorem [Rud87, p. 272], 


/jt- 


div (m grad u)dxdy 


Jav 


( u grad u) -n ds , 


where n is the unit outward normal, and ds is the differential of arc length. The 
right-hand side vanishes because u = 0 on dV. The left side equals the left side 
of (*) because 


div (m grad u) — 


d_ 

dx 




= Igradnj 2 + Xm 2 . 


Solution to 23.11: 



d 2 u 

dy 2 



0 = 0 


substituting 

" (0 + 0 ) - 5 ' ( " 5 '> - |V ' ,, 

the equality becomes: 




Now applying Green’s Theorem [Rud87, p. 253], to the first term of the equation, 
we get: 



and since D n u = au on 3P, we get 

fl f a 2 - [[ llVn|| 2 -X [[ u 2 — 0 
JdV JJv JJv 

since u is not identically zero inside the disk, the last integral is positive. Now if 
u were constant on V, the second equation D n u = au on dV would force u— 0, 
so Vm is not identically zero on V and the integral JJ V |jVn|| 2 is also positive, 
showing that a f dV u 2 > Oand consequently that X < 0. 

Solution to 2.3.12: By the Change of Variable Formula for multiple integrals 
[MH93, p. 505], 

vol/(j9 r (^o)) = f \J(x)\dx. 

JQAx o) 

Hence, if M r is the maximum and m r the minimum of j J(jc)| for x € Q r (*o)> we 
have 

m r ^ r" 3 vol / (Q r (x 0 )) < M r . 

By the continuity of J, we have m r |J(xo)l and M r -+ |J (*o)l as r 0, 
from which the desired equality follows. 

To establish the inequality, we note that the same reasoning gives 


(*) 


\J(x 0 )\ = lim 

r ->0 


vol / (fl r fa,)) 

4_„3 


where B r (x o) denotes the ball of radius r and center xq. Let 


K = lim sup 


ll/(*) - /(*o) II 

\\x~x 0 \\ 


Then, given s > 0, there is an r e > 0 such that ||/U)-/(*o)|| ^ (tf +e) || x -xo II 
for \\x — *oll < r e- The latter means that, for r < r e> 


f (B r (x o)) C £(tf+e) r (/(* o)) 


so that 


vol/ (B r (xo)) ^ %(K +e) 3 r 3 _ _ 

2 ; ^ i 7 — \K + £ ) 


4 -.? 
3 nr 


|jrr 3 


In view of the equation (*), this gives | J (xo)| ^ 4* £) 3 . Since £ is arbitrary, 

we get j J (jco)| < K 3 , the desired inequality. 



3 

Differential Equations 


3 . 1 First Order Equations 


Solution to 3.1.1: For (xo, yo) to be the midpoint of L(x o, yo)> the y intercept of 
L must be 2yo and the x intercept must be 2xo. Hence, the slope of the tangent 
line is — yo/*o- Let the curve have the equation y = /(x). We get the differential 
equation 



fix) 

x 


or 

1 = fix) = 1 dy 
x fix) y dx 


By separation of variables, we get 


logy = — logx + C. 


Hence, 

/w = y = 7 

for some constant D. Solving for the initial condition /(3) = 2, we get 
fix) = 6/x. 

Solution to 3.1.2: We have g'(x)/g(x) = 2, so g(x) = Ke 2x where K is a 
constant. The initial condition g(0) = a gives g(x) = ae 2x . 



Solution to 3.1.3: Suppose y is such a function. Then 


/(*) = ?(*)” , 


or 



y rt+1 = (1 — n)x + c • 

Moreover, c = l/^(0) n_1 > 0. We thus have 

y{pt) ~ (c — (n — 1)JC ) l/(n - |) ’ 

This function solves the initial value problem / = y n , y( 0) = c -1 /(«-!) in 
the interval [0, ^£j), and, by the Picard’s Theorem [San79, p. 8], it is the only 
solution. Since the function tends to oo as * -> there is no function meeting 
the original requirements. 

Solution to 3.1.4: 1. The zero function x(t) s= 0 is a solution for all a > 0. 

2. If a > 1, then f(x) — x a is lipschitzian in a neighborhood of zero and by 
Picard’s Theorem this is the only solution. 

If 0 < a < 1, then, as in the solution to Problem 3.1.3, we get 

x{t) l ~ a — (1 -a)t + c, 

and the initial condition implies c = 0. Therefore 

*(*) = (( 


is a solution defined on M. 


Solution to 3.1.6: Separating the variables, we obtain 


dy 

dx 

dy 


= x 2 (y - 3) 


/£-/ 


y-3 
log (y - 3) 

y-3 

y 


x 2 dx 


jx 3 + C 

Ce* 3 ' 3 
3 + Ce^/ 3 



From initial conditions, C = —2. The unique maximal solution is given by 

y = 3 — 2e* ,/3 . 

Solution to 3.1.7: Picard’s Theorem [San79, p. 8] applies because the func- 
tion x 2 — x 6 is Lipschitzian on finite subintervals of the *-axis. Thus, two dis- 
tinct solution curves are non intersecting. The constant functions x(t) = 0 and 
x(t) = 1 are solutions. Hence, if the solution x(t) satisfies *(0) > 1, then 
x(t) > 1 for all f, and if it satisfies 0 < *(0) < 1, then 0 < x(t) < 1 for all 
t. 

Since 

x 2 — x 6 = x 2 (l — x 4 ) = (1 — x)x 2 (l 4- x 4* x 2 4* x 3 ) , 

we have 

(*) --(x — 1) = — (x — 1)* 2 (1 4* x 4* x 2 4- x 3 ) . 

at 

We see from this (or directly from the original equation) that if *(0) > 1, then 
x — 1 decreases as t increases, and if 0 < *(0) < 1, then 1 — x decreases as x 
increases. 

Case 1: *(0) > 1. In this case, (*) implies 

J t ix ~ D < -( * - 1) 

(since x(t) > 1 for all r), so that 

^(e'(JC-l)XO. 

Hence, e l (x(t) — 1) < *(0) — 1, that is, x{t) - 1 ^ <?“'(* (0) - 1), from which 
the desired conclusion follows. 

Case 2: 0 < x(0) < 1. In this case, (*) implies 

^-(1-*) <-*(0) 2 (l-*) 
at 

(since x(t) ^ *(0) for all t), so that 

-j-(e*(°> 2 '(l — x)) ^ 0 . 
at 

Therefore, e* (0)2 '(l - x(r)) < 1 -x(0), that is, 1 -x(t) < e -*«» 2 '(l ~*(0)). 
and the desired conclusion follows. 

Solution 2. The constant solutions are given by the roots of x 2 -x 6 - 0, and are 
*(/) = 0, 1, — 1. The phase portrait for this equation is 



0 


1 



so 1 is a stable singularity and the only one in the positive axis, so it is the limit 
of any orbit starting on the positive real axis. 

Solution to 3.1.8: From the equation, we get x' = 0 iff x 3 —x — 0, so the constant 
solutions are x = —1, x s 0, and x & 1. 

2. Considering the sign of x', we get the phase portrait 





so 0 is a stable singularity, and 1 a unstable one. There are no other singularities 
in [0, 1], so the limit of the orbit of the solution x(t) that verifies x(0) = 1/2 is 0. 

x 3 — x 

Solution 2. The function is lipschitzian on the finite subintervals of the 

1 +e x 

x-axis, so by Picard’s Theorem the solutions by each point are unique. For any 
0 < x < 1, dx/dt < 0 and since x{t) == 0 is one of the solutions of the equation, 
the solution by x(0) — 1 /2 is strictly decreasing and in between 0 and 1 /2 for all 
t > 0. Now for these values of x (0 < x < 1/2) we can easily estimate 


1 l-x 2 1 

> > - 

2 1+e* 4 


so 


dx 

~di 



can be estimated as 


dx 1 1 

— < --x for 0 < x < - 
dt 4 2 

and 

!("•«) «"•(!+£)<* 

Hence e x ^x < x(0), that is, x < —e ^ 4 , from which the conclusion follow. 

Solution to 3.1.9: The given equation satisfies the hypotheses of Picard’s Theo- 
rem [San79, p. 8], so a solution x(t) exists in a neighborhood of the origin. Since 
A0) = 231 -f- 85 cos 77 ^ 0, by the Inverse Function Theorem [Rud87, p. 221], 
x is locally invertible. Its inverse satisfies the initial value problem: 


dt_ _ 1 

dx 3* -f- 85 cos* * 


t{ll) = 0. 



So 

Hx) = f x - — ! rf| 

/ 77 3| + 85 cos | ? 

in some neighborhood of 77. Let a be the first zero of 3a: + 85 cos x to the left of 
77, since there are no zeroes to the right of it, t (*) above is defined in the entire 
interval (a, oo), our maximal solution. The series expansion around a is 

3x + 85 cos* = (3 - 85 sina)(x - a) + 0((x - a ) 2 ) (x a ) . 

We cannot have 3 - 85 sin a = 0, since this, together with 3a 4 85 cos a = 0 
imply 9 + 9a 2 = 0. Therefore 


lim 

x-+a 


3x 4- 85 cos x 

x —a 



It is clear that 


.. 3* + 85cosx 

lim 

*->oo x — a 



Thus, 


lim t(x) — — oo and lim t(x) — oo . 

x-+a *-*oo 


We may take the inverse of t : (a, oo) -* M and get a function x{t) that solves 
our initial value problem and is defined in all of M. 

Solution 2. Because the function 3x -f 85 cos x is continuous in \x — b\ < K and 
\t — o\ ^ T, for any positive K and T, the differential equation has a unique 
solution with x(a) = b defined for 


- ° K min ( T - 3AT + 3^>| + 8s ) 

For T = 1/4 and K = 3\b\ 4- 85, the solution is defined for \t — a\ < 1/4, 
since a and b are arbitrary, the solution can then be continued in patches of size 
1/2 to the entire real line. 


Solution to 3.1.11: Suppose y(t) > 0 for t e (/o, *i). y(fo) = 0. Integrating the 
equation 



we get the solution y(t) = (f 4- c) 2 / 4 where c is a constant. Each such solution 
can be extended to a differentiable function on R: 



0 

(t - to) 2 /4 


if / to 
if t ^ t 0 


We must have to ^ 0 for y to satisfy the given initial condition, y s 0 is also a 
solution. 



Solution to 3.1.12: The two functions y=0 and y s 2 are obviously solutions to 
the differential equation, and the first one satisfies the given initial condition. We 
will show that this is the only one. Suppose there is a solution y{x) that satisfies 
the initial condition and it is not identically zero, then there is a point xo where 
y(*o) 7 ^ 0 and let (a, b) denote a maximal interval where y{x) £ 0 containing 
*o- Ate least one of the two extremes of the interval exists, let’s call it a, the other 
might be infinite and for that extreme y(a) = 0 . 

Inside this interval the separable differential equation can be written as 

■Jyiy - 2) = dx 

and with the substitution w = x — 1 the first integral becomes 

/vfe =,n ( w+ ' / "' r ^ +c 

so integrating both sides we get 

In (y - 1 + V? 0- - 2)) = * + C 


which is the same as 

y - 1 + y/y{y — 2 ) = ke x for some k > 0 


but taking the limit when x a, y is zero at the limit and we have a contradiction 
because the right side is positive. So no such functions exist, except for y(x) s 0. 


Solution to 3.1.13: The given equation is equivalent to — (*y) = x. Integrating 

„ dx 

both sides we get xy - — - + k, so y = - + - and k has to be 0 for the function 

2 2 x 

to be differentiable in the given interval. 

Solution 2. The equation is equivalent to 


dy_ 

dx 



which is homogeneous in the sense of = f(x, y ) and f(tx, ty) — fix, y), 
so the substitution y = xv{x) converts it into a separable equation, in this case 

dv 

v +x~— = 1 — u(jc) 


or, after the separation of variables, 



integrating both sides, we get, 


In |1 —2v\ 
-2 


= in |*| + C 


l n |l_2n| = ln p L 

|1 - 2U ' = i 

X k 

solving both cases and renaming the constant we get y = - H We obtain 

the only one that is differentiable in the given domain making k = 0, that is, 

/» - 1 • 

Solution to 3.1.15: 1. Let u be defined by u(x) = exp(— 3x 2 /2 )y(x). The given 
equation becomes 


du 

lx 


_ 3*2 . v _ 3 „2 

= —3xe z* y{x) + e z* 


( 


3 xy(x) + 


y(x) ) 

l + y 2 J 


_ uQc) 

1 + e 3x2 u{x) 2 
= fix , m). 


/ is clearly C 1 , so it satisfies the Lipschitz condition on any compact convex 
domain. The initial value problem 


du _ u 
dx ~ 1 + e 3 x2 u ’ 



then has a unique solution for any n e N. 

2. / = 0 is the unique solution of the initial value problem associated with 
the condition u(0) = 0. Therefore, f n cannot have any zero, so /„(*) > 0 for 
x e [0, 1]. For u(x) = exp(— 3x 2 /2) f„ (x) y we have 



1 

1 + e 3 * 2 w 2 



1 


so 



therefore, 

1 3 1 5 

< AO) < 

n n 

and /„( 1) 0 when n oo. 


Solution to 3.1.16: If y(t) < 0 for some t, then y'(t) > 1, so y(0 is growing 
faster than z(t) = f for all t where y{t) < 0. Hence, there is a to with y(/ 0 ) > 0. 



For y > 0, / > 0, so for t ^ to, y is positive. Further, for y > 0, e~ y > e~ 3y , 
so y' > e~ 5y . Now consider the equation z! = e~ 5z . Solving this by separation 
of variables, we get z(t) = log(f/5 + C)/5, and for some choice of C, we have 
z(to ) = y(to)- For all t ^ to> y' > z\ so z(t) < y(t) for t > to . Since z(t) tends 
to infinity as t does, so does y. 

Solution to 3X17: Since ^(e^) = Xe kt , the function y(t) = e** is a solution 
if and only if A = —e ^ 0 , in other words, if and only if A is a zero of the entire 
function f(z) = z 4* e~ toz . 

Assume 0 < to < Jtjl. We must show that / has no zeros in the closed half- 
plane Sftz > 0. If Iftz > 0 and |z| > 1, then 

I/(Z)I » Izl - \e~' 0l \ > 1 - e-'** 1 > 1-1=0, 


so / (z) 0. If Sftz ^ 0 and |3z| < 1, then 

SHf(z) = $ftz + ffte~ toz = Sftz + e~ toSiz cos(to2z) > 0 


because cosO > 0 for —to < 0 < /o* so f(z ) ^ 0. Hence / has no zeros for 
SUz^ 0. 

Solution 2. Suppose e** with A = a + ib is a solution. We must prove a < 0. 
Assume a ^ 0. Then, from / (A.) = 0, we get 

a + ib = — e -(fl+*fc)«o = — e ~ a (cos bto — i sin bto) . 


Hence 


a — — e a cos bt , b = e a sin&fo • 

Since a ^ 0, the second equality implies that \b\ < 1 . Then cos bto > 0 since 
0 < to < Jt/2 , whence a < 0 by the first equality, a contradiction. 


Solution to 3.1.18: Multiplying the first equation by the integrating factor 
exp (Jo qtt)dt), we get 

£ ( /w or «**')) ~ a 

The general solution is therefore, 


/(*) = C exp y* q (t)dt^ 

where C is a constant. The hypothesis is that lim^oo / 0 * = +oo. Even if 

IpI > the corresponding property may fail for p. For example, for p st -1 
and q he 1, the general solutions are respectively C exp(— x) and C exp(x). 

Solution to 3.1.19: Consider the equation 

0 = F(x, y, z) = (e* sin y)z 3 + ( e x cos y)z + e y tan *. 



F(0, 0, 0) = 0, and all the partial derivatives of F are continuous, with 




sin y) -|- e x cos 



1 . 


By the Implicit Function Theorem [Rud87, p. 224), there is a real valued function 
/ with continuous partial derivatives, such that, F (x, y, f(x, y)) = 0 in a neigh- 
borhood of (0, 0, 0). Locally, then, the given differential equation is equivalent to 
/ = f(x, y). Since / satisfies the hypotheses of Picard’s Theorem [San79, p. 8), 
there is a unique solution y in a neighborhood of 0 with y (0) = 0. 

Solution to 3.1.20: Since / and g are positive, the solutions of both problems 
are monotonically increasing. The first differential equation can be rewritten as 
dxf /( x) = dt, so its solution is given by x = h~ l (f), where the function h is 
defined by 


fc « = j 

r d% 

f o m' 

Because the solution is defined for all f , 

we must have 

f°° d% 

Jo m~°°' 

f-°° dt- 

Jo /(I) “ °°' 

Since g < /, it follows that 


f°° d£ 

Jo «(l) -00. 

r-°° dH 

Jo 8(f) " °°' 


Using a similar reasoning we can see that the solution of the second equation is 
given by x — where 

- - f 5§r 

The conditions / 0 °° ^|y = oo, and / 0 _o ° ^fj = -oo guarantee that H maps E 

onto E, hence.that H~ l is defined on all of E. Thus, the solution of the second 
equation is defined on R. 

Solution to 3.1.21: Let y be a solution of the given differential equation. If / 
never vanishes, then y' has constant sign, so y is monotone. 

Suppose that y'(*i) = 0 for some *i . Then the constant function y\ (x) = y(*i) 
is a solution of /(yi) — 0. Consider the function z, z{x) = y\ for all x. Then the 
differential equation y' = /(y) with initial condition yC*i) = yi is satisfied by 
y and by z. / is continuously differentiable and by Picard’s Theorem [San79, p. 
8), y = z, so y is constant. 



3.2 Second Order Equations 


Solution to 3.2.1: By Picard’s Theorem [San79, p. 8] there is, at most, one real 
valued function f on [0, oo) such that /( 0) = 1, f\ 0) = 0 and 
f"(x) = (x 2 - 1 )/(x). Since the function c“* 2/2 satisfies these conditions, we 

must have f (x) = e - * 2 / 2 . We then have 

lim /(x) = lim e~** ,2 = 0. 

x-+oo x—>oo 


Solution to 3.2.2: The characteristic polynomial of the given differential equation 
is (r — l) 2 so the general solution is 

ae* + fit e*. 


The initial conditions give a = 1, and fi — 0, so the solution is y(t) = e 1 . 

Solution to 3.23: The characteristic polynomial of the associated homogeneous 
equation is 

r 2 - 2r -f 1 = (r - l) 2 
so the general solution of the homogeneous equation 


d 2 x 
d t 2 



+ * = 0 


is 

Ae r “I - Bte* (A, B € M), 

(cos f)/2 is easily found to be a particular solution of the original equation, so the 
general solution is 

A t , _ . , cost 
Ae t + Bte* H — - — 

The initial conditions give A = — \ and B so the solution is 

^ {e* — te* -f cos t ). 


Solution to 3.2.4: The characteristic polynomial of the given equation is 

5r 2 + 10r + 6 

which has roots — 1 ± if V5 , so the general solution is given by 

t 

7 ! 




x(t) = c\e ; cos 





where C] and C 2 are constants. We can assume c\ ^ 0 or C 2 # 0. Using calculus, 
we can see that « 2 (1 4- w 4 ) -1 ^1/2 with equality when u = ±1. Then / attains 
a maximum of 1/2 iff x attains one of the values ±1. We have lim^oo-^CO = 0. 
Suppose ci =£ 0. Then, if & is a large enough integer, we have 

Jx yf5k7i^ | = Jci \e^ kn > 1 

so, by the Intermediate Value Theorem [Rud87, p. 93], x attains one of the values 
±1 . If C 2 # 0, a similar aigument gives the same conclusion. 

Solution to 3.2.5: We first solve the homogeneous equation x" 4- 8*' 4- 25 = 0. 
The general solution is *o(0 = c\e ln ‘ 4- C 2 e irit , where cj and C 2 are con- 
stants and rk = —4 4 3i, k — 1, 2, are the roots of the characteristic equation 
r 2 4“ 8r -I- 25 — 0. 

All the solutions of the differential equation x” 4- 8x' -I- 25* = 2 cos t are of 
the form x(t) = xo(t) + s(t), where s(t) is any particular solution. We solve for 
an s(t) by the Method of Undetermined Coefficients [BD65, p. 115]. Consider 
s(r ) = A cos t 4- B sin t. Differentiating this expression twice, we get 

2 cos t — s" 4- 8 s' 4- 25s — (24 A 4- 8 B) cos 1 4- (24 B — 8A) sin t. 

Solving the two linear equations gives A = 3/40 and B = 1/40. Therefore, 
the desired solution x(f) is given by xo(t) 4- s(t), where ci and C 2 are cho- 
sen to give the correct initial conditions. xo(0 tends to 0 as t tends to infin- 
ity; therefore, to finish the problem, we need to find constants a and 8 with 
a cos (t — 8 ) = A cos t +B sin t. We have ot cos(r —8) = a cos t cos<54-a sin t sin 8, 
so the problem reduces to solving ct cos 8 — 3/40 and ct sin 8 = 1/40. These equa- 
tions imply tan 5 = 1/3 or 8 = arctan(l/3). Hence, by elementary trigonometry, 
cos 8 — 3/ VTO, so ct = \/T0/40. 

Solution to 3.2.6: 1. The differential equation is equivalent to y' — z and 
z! = — Jy|. We have 

||(zi, lyil) - ( Z 2 , I^DII = yfizi “Z2) 2 4-(|y2l -lyil) 2 

^ \j(,z\ - zi) 2 + (yr - y\) 2 
= ||(zi>yi) - (z 2 , y 2 )ll 

so the Lipschitz condition is verified and our initial value problem has, by Pi- 
card’s Theorem [San79, p. 8], a unique solution. If y is such a solution, define the 
function z by zix) = y(— x). We have z"(x) = y"(—x) = — |y(— *)l — “|z(^)l» 
z(0) = y(0) = 1 and z'(0) = -y'(0) = 0, so z = y and y is even. 

2. We have 



so y is a decreasing function; therefore, it has, at most, one positive zero. If y is 
positive on R+, by continuity, y is positive in some interval of the form (s, oo) 



for some e > 0. Together with y(0) = 1, y f ( 0) = 0 gives y(x) — cosx, which is 
absurd. We conclude then that y has exactly one positive zero. 

Solution to 3.2.7: Substituting y(x) = gives the quadratic equation 
a(a — 1) + 1 = 0. The two roots are 

1 , V3i 

— zxz > 

2 2 


so the general solution is 


y(x) = A<Jx cos cos logx^ . 

The boundary condition y(l) = 0 implies A = 0 and then the boundary condition 
y{L) = 0 can be satisfied for nonzero B only if 


sin 




Equivalently, 


L = e 2ratf ^ 


where n is any positive integer. 

Solution to 3.2.8: The general solution of the corresponding homogeneous equa- 
tion is Ae rx 4- Be sx where r, s are solutions of the characteristic equation 
x 2 4- 2p 4- xl = 0, i.e.. 


- 2p±J4p r ^A 
r,* = 

Since the given equation has a constant solution, y s 3, it will admit solu- 
tions with infinitely many critical points exactly when r, s have a nonvanishing 
imaginary part, because in this case the homogeneous equation will admit solu- 
tions which are product of exponentials and sines or cosines. This happens when 
4 p 2 — 4 < 0, i.e., for \p\ < 1, p e E. 

Solution to 3.2.9: Multiplying the first equation by a(t)/ p(t) where a is a differ- 
entiable function, we get 


-«**<»> + ^*'(0 + = o . 

P(f) Pit) 


Expanding the second given equation, we get 


a(t)x"(t) 4* 4- b(t)x(t) = 0. 



For the two equations to be equivalent, we must have a'{t) = a(t)q(t)/ p(t). 
Solving this by separation of variables, we get 

a(,)=exp (i fSH- 

Letting b(t) — a(t)r(t)/ p(t), we are done. 


Solution to 3.2.10: The function jc'(1)jc (0 — x ' (0)x (t 4- 1 ) satisfies the differential 
equation and vanishes along with its first derivative at t = 0. By Picard's The- 
orem [San79, p. 8] this function vanishes identically. Assuming x is not the zero 
function, we have Jt'(0) ^ 0 (again, by Picard’s Theorem), so x(t + 1) = cx(t\ 
where c = jc'(1)/jc'( 0). It follows that the zero set of x is invariant under transla- 
tion by one unit, which implies the desired conclusion. 

Solution to 3.2.11: The characteristic equation is / 2 — 2d + 1 = 0, which has the 
roots c ± \/c 2 — 1. 

Case 1: |cj > 1. Let w = Vc 2 — 1. Then the general solution is 

x(t ) = e ct (A cosh cot 4- B sinhort) . 


The condition x(0) = 0 implies A — 0, and then the condition x(2nk) = 0 
implies B = 0, that is, x (t) = 0. There are no nontrivial solutions in this case. 
Case 2: c = 1. The general solution is 

x (t) = Ae* + Bte * . 


The condition jc( 0) = 0 implies A = 0, and then the condition x(2nk) = 0 
implies B = 0. There are no nontrivial solutions in this case. 

Case 3: c = — 1. Similar reasoning shows that there are no nontrivial solutions in 

this case. 

Case 4: — 1 <c < 1 . Let a) — Vl -c 2 . The general solution is then 


x (t) = e ct (A cos cot + B smart) . 


The condition * (0) = 0 implies A = 0. If B ^ 0, the condition *(2jrfc) = 0 then 
implies 2nkco = 7 tn {n € Z), that is, co = n/2k, and 


c 2 = 1 -~co 2 = 1 — 



The right side is nonnegative and less than 1 only for 0 < \n\ ^ 2k. The required 
values of c are thus 


c = ±Jl- 



n — 1 , 2, . . . 



Solution to 3.2.12: By the basic Existence-Uniqueness Theorem, the solution set 
is a two-dimensional vector space, V. Fix a real number 5, and define the functions 



Ps and q, by pAO = pit +s), qA<) = ?(' +s). Let / be in V. By the translation 
invariance of V, / is a solution of the equation 


d 2 x 

J, 1 +PS 


dx 

di 


+ 1 is* — 0 . 


Hence it is also a solution of the equation 


(p - Ps)-^ 4- (q ~ 4s)x = 0 . (*) 

If p — p s does not vanish identically, there is an interval on which it is nowhere 
zero. But on such an interval the solutions of (*) form a one-dimensional vector 
space (by the Basic Uniqueness Theorem). Hence p — Ps — 0, from which one 
sees that also q — q s s 0. Therefore p and q are constant. 


3.3 Higher Order Equations 


Solution to 33.1: 1. Since the differential equation is linear homogeneous with 
constant coefficients we can build its characteristic equation, which is, 

k 3 +k 2 - 2 = 0 . 

By inspection we can easily see that 1 is one of the roots, factoring as 

(A, - 1)(A, 2 + 2A, + 2) = 0 

so the roots are 1 and — 1 db /, and the solution to the differential equation has the 
form 

/(* ) = c\e x 4- C 2 e~ x cos* 4- c$e~ x sin* 
so the space of solutions has dimension 3. 

2. Eo is the two-dimensional subspace defined by c\ = 0, that is, the function 
g{t) = C 2 e~* cos 1 4 - C 3 e~ f sin t, and after the substitution for the initial condition 
we see that C 2 = 0 and C 3 = 2, so 

g(t) = 2e~* sin* . 


• il 4- 1 

Solution to 3.3.2: The four complex fourth roots of —1 are — — Therefore the 

V2 

functions e^* 2 cos(*/V2) and e ±x /'/ 2, sin(*/V2) satisfy the differential equa- 
tion y (4) = ~y. 

For u(t) = e~ x ^ sm{x / y/l) we have u(0) = lim u(x) = lim u'(x) = 0 

*-*O0 JC— >00 ' 

As «'( 0) = l/\/2, y(t) = e~ x ^sm(x/y/2) also satisfies /( 0) = 1. 



Solution to 3*3.4: 1 . The characteristic polynomial of the equation is 

•7 r 8 — 1 

* 7 + --- + *+l = 

* — 1 

which has roots —1, ±i, and (±1 ± i)fy/2. For each such root Zk = w* + iv *, 
k — 1, . . . , 7, we have the corresponding solution 

e Zkt = e Ukt (cos Vkt + 1 sin i^r) 


and these form a basis for the space of complex solutions. To get a basis for the 
real solutions, we take the real and imaginary parts, getting the basis 


1 1 i 

x\(t) — e , * 2(0 = cos r, * 3(0 = sin/, * 4(0 = cos — 

V2 

4-/1 -i f 1 -1. 1 

*5(0 = t'”- sin —t, *g(0 = eH cos — * 7(0 = sin — -=t. 

v2 V2 v2 


2. A solution tends to 0 at 00 iff it is a linear combination of solutions in the basis 
with the same property. Hence, the functions * 1 , *6, and *7 form a basis for the 
space of solutions tending to 0 at 00 . 


Solution to 3.3.5: The set of complex solutions of the equation forms a com- 
plex vector space which is invariant under differentiation. Hence, the functions 
cos t and cos 2 1 are also solutions, and, therefore, so are e ±u — cos t ±i sin t 
and e ±2it = cos 2 1 ± i sin2f. It follows that the characteristic polynomial of the 
equation has at least the four roots ±i, ±2i, so it is divisible by the polynomial 
(X 2 + 1)(X 2 + 4). The differential equation is therefore, at least of order 4. The 
smallest possible order is, in fact, 4, because the given functions are both solutions 
of the equation 



that is, 



d 2 x 

1 ~P 


-f 4 * = 0 . 


The preceding reasoning applies for both real and complex coefficients. 


Solution to 33.6: Solving the characteristic equation r 3 - 1 = 0, we find that the 
general solution to y'" — y = 0 is given by 


}>(*) = cie* + cte * /2 cos 


V3 ^ 

— * + cse 




with ci , c 2 , and c 3 e R. lim^oo y(*) = 0 when ci = 0. But the solution above 
with ci = 0, is the general solution of the differential equation with characteristic 
polynomial (r 3 — l)/(r — 1) = r 2 + r + 1, that is. 


y" + / + y = 0 . 


So y"(0) + y'( 0) + y(0) = 0, and we can take <2 = Z? = c = 1 and d — 0. 



3.4 Systems of Differential Equations 


Solution to 3.4.2: Rewritting the system as a liner homogeneous system of equa- 

tions we have , , 

(x'(t)\_ 2 -1 \ X(t)\ 

M 0 J{y(t)J 

so the solutions are of the form 

G8) -**(;) 

By the Cayley-Hamilton Theorem [HK61, p. 194], the computation of the ex- 
ponential of a matrix reduces to a finite sum of terms, in this case two, 

e At —a\ At + ccqI 


where the a,(t) are functions of t depending on the matrix A. Furthermore, if 
r(A.) = aik + ao, then for each eigenvalue A./ of A y r(A./) = e Xi and for each one 
with multiplicity two 



which is a way to compute the values of ao and aj, and then the exponential e M . 
More generally, if e At can be computed with the polynomial 


e At = a w _i A n l t n 1 + a n -2 A n 2 t n 2 + • • • + ai At + ao / 


then if we consider the polynomial 

r(X) = (x n —iX. n 1 + a n — 2 ^ n 2 4* * * • + oc\ A. 4* ao 


for each eigenvalue A./ of At 



and furthermore, if the multiplicity of A.,- 
also valid: 



is A: 



> 1, the each of the equations is 

Kjf<*-1. 


For more details on this and other interesting ways to compute the exponential of 
a matrix see [MVL78], specially Section 5, and the references cited there. 

The characteristic polynomial of At is 


XAi (A.) = A 2 - (2r)X + 1 2 


so the eigenvalues are ki = A .2 = /, and using the above formulas for the compu- 
tation of a i , we get 


r(A.) = ajA. + ao 
dr(k) 

-dT =ai 



and we end up with the system 


e { = tot i + ao 
e l = ai . 

Therefore the solutions are ct\ = and ao = e l (1 — t) so the exponential is 



The solutions are then 



that is, 


x(t ) = e\k\ + k 2 t) 
y(t) = e l (k\ -k 2 +k 2 t). 


Solution 2. Alternatively, we can follow the previous solution closely, but compute 
the matrix e tA by decomposing A — S + A, where S is complex diagonalizable 
and N nilpotent, for details we refer the reader to [HS74, Chap. 6]. This decom- 
position changes the computation of the exponential into a finite sum, in our case, 
since A has only one eigenvalue with multiplicity two 



N = A-S = 



obviously N 2 — 0, and the exponential can now be computed as 

e' A = e' s e' N = e'(I + tN) = e' f 1 *' 
and the solutions follow as before. 

Solution 3. Computing the Jordan Canonical Form [HK61, p. 247] of the system 
we have , x . v . . . v 

C -',)(? ?)(! 0-0 0 

which we will write T~ l AT = Ja> so with the change of coordinates 



that is. 



the system becomes, according to the form Ja* 

z'{t) = z{t ) + w(t) 
w ; (t) = w(t ) . 

These equations can be readily solved in the reverse order, and we obtain, 

w(t) = c\e* z(t) = cite* + C2e * 

and the solutions x{t) and y(t) can now be written as: 

x(t) = e* (cit+ci +C2) 
y(t) — e* (cit+c 2 ) . 

Solution 4 . Derivating the first equation and substituting the second we end up 
with a second order homogeneous differential equation 

x"(t ) - 2 x\t) + x(t) = 0 

whose characteristic equation X 2 — 2k + 1 = 0 has one double root X = 1, so the 
general solution will be 

x (/) = c\e* +C2te* 

substituting back in the first equation we get 

y(t) = (cj - c 2 )e * + C2te* . 


Solution to 3.4.3: We have 




2x{-x + y) + 2y(log(20 + x)) 

-2x 2 + 2 xy - 2 y 2 + 2y log(20 + x). 


As, for any positive £, 


log(20 + x) = o(x e ) (x -> + 00 ) 
and 


-2x 2 + 2*y - 2y 2 < -2(* 2 + y 2 -\xy\) 

< —2(x - y) 2 

<0 


we conclude that 





for IK*, < y)|| large enough so the distance of (*, y) to the origin is bounded. 
Solution to 3.4.4: 1. Using polar coordinates, * = r cos 9 and y = r sin 6 , we get 

± = X -*L , 1*1 = r n -2\ 

dt r dt r dt 


solving these, we get 


dO _ * dy y dx 
dt r 2 dt r 2 dt 


r — 


c \e l 


V i+c i 


2 e 2t 


and 6 = —t + C 2 


where cj , C 2 are constants. 

For (*o, yo) = (0, 0), we have = & = 0; therefore, * = y = 0. For 
(*o. yo) ¥= (0, 0) let *o = r 0 cos 9q and yo = ro sin 6q. We have 


ci = 


''O 


/~ r o 


and C 2 — O 0 


so 


. v c\e t „ c\e* 

x(t ) = - 7= — cos(0o - 0 , y(0 = .. sin(0o - 0- 


yfl Hr ~C\e 


2t 


yf\ + ~C\e^ t 


2. We have 


lim r — lim 

/-> oo t-+oo 


c ie* 


y/\ 4* cj e 2/ 


= I- 


Solution to 3.4.5: We have 



0 1 0 \ / * 
2 0 Oily 
0 0 3 )\z 


Let A denote the 3 x 3 matrix above. Its characteristic polynomial is 

X(x) = -x 3 +3x 2 + 2x - 6 = (* - 3)(— * + V2)(x + V2) 

therefore —s/2 is a simple eigenvalue of A. Using an eigenvector v € R 3 associ- 
ated with this eigenvalue, we get a solution e~^ 2t v which tends to oo as t — oo 
and to the origin as t +oo. 


Solution to 3.4.6: We have 

j t \\xm 2 = j t M),x( t )) 

= {x'(t),x(t)) + {*(/), x(!)') 

- {Ax( t), x(t)) + (*(r), Ax( t)) 

= ((A + A*)x(t),x(0) 



so it suffices to prove that A + A* is positive definite. We have 

/ 2 2 -2\ 

A -{-A* = 2 8 2 

\-2 2 16/ 


and by the Solution to Problem 7.8.2 it is enough to check that the determinant of 
the principal minors are positive, which is a simple calculation. 


Solution to 3.4.7: We have 


dx 

li 


( 0 ) = 1 , 


so, for small positive t, (x(t), y(t)) lies in the right half-plane. For 0 < x < 1 , we 
have 


dx 1 2 


1 .2 


1 


dt = 1 + 2 X siny > 1 ~ 2 X > 2 


Thus, the function x(t) is increasing with slope at least 1/2. Therefore, by the 
time t — 2, the curve (*(0, y(0) will cross the line* = 1. 


Solution to 3.4.8: 1. Let the function g be defined by g(t) — f(x(t), *'(*))• We 
have 

(*) g' (t) = -2(x' (t) 2 + x(tf) 

so g is a decreasing function. 

2. It is enough to show that limf~>oo£(0 = 0. 

Since g is a positive decreasing function, the limit exists and satisfies 
lim/-+oog(0 = c ^ 0. If c > 0, then, for some e > 0, T 6 1 we have 
x\t) 2 -f- *(f) 4 > £ for t ^ T. Then, by (*), we have 


sen-c 


J fOQ 


(x'(t) 2 +x(ty)dt > I edt — oo 


i 


OO 


which is absurd. We must then have c = 0, as desired. 


Solution to 3.4.9: 1. We have 


dF 

dt 


dF dx dF dy 
dx dt dy dt 


= y(x 3 + * 5 ) - y(ay -H x 3 H- * 5 ) 



Thus, dF/dt ^ 0, which implies that F decreases along any solution (*(/), y(t)) 
of the differential equation. 

2. Let e > 0. Since F is continuous, there exists a S > 0 such that 
F(x, y) < e 2 /2 if |j(*, y)|| < 8. Further, by letting (*, y) vary over all points 
such that ||(*, y)|| = e, elementary calculus shows that F(x f y) ^ e 2 /2. 

Let the initial conditions *(0) and y(0) be such that ||(*(0), y(0))|| < 8. 
By Picard’s Theorem [San79, p. 8], there exist unique solutions x(t) and y(t) 
to the differential equation satisfying these initial conditions. Since F(x, y) de- 
creases along solutions, we must have that F(*(f), y(t)) < e 2 / 2 for all t > 0 



in the domain of the solution. Now suppose that for some t > 0 in this domain, 
H(*(0, y(0)\\ = e. We would have F(x(t), y(t )) ^ e 2 /2, a contradiction. There- 
fore, |( (x(t) f y(0)ll < £ for all t > 0 in the domain of the solution. But this 
bound is independent of t, so the Extension Theorem [San79, p. 131] shows that 
this solution exists on all positive t. 

Solution to 3.4.12: 1. We have 


dH 

~di 


(0 = ^<*'(0, AO) + (grad V(x(t)) t x\ t)) 
= (At), x\t )) + (grad V(x(t)), x'(t)) 


n n 

= L/f(*(o)* f '(o+£ 

i=l i= 1 


dV_ 

dxi 


(x{t)) • x\(t)) 



since f = —dV/dxi. Therefore H(t) is constant on (a, b). 

2. Fix to € (a, 6). Since H is constant, H{t) = for all t € ( a , 6). We have 

tf('o) = i||*'(OII 2 + V(*(0) > ^IU'(r)ll 2 + M 

and then 

o ll*'(0l| 2 =? 2(tf(/ 0 ) - M) 

showing that x'(t) is bounded. Noting that 

Wfi) - x(, 2 )\ = f x'(t)dt J2(H(, 0 ) - M) |n - 1 2 1 

we conclude that * is bounded and has limits at the endpoints of the interval 
because it is Lipschitz. Using the continuity of / we get 

lim x"(t) = limfi(x(t)) = ^(limx(O) 

so lim f _>^ *"(r) exists, fori = 1 , . . . , n. The corresponding facts for t -> a can be 
treated similarly. Therefore the closure of x((a, b)) is compact and x” is bounded 
because its image is contained in the image of a compact under the continuous 
extension of fi . 

Using the maximum of ||x"(OII on (a, b) we see that x' is a Lipschitz function, 
and that the limit exists, completing the proof. 

Solution to 3.4.14: Let f\ be a basis for V. Since V is closed under 
differentiation, we have the system of equations 

n 

f! — djj fj 1 ^ i ^ n. 
j = 1 



Let A=(aij). This system has solutions of the form fi(x) = C/tf* 1 *, where the 
Q ’s are constants and the V s are the (complex) eigenvalues of the matrix A. By 
the properties of the exponential function, we immediately have that fi (x + a) = 
Cfi{x) for some constant C depending on a , so fi{x + a) e V. Since the fi's 
form a basis of V, V is closed under translation. 

Solution to 3.4.15: Let V be such a space, and let D denote the operator of dif- 
ferentiation acting on V. If x is the characteristic polynomial of D, the functions 
in V are solutions of the linear differential equation x(^)/ = 0- The set of so- 
lutions of that equation is a three dimensional vector space, since x has degree 3, 
so it equals V. 

Case 1. x has three distinct roots Ai, A 2 , A 3 . The functions e* l ‘, e Xl \ e X3t form a 
basis for the set of solutions of x(D)/ = 0 and so for V. 

Case 2. x has a root Aj of multiplicity 2 and a root A 2 of multiplicity 1. The 
functions e Xlt , re* 1 ', fi 2 * form a basis for V. 

Case 3. x has a single root of multiplicity 3. In this case the functions e**, te Xt , 
fie** form a basis for V. 

Solution to 3.4.16: We will show that for 1 < k ^ n + 1, f k {t) = Y!£} k %J e ~ jt 
where the £ j *s are constants depending on k. From this, it follows that each f k (r) 
approaches 0 as t tends to infinity. 

Solving the second equation, we get 

fn+1 (0 = £„ + ie- ( " +1) ' 


for some £ n+ i e E, which has the desired form. Assume that, for some k , the 
formula holds for f k +\ . Differentiating it and substituting it into the first equation 
gives 


n+l 

fk= E <* + 1 + Mj e ~ J ‘ 


j-k+l 



This is a first order linear differential equation which we can solve. Letting 
fzj = (k + 1 4 - ;)£/, we get 



where C is a constant. Changing the order of summation and evaluating, we get 


n-t*l 


' - 1 S. & 


tj_ e (k-j)x 


n+l 

*=0 / i=k 


where the £ j ’s are some real constants, and we are done. 



Solution to 3.4.17: We solve the case n = 1 in two different ways. First method: 

Let B be the indefinite integral of A vanishing at 0. One can then integrate the 
dx 

equation — = Ax with the help of the integrating factor e , namely 


0 = e~ B 


dx 

~di 


e~°A d 4 

dt 



giving x{t) = Since A(t) < p> we have B(t ) ^ (3t for t > 0, so 

l*(OI = 1*(0)|* B(0 ^ \x{0)\e~ pt t 


as desired. 

Second method (n = 1): Consider the derivative of e~P { x: 

^ (e~ p ‘x) = e~ fit - Px^J - e~ pt ( A - P) x . 

By Picard’s Theorem [San79, p. 8], x either has a constant sign or is identically 
0. Hence, e~P f x is nonincreasing when x is positive and nondecreasing when x is 
negative, which gives the desired conclusion. 
n > 1 . We have for a solution x (r), 

^IMI 2 = 2<^, x) = 2(Ax , *) < 2/3H* H 2 
dt dt 

which reduces the case n > 1 to the case n = 1 . 


Solution to 3.4.18: 1 . We have 

j t ii x (on 2 = j t m ) • xw) = zxco • 

= 2X(0 • WXfr) = 2W‘X(t) ■ X(0 
= — 21VX(0 • X(0 = -2X(0 - WX(0 

= -j t nx(on 2 , 

d 

from which it follows that — || X(t ) || 2 = 0, hence that ||X(0I| is constant. 

dt 

2. We have 

— <x(t) ■ v ) = • w = WX(t) ■ v = X(0 • W'v = -X(t) • Wv = 0. 

dt dt 

3. It will suffice to show that the null space of W is nontrivial. For if v is a nonzero 
vector in that null space, then 

||X(0 - u|| 2 = l|X(0|| 2 + M 2 -2X(0 • v , 

which is constant by Part 1 and Part 2, implying that X{t) lies on the intersection 
of two spheres, one with center 0 and one with center v. 



The nontriviality of the null space of W follows from the antisymmetry of W : 
det W = det W' = det(- W) = (-1) 3 det W = - det W . 

Hence, det W = 0, so W is singular. 

Solution to 3.4.19: Consider the function u defined by u(t) = ||x(OII 2 - We have, 
using Rayleigh’s Theorem [ND88, p. 418], 

u\t ) = 2{x(t), x'(t)) = 2 (x(t) t P(t)x(t)) ^ —2{x(t) y x(t)) = -2 «(/) 

which implies that «(*) ^ w(0)exp(— 2t) for t > 0, so lim u(t) = 0, and the 
result follows. 


Solution to 3.4.20: Expanding the matrix differential equation, we get the family 
of differential equations 



where fy == 0 if i or j equals 0. Solving these, we get 


( £11 £12 £l3 £l4 

£21 £n* 4- £22 £12^ 4* £23 £l3* + £24 

£31 %2lt 4* £32 i£ll* 2 +£22* +£33 5^12^ 2 + £23* + £34 

£41 £31* + £42 2& 1 * 2 + ?32* + £43 g£ll* 3 + j£ 22 * 2 + £33* + £44 

where the *s are constants. 


Solution 2. We will use a power series. Assume X(t) 
equation gives 

00 00 

Y,nt n -'C n = J^At n C n B 

n—1 n = 0 

which can be written as 


00 

£Vc„. The given 

n=0 


00 

Z‘ n — AC n B ) = 0 

n= 0 

giving the recurrence relation 


C n +1 = - 4 t ACnB, 

Bt 1 

so we have 

C„ = J-A"C 0 B". 
n! 

Since A 4 = B 4 = 0, the solution reduces to a polynomial of degree at most 3: 

2 3 

X(t) = Co+tACoB + l —A 2 C 0 B 2 + '—A^CoB 3 

£ 6 

where Co = X (0) is the initial value of X. 



4 

Metric Spaces 


4. 1 Topology of R" 


Solution to 4.1.1: Suppose x is a point of S \ C. Then there is an open interval 
containing x whose intersection with S is finite or countable and which thus is 
disjoint from C. By the density of Q in E, there is such an interval with rational 
endpoints. There are countably many open intervals in E with rational endpoints. 
Hence S \ C is a finite or countable union of finite or countable sets. Therefore, 
S\C is finite or countable. 

Solution to 4.1.2: 1. For n e Z let A n = A D [n, n + 1). Then A — U n <=zA n . 
Since A is uncountable, at least one of these sets, Ak say, is uncountable. Then 
Ak contains a bounded sequence with distinct terms, which has a conveigent sub- 
sequence. The limit of this subsequence is an accumulation point of A. 

2. Let M be the set of accumulation points of A. Suppose M is at most countable. 
As M is closed, its complement E \ M is open. Then we can represent it as a 
countable union of closed sets, R \ M = UC„. If M is at most countable, then A 
must have uncountable many elements in R \ M, therefore in some C m . By part 
1., ADC m has an accumulation point. C m is closed, so this accumulation point is 
in Cm- This contradicts the fact that all accumulation points of A are in M. 
Solution 2. Suppose there are no accumulation points, then for each point r € R 
there is a open interval l r around r with only finitely many points of A. Reducing 
the interval a bit further we may assume it contains at most one point of the set A 
(the possibility being r itself)- This open set form an open covering of the compact 
set [n, n -f 1], so it has a finite subcover and as such A only has finite number of 



elements in the interval [«, n 4- 1], hence at most a countable number of elements, 
a contradiction, so A must be uncountable. 

Solution to 4.1.3: For each i, the given condition guarantees that the sequence 
(j t(j, is Cauchy, hence convergent. Let a t denote its limit. We have, by the 

same condition, 

p(x(i, j), x{K j)) < max { y , j ) , 

giving p(a it a k ) ^ max{} , |). Hence the sequence (*)£, is Cauchy, therefore 
convergent. Let a denote its limit. 

Each sequence (x(i\ j))^ is Cauchy, hence convergent, say to bj, and the 
sequence (bj)JL j is Cauchy, hence convergent to b. 

Again, by the same condition as before, 

,1 1, 

p(x(i, i). x(i , j» < max{y , . 

In the limit as j ->■ oo this gives /= (jc ( t, i), a/) < t • Hence lim x(i, i ) = a. By 

, J l—* CO 

the same reasoning, lim x(i, i ) = p. 

i-> oo 

Solution to 4.1.4: The closures T n form a nested sequence of compact sets whose 
diameters tend to 0. The intersection of the closures therefore consists of a single 
point. The question is whether that point belongs to every T n . 

It is asserted that the centroid xq = %(A 4- B + O of the vertices A, B , C is 
in every T n . It is in Tq, being a convex combination of the vertices A, 5, C with 
nonzero coefficients, in fact, To = {ctA+fiB+yC J a, y > 0, a 4-^-j-y = 1}. 
Moreover the centroid of the vertices of T\ is 

1 (A + B B + C C + A\ 

3 \ 2 ' 2 ' 2 / = A ’ 0 ’ 

The obvious induction argument shows that xq is the centroid of the vertices of 
T n for every n. Hence HSo Tn = fro)- 

Solution to 4.1^: Suppose there is no such e. Then there exists a sequence (x n ) in 
K such that none of the balls B\/ n (x n ) is contained in any of the balls Bj . Since K 
is compact, this sequence has a limit point, by the Bolzano-Weierstrass Theorem 
[Rud87, p. 40], [MH93, p. 153], x € K. Then, since the Bj's are an open cover of 
K, there is a j and an e > 0 such that B e (x) C Bj. Let 1 /N < e/2, and choose 
n > N such that \x ~ x n \ < e/2. Then Bi/ n (x n ) c B e (x) c Bj, contradicting 
our choice of x n ’s. Hence, the desired e must exist. 

Solution 2. Suppose the conclusion is false. Then, for each positive integer «, there 
are two points x n and y n in K such that — y„l < 1 /«, yet no Bj contains both 
x n and y n . Since K is compact, the sequence (x n ) has a convergent subsequence, 
(x nk ) say, with limit p e K. Then, obviously, y„ k -> p. There is a Bj that contains 
p. Since Bj is open and p = lim x nk = lim y nk , both x nk and y„ k must be in Bj for 
k sufficiently large, in contradiction to the way the points x n and y„ were chosen. 



Solution 3. By compactness, we can choose a finite subcover of K , 

[Rud87, p. 30]. For xeK, define 

f{x) - max{dist(jc, E n \ Bj)\x € Bj). 

Then / (*) > 0 for each x € K , because each Bj is open and there are only 
finitely many of them. Since K is compact and f is continuous and strictly pos- 
itive on K, f has a positive minimum s > 0. By definition of /, every e— ball 
centered at a point of K is contained in some Bj. 

Solution 4. For each positive integer k let £* = {x € M | B(x, l/k) C U a 
for some a e /}. For each x e E k we clearly have B(x, \/k) c E k so E k is 
open. The sets Ek form an open cover of C, and are nested. Since C is compact, 
C C Ek for some K, and we are done. 

Solution to 4.1.6: Suppose U„ is an open set of real numbers for n e N, such that 
Q = nt/«. Then each set M \ U n is nowhere dense, since it is a closed set which 
contains only irrational numbers. We then have 

» = U u * U 

neN tfcQ 

but M is not a countable union of nowhere dense sets, by Baire’s Category Theo- 
rem [MH93, p. 175]. So Q cannot be a countable intersection of open sets. 

Solution to 4.1.7: Suppose x,y € X. Without loss of generality, assume x < y. 
Let z be such that x < z < y (for instance, z irrational verifying the double 
inequality). Then 

(—oo, z) n x , (z, oo) n x 

is a disconnection of X. We conclude then that X can have only one element 

Solution to 4.1.8: The Cantor set [Rud87, p. 41] is an example of a closed set 
having uncountably many connected components. 

Let A be an open set and suppose C a , a € T are its connected components. 
Each C a is an open set, so it contains a rational number. As the components are 
disjoint we have an injection of T in Q , so T is, at most, countable. 

Solution to 4.1.9: We show S is bounded and closed. 

To establish boundedness, choose no such that \\f — f n \\ ^ 1 on K for n ^ no* 
The function f is continuous, being the uniform limit of continuous functions, 
so f(K) is bounded, hence f{K) U US=«o /«(*) is bounded. Each f n (K) is 
bounded. Therefore so is Ui<n<«o A (^)» whence S is bounded. 

To prove that S is closed, let {yy} be a convergent sequence in S with limit y. 
It will suffice to show that y is in S. If infinitely many terms of the sequence lie 
in f{K\ or in f n (K) for some «, then y belongs to the same set, and hence to 
S. (Reason: f{K) and all the f n (K) are compact.) In the contrary case we may 
assume, after passing to a subsequence, that yj is in f mj (K), where m\ <m 2 < 



. . say yj = f mj (xj). Since K is compact we may assume, passing to a further 
subsequence, that the sequence (xj) converges, say to *. Then 

|| y - fOOi < ||y “ fmj(Xj)\\ + II fmjfrj) ~ f(xj) || + Wfixj) - f(x)\\ , 

and all three summands on the right tend to 0 as j oo. Hence y = /(*), so y 
is in S. 

Solution to 4.1.10: Suppose we have 


[0,1]= (Jfo.fc] 

ieN 

where the [«/, b {¥ s are non empty pairwise disjoint intervals. Let X be the set of 
the corresponding endpoints: 

X — {#1 » #2, • • ^ {^1 » ^2> • • 

We will show that X is a perfect set, so it cannot be countable. 

The complement of X in [0, 1] is a union of open intervals, so it is open, and X 
is closed. By the assumption, there must be elements of X in (a,* — s, a t ) for each 
e > 0, and each i € N, and similarly for the bi ’s. Each element of X is then an 
accumulation point, and X is perfect. 

Solution to 4.1.11: 1. Let X = {*} and (y„) be a sequence in Y such that 
\x — y n \ < d(X, Y) + l/n. As (y„) is bounded, passing to a subsequence, we 
may assume that it converges, to y, say. As Y is closed, y € Y and, by the conti- 
nuity of the norm, \x — y\ = d(X, Y ). 

2. Let ( x n ) be a sequence in X such that d((x n ), Y) < d(X, Y) 4* l/n. As X is 
compact, by the Bolzano-Weierstrass Theorem [Rud87, p. 40], [MH93, p. 153], 
we may assume, passing to a subsequence, that (x n ) converges, to x, say. We then 
have d(X, Y) = d({x), T) and the result follows from Part 1. 

3. Take X = {(*, l/x) \x > 0} and Y = {(*, 0) | jc > 0} inM 2 . 

Solution to 4.1.12: Suppose that S contains no limit points. Then, for each x € S, 
there is a 8 X >0 such that B$ x D S = {*}. Let e x = d x /2. The balls B £x {x) are 
disjoint, so we can choose a distinct point from each one with rational coordinates. 
Since the collection of points in R” with rational coordinates is countable, the set 
S must be countable, a contradiction. Hence, S must contain one of its limit points. 

Solution to 4.1.13: Let y be a limit point of Y and (y„) a sequence in T con- 
vening to y. Without loss of generality, we may suppose that |y„ — yj < r. By 
the definition of Y, there is a sequence (x n ) in X with |jc„ — y„| = r. Therefore, 
I Xn - y K \x n — ynl + |y rt - yl < 2 r, so the sequence (x n ) is bounded. Hence, it 
has a limit point a: € X. By passing to subsequences of (x n ) and (y„), if necessary, 
we may assume that lim x n = x. Let e > 0. For n large, we have 

\x - y| < \x - x„\ + 1 Xn - y*| + ly* - yK r +2e 



and 


r = \x n - y„l < \Xn - *| + |* - y| + |y - y„| < |x - y| + 2e. 

Since £ is arbitrary, |x — y| = r. Hence, y € Y and Y is closed. 

Solution to 4.1.14: Let A be an infinite closed subset of E”. For k = 1, . . let 
Bk be the family of open balls in E n whose centers have rational coordinates and 
whose radii are 1 /k. Each family Bk is countable. For each ball B e Bk such 
that B fl A 0, choose a point in B H A, and let Ak be the set of chosen points. 
Each Ak is a countable subset of A, so the set A c o = U Ak is a countable subset 
of A. Since A is closed, the inclusion Aoo C A is obvious. Suppose a e A and 
fix a positive integer k. Then a lies in some ball B e £*, and this ball B must 
then contain a point of A*, hence of Aoo. Thus, some point of Aq q lies within a 
dista nce o f 2/ k of a. Since k is aibitrary, it follows that a € Aoo and, thus, that 
A d Aqo • 

Solution to 4.1.15: For k — 1 , 2 ,..., let Bk be the closed ball in R n with center at 
0 and radius k. Each compact of E n is contained in some B *. As each Bk is com- 
pact, it is covered by finitely many Uj ’s, by the Heine-Borel Theorem, [Rud87, p. 
30]. Let jk be the smallest index such that Bk is covered by l/j, . . . , Uj k . Define 
Vj by setting Vj = Uj \ Bk for jk + 1 ^ j ^ jk+ 1 (if the indices jk are all equal 
from some point on, set Vj = 0 for j laiger than their ultimate value.) The sets 
Vi, V 2 ,... have the required property. 

Solution to 4.1.16: If K is not bounded, then the function x »-> ||x|| is not 
bounded on K. If K is bounded but not compact, then it is not closed, by the 
Heine-Borel Theorem, [Rud87, p. 40], [MH93, p. 155]; therefore, there exists 
| € H \ K. In this case, the function x \\x - £ || _1 is not bounded on K. 

Solution to 4.1.17: 1. Suppose not. Then there is a positive number 8 and a sub- 
sequence of (x j), (y„), such that 


x\^ 8. 

As A is compact, by the Bolzano-Weierstrass Theorem [Rud87, p. 40], (MH93, 
p. 153], (y n ) has a convergent subsequence, which, by hypothesis, converges to 
x, contradicting the inequality. 

2. Let A = E and consider 

_f i if i is odd 

Xl j 1/ i if i is even. 

All the convergent subsequences converge to zero, but (*/) diverges. 

Solution to 4.1.18: Let £ > 0. As / is uniformly continuous on X, there is a 
8 > 0 such that 


\f(x) - f(y ) | < £ < £ + Mi \x - y\ 



for |* — y\ <8 and any M 1 ^ 0. 

Assume \x-y\^ 8. As the function / is bounded, there is an M 2 > 0 with 
|/(x) - /(y) | < M 2 for all x and y. Let M\ = M 2 /5. We have 

|/(x) - /(y) | ^ 5Mi ^ Mi|x - yK Mi|x - ?l + « 

for all x, y € X. 

Solution to 4.1.19: Let 

S = (JS„ = AUB 

a 

where A and B are open. The origin belongs to A or to B. Without loss of gener- 
ality, assume O e A. For every a, we have 

s a = ( s a n A) u (s a n b ) 

so, as S a is connected and O e S a n A, we get S a D B = 0. Therefore, 

SflB = (J(S a nB) = 0 


and S is connected. 

Solution to 4.1.20: Proof of 1 =* 2: Suppose that Gif ) is disconnected. Let 
Ay B be disjoint non-empty open subsets of G(/) with A U B = G(/). Let 
Ao = [X e MT | (JC, f(x)) € A), £ 0 = {x e W | (x t fix)) e B). Ifx e A 0 then 
ixy fix)) € A. Since A is open in Gif) there exist neighborhoods U of x f and 
V of fix)y with iU xV)fl Gif) C A. Since / is continuous at x y we can find 
a neighborfiood U' of x such that f(U') c V. Then U 0 U f is a neighborhood 
of Xy and for any z € U fl U\ (z, fiz)) € iU x F) 0 Gif) C A, and hence Ao 
contains U 0 U'. This proves that Ao is open in Similarly, Bo is an open set. 
Clearly Ao and Bo are non-empty, Ao n Bo = 0 and Ao U Bo = M”. This is a 
contradiction since M" is connected. 

Counterexample to 2 1: Take n = 1, and let Si = {(x, sin(l/x» \x < 0}, 

5 2 = {(x, sin(l/x» |x > 0). Si is the image of the continuous map (— oo, 0) — ► 
MxM, x (x, sin(l /x)) and therefore it is a connected subset ofMxM. Similarly 
S 2 is a connected subset of 3R x M. Since (0, 0) belongs to the closure in R x JR 
of both Si and S 2 , the sets Si U {(0, 0)} and S 2 U {(0, 0)} are connected. Since 
these sets have a point in common, their union (Si U {(0, 0)}) U (S 2 U {(0, 0)}) 
is connected. This union is the graph of the function / : JR -> JR defined by 
fix) = sin(l/x), x 9^ 0, /(0) = 0, which is not continuous at x = 0. 

Solution to 4.1.21: Let S be a countable dense subset of U, for example, the set 
of points in U with rational coordinates. Let / be the function that equals 0 off 
S and, at any point x in S, equals the distance from x to JR n \U. Then / has the 
required property. 



Solution to 4.1.22: The assertion is true. Let S be such a set and a a point in S. 
Define the set S a — [b e S | a and b are connected by a path in 5}. S a is open 
(because S is locally path connected) as well as its complement in S, so these two 
sets make up a partition of 5, which is connected, therefore, the partition is trivial 
and S a is the whole S. 

Solution to 4.1.24: As X is compact, there is a constant B > 0 such that B > | aij 1 
for all matrices A = (a//) in X. This bound, together with the equation Ax = kx 
give us the bound \k\ < J^ij \ a ij\ < « 2 P> so S is bounded. 

Let (A./) be a sequence in S conveiging to fi. For each A.,* there is an element 
Mi of X such that A.,- is an eigenvalue of A/,-. The sequence (A//) has a convergent 
subsequence, by compacity, so we may assume it converges to M eX. The set of 
singular matrices in M nxn is closed, since it is the inverse image of {0} under the 
continuous map det : M nxn -* M, therefore lim t _>-oo(A/; — A., 7) is singular. As 
this limit equals A/ — A./ we conclude that A. € 5, so S is also closed, therefore it 
is compact. 

Solution to 4.1.25: 1. P 2 is the quotient of the sphere S 2 by the equivalence 
relation that identifies two antipode points x and —x. If tc : S 2 P 2 is the 
natural projection which associates each point x € S 2 to its equivalence class 
jt(x) = [x, —x) e P 2 , the natural topology is the quotient topology; that is, 
A C P 2 is open if and only if 7 r _1 (A) C S 2 is open. With this topology, the 
projection n is a continuous function and P 2 = n(S 2 ) is compact, being the 
image of a compact by a continuous function. 

Another topology frequently referred to as the usual topology of P 2 is the one 
defined by the metric 


d(x, y ) = mind* - y |, \x + y |}. 

It is a straightforward verification that the function d above satisfies all axioms of 
a metric. We will show now that it defines the same topology as the one above, on 
the space that we will call {P 2 , d ) . 

The application n : S 2 P 2 with the metric as above satisfies the inequality 

d{jr(x),7T(y)) < \x~y\ 

so d is continuous. This defines a function 5T on the quotient which is 

S 2 ^ (P 2 ,d) 



the identity and then continuous. Since P 2 is compact and (P 2 , d) Hausdorff, n 
is a homeomorphism and the two topologies in P 2 are equivalent. 



Now 50(3) is the group of orthogonal transformations of R 3 with determinant 
1, so every matrix in this set of satisfies 

( 1 0 0 
0 1 0 
0 0 1 

therefore, £Li X% = 1, for / = 1, 2, 3, implying that 50(3) is bounded. Con- 
sider now the transformation 

/ : A/3x3 * K 9 -> M 3x3 x R 

X -»• (X'X.detX). 

/ is continuous and 50(3) = / -1 (/, 1), that is, the inverse image of a closed set, 
then itself a closed set, showing that 50(3) is compact. Another way to see this 
is to observe that the function 

X ,/tr (X'X) 

is a norm on the space of matrices M nxn = R" 2 and that for matrices in the or- 
thogonal group tr (X r X) = n, so 0(n) and, consequentially, 50(n) are compact. 
2. To see the homeomoiphism between P 2 and Q, first define the application 
(p : P 2 -¥ Q given by the following construction: For each line x through the 
origin, take <p x : R 3 -> R 3 as the rotation of 180° around the x axis. This is well 
defined and continuous. To see that it is surjective, notice that every orthogonal 
matrix in dim 3 is equivalent to one of the form 

(10 0 \ 

I 0 cos# sin0 I 
\ 0 — sin# cos 9 J 

and with the additional condition of symmetry 9 —n t which is a rotation of 180° 
around an axis. For more details see the Solution to Problem 7.4.24. Since <p is 
continuous and injective on a compact, it is an homeomoiphism. 

Solution to 4.1.27: Convergence in M nxn is entrywise convergence. In other 
words, the sequence (A k ) in M nxn converges to the matrix A if and only if, for 
each i and ;, the (i, j) th entry of A k converges to the (i, j) th entry of A. It fol- 
lows that the operator of multiplication in M nxn is continuous; in other words, 
if Ak A and B k — > B, then A k B k AB. Now suppose (A k ) is a sequence 
of nilpotent matrices in M nxn and assume A k -> A. Then A n k — > A n by the 
continuity of multiplication. But A\- 0 for each k since A* is nilpotent. Hence, 
A n — 0, that is, A is nilpotent. As a subset of a metric space is closed exactly 
when it contains all its limit points, the conclusion follows. 

Solution to 4.1.28: For real / let 7} = {t e R j 5 D (-oo, t ) is countable }. If (r„) 
is sequence in 7/ with limit t € R, then 

00 

5 n (-oo, t ) c (J (5 n (-oo, u )) . 

i = 1 




As a subset of a countable union of countable sets is countable we conclude that 
t e Ti, so 7} is closed. If S fl (— 00 , n) were countable for every integer n, then S 
would be countable, a contradiction. Therefore 7} ^ E. 

Similarly, T r — {t e E | S fl (r, 00 ) is countable } is closed and Tr E. We 
have 2) D T r = 0 since if t e Ti fl T r then S C (S D (- 00 , 0) U(5fl (r, 00 )) U 
{t} would be countable. If 7] U T r — E, then we would have E as a union of 
disjoint proper subsets, contradicting the connectivity of E. Hence there exists 
t e E \ Ti U T r . For such a t S D (— 00 , t) and S D (r, 00 ) are uncountable. 


4.2 General Theory 


Solution to 4.2.1: WeTl prove that p(g(y), g n (y )) 0 uniformly as n -* 00 . 

Since a uniformly continuous map preserves uniform convergence, and g is uni- 
formly continuous, it will suffice to show that cr(y, figniy)) -*■ 0 uniformly as 
n -> 00 . But 

<r(y , figniy ))) = <r(fn(g n (y))> figniy ))) , 

so the desired conclusion follows from the hypothesis that f n ~+f uniformly as 
n 00 . 

Solution to 4.2.2: As the E n ’s are non empty we can form a sequence (x n ) sat- 
isfying x„ € E„ for all positive integers n. Given s > 0, there is an integer n(s) 
such that diam E n < e for n ^ n(e). Thus, d(x n , x m ) < e for n, m ^ n(e). This 
sequence is Cauchy, so it converges, to x, say. As E n is closed and contains the 
sequence (x n ) we must have x € E„ for all n, i.e., x e HS=i 

Solution to 4.23: Suppose that p is in the closure of A. Define the function 
f(x ) = —d(x, p ) on X. By assumption, the restriction /U attains a maximum 
on A. But since p is in the closure of A, /U is nonpositive while attaining values 
arbitrarily close to 0, so the maximum value can only be 0; hence p e A. Thus A 
is a closed subset of a compact space, so A is compact. 

Solution to 4.2.4: Let U be an open cover of C. Then there is a set Uo in U that 
contains *o- Since lim^oo x n — *o, there is an no such that x n is in Uo for all 
n > no* For each n ^ no there is a set U n in U that contains x n . The subfamily 
{(/o, U\,..., Unv) is then a finite subcover of C, proving, by the Heine-Borel 
Theorem [Rud87, p. 30], that C is compact. 

Solution to 4.23: Let X be a compact metric space. For each n € N, consider 
a cover of X by balls with radius 1/ n, B{ 1/ n) = 1/ n) \x a e X). As X 

is compact, a finite subcollection of £(l/n), £'(l/n), covers X, by the Heine- 
Borel Theorem [Rud87, p. 30], Let A be the set consisting of the centers of the 
balls in B\ 1 /n), n e N. A is a countable union of finite sets, so it is countable. It 
is also clearly dense in X. 



Solution to 4.2.6: Suppose x /(X). As /(X ) is closed, there exists a positive 

number e such that d(x, /(X )) ^ e. 

As X is compact, using the Bolzano-Weierstrass Theorem [Rud87, p. 40], 
[MH93, p. 153], the sequence of iterates (f n (*)) has a convergent subsequence, 
if n ‘ (*)), say. For i < j, we have 

d (/"' (*), f n > (x)) = d (x, f n ‘~ ni (x)) > s 

which contradicts the fact that every convergent sequence in X is a Cauchy se- 
quence, and the conclusion follows. 

Solution to 4.2.7: For* e C we clearly have f(x) = 0. Conversely, if fix) — 0, 
then there is a sequence (y n ) in C with d(x, y n ) -» 0. As C is closed, we have 
x € C. 

Given x, z € M and y € C, we have, by the Triangle Inequality [MH87, p. 

20 ], 

d(x y y) ^ d(x y z ) +d(z , y). 

Taking the infimum of both sides over y e C, we get 


fix) ^ z) + fiz) 


or 

and, by symmetry, 

Therefore, 

and /is continuous. 


fix)- fiz) ^dix,z), 
fiz) - fix) ^ dix, z)- 
\fix) - fiz)\ ^dix,z) 


Solution to 4.2.8: ||/|| > 0 for all / in C 1 / 3 is clear. If / == 0, it is obvious that 
H/ll = 0. Conversely, suppose that fl/|| = 0. Then, for all x ^ 0, we have 



I £00 - /(0)1 

I * -01 


<11/11=0. 


Since /(0) = 0, this implies fix) - 0 for all x. Let f,g € C 1/3 and e > 0. 
There exists x ^ y such that 


II/ + SII < 

< 

< 


l(/ + g)(*)-(/ + g)(y)l 

|JC _y|l/3 + E 

\fU) - /(y) I lg(*)-g(y)| 

Ix-yl 1 ' 3 |jc — y|'/3 

ll/ll + llg II +«. 


Since e was arbitrary, the Triangle Inequality [MH87, p. 20] holds. 



The property ||c/H = jc|l|/|j for / € C 1/3 and c e R is clear. 

Let {/„} be a Cauchy sequence in C 1 / 3 . By the definition of the norm, for all 
x € [0, 1] and any e > 0 there is an N >0 such that if n, m > N, we have 

I (A ~ /«)(*) - (/„ - /„)( 0)} ^ \x - 0\V 3 e 


or 

\fn(x) — fm(x)\ <£. 

Hence, the sequence {/„ } is uniformly Cauchy. A similar calculation shows that 
functions in C 1 / 3 are continuous. Since the space of continuous functions on [0, 1] 
is complete with respect to uniform convergence, there exists a continuous func- 
tion / such that the f n ’s converge to / uniformly. Suppose / £ C 1 / 3 . Then, for 
any M > 0, there exist x ^ y such that 


!/(*) - /(y)i 

|x - yl 1 / 3 


> M. 


So 

I \f„(x) - f n (y)\ \f(y)-fn(y)\ 

| x -y|i/3 + |x-y|i/3 + \x - y|*/ 3 >M - 

Since the /„ ’s converge to / uniformly, for fixed x and y we can make the first 
and third terms as small as desired. Hence, \\f n |) > M for all M and n sufficiently 
large, contradicting the fact that f n € C 1 / 3 and that, since the f n ’s are Cauchy, 
their norms are uniformly bounded. 

Suppose now that the sequence {f n } does not converge to / in C 1 / 3 . Then there 
is an e > 0 such that \\f n — /|| > s for infinitely many n’s. But then there exist 
x 5^ y with 

Unix) - fix ) I | fniy) - fiy ) I ^ 

\x — y,!/ 3 + |*-y]i/3 

for those n’s. But, as we have uniform convergence, we can make the left-hand 
side as small as desired for fixed x and y, a contradiction. 

Solution to 4.2.9: We first show that {#„} is equicontinuous. Fix e > 0. By the 
equicontinuity of the sequence {fn}, there is a 8 > 0 such that 


Unix) - f„iy ) | < e 


for all n, whenever d(x, y) < e. Fix n and fix * and y with d(x, y) < 8. Let 
j,k^n be such that g n {x) = fj(x) and g„iy) = fkiy)- Then 

gnix) - gniy ) = fjix) - fkiy ) = fjix) - fjiy) + My) - fkiy) 

< fjix) - fjiy) < e - 

By the same reasoning, g n (y) —g n ix) < e, from which follows the equicontinuity 
of the sequence {g„}. 



The sequence {#„} is clearly uniformly bounded, so, by the Arzelh-Ascoli The- 
orem, it has a uniformly convergent subsequence [g nk }, with limit g, say. Since 
the sequence {g„} is nondecreasing, for n > n^, we have 


8nk ^ 8n ^ 8 » 

implying that g n 8 uniformly. 

Solution to 4.2.11: Since f(K) c f(K n ) for all n, the inclusion f(K) C 
p|J° f(K n ) is clear. Let y be a point in f(K n ). Then, for each n, the set 
/ -1 ({y}) fl K n is nonempty and compact (the latter because it is a closed subset 
of the compact set K n ). Also, / _1 ({y}) fl K n +\ C /~ 1 ({y}) H K n . Hence, by the 
Nested Set Property [MH93, p. 157], the set 

00 

n (/■' (W) n k„) = /-' ({y}) n k 

1 

is nonempty; that is, y € f(K). 

Solution to 4.2.12: 1. The completeness of X\ implies the completeness of X 2 . 
In fact, assume X\ is complete, and let (y n ) be a Cauchy sequence in X 2 . The 
conditions on f imply that it is one-to-one, so each y n can be written uniquely 
as f(x„) with x„ in X\. Then d\(x m ,x n ) < d 2 (y m , y„)> implying that (x n ) is 
a Cauchy sequence, hence convergent, say to x. Since / is continuous, we then 
have lim y n — /(*), proving that X 2 is complete. 

2. The completeness of X 2 does not imply the completeness of X\. For an exam- 
ple, take X\ — (— f-, f- ), X 2 = R, and f{x) — tan*. Since fix) — sec 2 * ^ 1 
on Xu the condition |jc — y\ ^ | fix) — /(y)| holds. 


4.3 Fixed Point Theorem 


Solution to 43.1: The map is the image, by a contraction, of a complete met- 
ric space (California!). The result is a consequence of the Fixed Point Theorem 
[Rud87, p. 220]. 


Solution to 433: Let g(x) = (1 + jc)"* 1 

*'(*) = 


. We have 
-1 

( 1+*) 2 


therefore, 


1 


|gV)| < a + 'xo/2? < 1 for 
Then, by the Fixed Point Theorem [Rud87, p. 220], the sequence given by 


*0 > 0, xn+i-gix n ) 



converges to the unique fixed point of g in [xo, oo). Solving g(x) = x in that 
domain gives us the limit 

-l + Vs 
■ ■ 

2 

Solution to 4.3.3: Let S = {x e [0, oo) | x - /(x) < 0}. S is not empty because 
0 € S; also, every element of S is less than 100, so S has a supremum, xo, say* 
For any e > 0, there exists an element of S, x , with 

x < xo < x + e 
so 

*0 - /(* o) < xo - fix ) < X + e - f{x) < € 

and we conclude, since e is arbitrary, that xo < fix o). 

Suppose / (xo) — xo = 8 >0. Then, for some xe5, we have x ^ xo < xo + 8 ; 
therefore, 

x < xo < /(x 0 ) - x 0 + x + 8 

and we get 

x ^ xo < fix o) - xo + x 
from which follows, since / is an increasing function, 

fix o) - xo + x ^ fix o) ^ / (/(xo) - x 0 + x) 

but then xo < / (xo) — xo + x € 5, which contradicts the definition of xo* We 
must then have fix o) = xo* 

Solution to 43.4: Consider F : K -»• M defined by F(x) = d (x, p(x)). p, being 
a contraction, is continuous, and so is F. Since K is compact and nonempty, F 
attains its minimum e at a point m e K, dim, <pim)) = e. From the minimality 
of e y it follows that d i(pim ), (p i(pim))) = F i(pim)) ^ e = dim, <pim)). The 
contractiveness assumption implies that m = <pim). 

Suppose n € K also satisfies n = (pin). Then d i(p{n), <pim)) — din, m), 
which, by the contractiveness assumption, implies n — m. 

Solution to 433: As the unit square is compact, max JF(x, y)| = M < 1. Con- 
sider the map T : C[o,i] C[o,i] defined by 

T(/)(x) = e* 2 - f Kix, y)fiy)dy. 

Jo 

We have 

I T(f)(x) - T(g)(jt)| = f K(x, y)(g(y) - f(y))dy 

Jo 



< f M\g(y) - f(y)\dy 

JO 

< M max \g(y)-f(y)\ 

o^i 

= M\\g-f\\. 

By the Contraction Mapping Principle [MH93, p. 275], T has a unique fixed point, 
h e C[ o,i]. We have 

Z* 1 2 

h(x ) 4- / K(x, y)h(y)dy = e x . 

Jo 

Any such a solution is a fixed point of T, so it must equal h. 

Solution to 43.6: Consider the map T : C[o,i] -*• C[ 0 ,l] defined by 

T(f) = g(x) + f f(x- t)e-' 2 dt. 

Jo 

Given /, h € C[o,i]» we have 

II7V) - FtfOlloo < sup f \f(x-t)-h(x-t)\e~' Z dt 

xe[ 0,1] Jo 

< II/-/* Hoc sup f e~* 2 dt 

X€[0,1] Jo 

= 11/ -Moo /«-'**< I/- Moo 

Jo 

so r is a contraction. Since C[o,i] is a complete metric space, by the Contraction 
Mapping Principle [MH93, p. 275] there is / € C\ oj] such that T (/) = /, as 
desired. 


Solution to 43.7: Define the operator T on C[o,i] by 

T(fKx) = sin* + jf 
Let /, g € C[o,i]. We have 

m/) - 7-(g)| < sup { jf 1 ^ ^ (y)l rfy) 

<sup{|/(*)-g(*)|e -x ) jf 

<A.||/-g||, 



where 0 < X < 1 is a constant. Hence, T is a strict contraction. Therefore, by the 
Contraction Mapping Principle [MH93, p. 275], there is a unique / € C[o,i] with 
T(f) = /. 

Solution to 4.3.8: Since M is a complete metric space and S 2 is a strict contrac- 
tion, by the Contraction Mapping Principle [MH93, p. 275] there is a unique point 
x € M such that S 2 (jc) = x. Let S( x) = y. Then S 2 (y ) = S 3 (jc) = S(jc) = y. 
Hence, y is a fixed point of S 2 , so x = y. Any fixed point of S is a fixed point S 2 , 
so S has a unique fixed point. 




5 

Complex Analysis 


5 . 1 Complex Numbers 


Solution to 5.1.1: We have 


l=e 2bri for keZ; 


therefore, 



= e 



2kni 


_ e -2kn+i^ 




+ 1 sin 



(k € Z). 


Solution to 5.1.2: We have i* = e ilog ' and log/ = log|i| + largi = 
i(7r/2 4- 2 Att), k e Z. So the values of i 1 are {£~< 7r / 2+2 * 7r) | A: € Z}. 

Solution to 5.13: Let A, £, C be the points a> b, c in the Argand diagram. We 
suppose that a, b, c are noncollinear. 

To prove necessity, suppose ABC is equilateral. To be definite suppose ABC 
has counterclockwise orientation. Then c — a = (b — a)e i7t / 3 and 
a — b ~ (c — b)e m / 3 . Therefore ( c — a){c — b) = (a — b)(b — a) which is 
equivalent to the condition a 2 4- b 2 4 c 2 = be 4 ca 4 ab. 



Conversely, suppose a 2 -\- b 2 + c 2 = be + ca 4* ab. Then (c — a)(c — b) = 
(o — b)(fc — a), and 

c — a a — b 


b — a c — b 


— re 10 say. 


Hence 


AC BA 


AB BC 


— r 


and 


LB AC = LCBA = ±0 (mod 2tt) . 


From the above equations we get AC = BC. Therefore ABC is an equilateral 
triangle. 

Now consider the case that a, b, c are collinear. The condition a 2 + b 2 + c 2 = 
bc+ca + ab is equivalent to (c — a)(c — b) = (a — b)(b — a). The latter condition 
is clearly invariant under translation and rotation about the origin. Thus we may 
assume that a, b, c are real and that a — 0. The latter condition then reduces to 
c 2 + b 2 = be, which is satisfied only by the real numbers c — b — 0, as can 
be seen by using the quadratic formula to solve for c. Thus in this case the given 
condition is equivalent to a, b,c forming a degenerate equilateral triangle. 


Solution to 5.1.4: Multiplying by a unimodular constant, if necessary, we can 
assume c — 1. Then %a + %b — 0. So a = b. Their real part must be nega- 
tive, since otherwise the real parts of a, b, and c would sum to a positive num- 
ber. Therefore, there is 0 such that a = cos0 + i sin0 and b = cos0 — i sin0, 
cos 0 — —1/2. Then 0 = 2jt/3 and we are done. 

Solution2. Since b+c = -a, we get 1 = ||b+c|| 2 = 2+2 Wbc, thus 2 Wbc = — 1, 
hence || b — c|| 2 — 2 — 2 d\bc — 3. The same calculation gives j | a — b\\ 2 = 3 and 
II a - c|| 2 = 3. 


Solution to 5.1.5: 1 . We have 


Pn-i(x) = 


X n — 1 
x-1 


= x n 1 H 1 


for x tL 1, so Pn-i(l) = n. 

2. Let 

2ni(k~\) 

Pk—e n fork = 1 , ... ,n 

be the n th roots of 1. As pi = 1, we have 

n 

\\{Z- Pk) = Pn-\{z). 

*=2 


Letting z = 1, and using Part 1, we get the desired result. 



Solution to 5.1.6: Let q = e ,z > so 2cosz = q + q~\ and 2 cos nz — q n + q~ n . 
The problem reduces to find the polynomial such that T^(q 4- q~ ] ) —q n + q~ n - 
Now 


k=0 ' 7 o<y<A JJ ’ 7 


0 <J<n 
n — ,/even 


(„" 2 ) if n is even - 
0 otherwise. 

Now assuming that we know 7) for j < n and proceeding by induction, 

*.«=*"- E ( {n " )/ 2 )^W)-( {nil) ifniseVen ’ 

o <i<n ^ ]), > 0 otherwise. 


0 </ 
n-jeven 


is the sought polynomial. 


Solution to 5.1.7: Consider the complex plane divided into four quadrants by the 
lines 9fz = ±Sz, and let A/ be the set of indices j such that zj lies in the i th 
quadrant. The union of the four sets A ,■ is {1, 2, ... , n}, so there is an i such that 
A = A i satisfies 

Em 

jeA j=l 

Since multiplying all of the zj by a unimodular constant will not affect this sum, 
we may assume that A is the quadrant in the right half-plane, where SHzj > 0 and 

\Zj | < \/ 291 zj . So we have 



> E > 

je A 



Em- 

jeA 


Combining this with the previous inequality, we get the desired result. 

Solution to 5.1.8: The functions 1, e 2nix , ...» e 2lxinx are orthonormal on [0,1]. 

a 


Hence, 


t 


n 


i-E«* 

*= 1 


2nikx 


n 


dx = 1 + EM 2 >1- 

*=1 


Since the integrand is continuous and nonnegative, it must be ^ 1 at some point. 
Solution 2. Since /J e 2n,kx dx — Ofork^O, we have 




Now argue as above. 
Solution to 5.1.9: We have 



for all complex numbers a and b, where the integral is taken over any path con- 
necting them. Suppose that a and b lie in the left half-plane. Then we can take a 
path also in the same half-plane, and for any z on this line, \e z \ ^ 1. Therefore, 
integrating along this line, we get 




\e z \ \dz\ ^ \b-a\. 


Solution to 5.1.10: The boundary of N(A, r ) consists of a finite set of circular 
arcs C/, each centered at a point a,* in A. The sectors Si with base C/ and vertex 
ai are disjoint, and their total area is Lrf 2, where L is the length of the boundary. 
Since everything lies in a disc of radius 2, the total area is at most 4n, so L < 
Sn/r. 

Solution to 5.1.11: Without loss of generality, suppose that 

l«i I < M < • • • < |a/| < |a/+i| = • • • = \&k\ 

that is, exactly k ~ l of the a ’s with maximum modulus (l may be zero.) 

We will first show that |a*| = sup j \cij\ is an upper bound for the expression, 
and then prove that a subsequence gets arbitrarily close to this value. We have 

\/n , k Vi/, 

< ( E M j < (*Ki") 1/n = k'! n | ff *i 

the limit on the right exists and is |a*| = sup | aj |, so 

j 



limsup <sup|o!y| . 

" 7=1 j 

Now dividing the whole expression by a? we get 



since the last k — l terms all have absolute value 1. 



It suffices to show that 


(*) 


lim sup 

n 


£(*)■♦£' 
7 j=l+\ 


\a* 


inGj 


= k-l 


since 


k 

l/n 

E“" 

j=i 

= |a*l 


£ (|)' + £ 
i=l ' _/=/+! 


1 /» 


lim sup 

W 


= *-/. 


(*) is a consequence of the the fact that orbits of irrational rotation on the circle 

are dense in the unit circle. To see that, discard the first term ]T^_i because 

its limit exists and equals zero, being a finite sum of terms that converge to zero, 
and distribute the rest in two sums, one containing all rational angles (pi / qi ), and 
another one containing all irrational angles (5/). Without loss of generality we are 
left to prove that 

P . p; k 

E + E * inSi 

|j=/+l j=k'+l 

If the sequence contains only rational angles choose P — 2f]y Qj> twice the 
product of the denominators of the rational angles. Then the sequence n P where 
n € N will land all angles at zero and the summation is equal to k — l. 

Now if there is at least one irrational angle among them the set of points 

n € N 

in the tori S l x S 1 x • • • x S 1 is infinite (the last coordinates will never repeat) and 
so has an accumulation point, that is, for any e > 0 there are two iterates m > n 
such that 


(e mi M e** e mis ^ - (e* & V 


< £ 


and then 


(• 


(m-n)i §*f 


«+ 1 


nV W, e «t-»Wv+i , . . . , j 


is e-close to (1, , 1), and we are done. 


5.2 Series and Sequences of Functions 


Solution to 5.2.1: Multiplying the first N - f* 1 factors we get 


l-z 10 l-z 10Q 1 - z 1000 
1 — z 1 — z 10 1 — z 100 


1 - Z 10N 1 - z ,0/v 

1 - z 1 ^-! “ l-z 


• • • 



so the product converges to 1/(1 — z) as N -* oo. 

Solution to 5.2.2: From the recurrence relation, we see that the coefficients a„ 
grow, at most, at an exponential rate, so the series has a positive radius of conver- 
gence. Let f be the function it represents in its disc of convergence, and consider 
the polynomial p(z) = 3+4 z — z 2 . We have 


OO 

p(z)f(z ) = (3 + 4 z- z 2 ) a ^ n 

n= 0 

oo 

= 3(2o + (3fli + 4ao)z + ^ 4" 4flt rt _i — a n — 2 )z n 

n—0 

= 3 + z. 




3 + z 

3 + 4 z-z 2 


The radius of convergence of the series is the distance from 0 to the closest sin- 
gularity of /, which is the closest root of p. The roots of p are 2 ± V7. Hence, 
the radius of convergence is «Jl — 2. 


OO 


Solution to 5.23: Let 

f(z) = ^ 

n = 0 

be the Maclaurin series of /. Substituting the equation we get: 


ao — 0, a\ = 1 , 02 = 0, ak = 


<*k-3 


k(k - 1) 


(k > 3) . 


and by induction for k^ 1, we get, 


^ 1 ^1 
m = 0 37 ( 37 - 1 )* a3k+l = n 3 j(3 j 4 - 1 ) aik+2 = ° • 

So dividing the sum up in two components and analyzing the convergence of each 
piece we see that lim^oo = q, S o the series £ a 3 kZ 3k has infinite radius of 
convergence. The series relative to the indexes 3kl + 1 can be treated in a similar 
way. We conclude then that the series for / has infinite radius of convergence, 
which proves the unicity of the solution to the given problem. 

Solution to 5.2.4: Let f(z) = exp (z/(z — 2)). The series can then be rewritten 
as ^ {f{z)) n , so, by the standard theory of power series, it converges if 
and only if |/(z)| < 1. The preceding inequality holds when ^~2 ^ 0, so the 
problem reduces to that of finding the region sent into the closed left half-plane 



by the linear fractional map z h* The inverse of the preceding map is the 

map g defined by g(z) = Since g(0) =0 and g(oo) = 2, the image of the 
imaginary axis under g is a circle passing through the points 0 and 2. As g sends 
the real axis onto itself, that circle must be orthogonal to the real axis, so it is the 
circle \z — 1 1 = 1 . Thus, g sends the open left half-plane either to the interior or 
to the exterior of that circle. Since g(— 1) = 1, the first possibility occurs. We can 
conclude that |/(z)| < 1 if and only if \z — 1 1 < 1 and z£ 2, which is the region 
of convergence of the original series. 



Solution to 5.2.5: The radius of convergence, R, of this power series is given by 


- = limsuplfl rt | 1/rt . 

K rt->oo 


For Jz| < 1, we have 

CO 

E *- 1 

n=l 



1 

(1 “ Z) 2 ‘ 


By the Identity Theorem [MH87, p. 397], 



1 

(1 - z) 2 


where the right-hand side is analytic. Since this happens everywhere except at 
z = 1, the power series expansion of / centered at —2 will have a radius of 
convergence equal to the distance between —2 and 1 . Hence, R = 3. 


Solution to 5.2.6: As 


1 -x 2 +* 4 -x 6 + 


1 


1+* 


which has singularities at ii', the radius of convergence 


2 

of 


00 


Em *- 3 / 1 

«— 0 



is the distance from 3 to ±i, |3 qF * I = VlO. We then have 


lim sup 

n->oo 




Solution to 5.2.7: As lim yfrfi = 1, we have 

n-* oo 


= lim sup v^|fl n | = lim sup y /i 2 |u„ | 

R n-+ oo #-»oo 

so J2 a nZ n and J2 n2 °nZ n have the same radius of convergence, and the conclu- 
sion follows. 

Solution to 5.2.8: We’ll show that the series converges for \z\ = 1, z ^ 1, which 
implies that the radius of convergence is at least 1, therefore the series is conver- 
gent for \z\ < 1. 

Let R nt p (where p is a positive integer) and R n be defined by 

n+p 

K,p(z)= ^2 biZ ' ' R n(z)= ^2 biZ ' ■ 
frsn+l i^n + 1 


We have, 


n+p — 1 

(z - l)R„.p(z) = -Vh z n+1 + J2 ( bi - bi+,)z i+l + bn +p z " +p+l , 

/=«+ 1 

therefore. 


n+p— 1 

\z — l||/?«,p(z)| < b n + 1 |zj” +1 4- ^ (fc/ — £/+i)|z| l+1 4- b n+p \z\ n+p+l 

l=rt+l 

Letting jz| = 1, z ^ 1 in this inequality, we get, 

l^i,p(z)l < j z _ ^n+1 + (&* - bi+\) • 

Since this holds for any positive p, we may let /? — > oo and obtain, 


\ R n(z) | = 




i >i+l 


2^+1 

< iPni =0<1) <” 


OO), 


as we wanted. 



Nothing can belaid about convergence at z = 1 . The series 22 ~r diverges at 
= 1, while ^2 p converges at the same point. 1 


~ z 

Solution to 5.2.9: The series 22 “ converges for all z. 

. tx . 

n=0 


If z 0 then 


\z\ 


By Cauchy’s Root Test, the series J2 n 2 /z. n converges for |z| > 1, and diverges for 
|z| < 1. Hence the series J2 (z n /n\ + n 2 /z n ) converges for \z\ > 1, and diverges 
for \z\ < 1; the series is undefined for z = 0. 

Let \z\ = 1. The sequence z n /n\ tends to zero and the sequence n 2 /z n tends to 
oo. Therefore the sequence (z n / n ! + ti 2 /z n ) tends to oo, which implies that the 
series J^Cz" fn ! +n 2 /z n ) is divergent for Jz| = 1 . Thus the given series converges 
exactly when |z| > 1. 


Solution to 5.2.10: Fix z ^ ±i. Then 

z l/n _ \z\ l/n 1 

(1+z 2 )" “ |l+z 2 | |1 + z 2 | * 

By Cauchy’s Root Test the given series converges if ]1 + z 2 j > 1, that is, for 
points exterior to the lemniscate J1 + z 2 | = 1. 

Cauchy’s test also shows that the given series is divergent for 1 1 + z 2 1 < L The 
series clearly converges for z = 0. If |1 + z 2 | = 1, z # 0 then |z|/|l + z 2 | n = |z| 
which does not tend to 0 as n oo. Thus the series diverges for points z i=- 0 on 
the lemniscate. 

Thus the series is convergent precisely for points exterior to the lemniscate, 
together with the point z = 0 on the lemniscate, is undefined at z = ±i, and 
diverges at all other points. 

Solution to 5.2.11: Let R denote the radius of convergence of this power series. 

R = limsup |/ 7 logn | 1/n = limsup^ 108 ^ 2 / 71 = e° = 1. 

n n 

The series and all term by term derivatives converge absolutely on jz| < 1 and 
diverge for |z| > 1. Let \z\ — 1. For k ^ 0 the k th derivative of the power series 
is 

oo _ n -k 

n=k 

To see that this converges absolutely, note that 

OO J OO j 

- 1) •••(«-* + ^jiogn — k ' 

n=k n=k 



Since, for n sufficiently large, logn —k>2, and X V** 2 converges, by the Com- 
parison Test [Rud87, p. 60] it follows that the power series converges absolutely 

on the circle |z| = 1. 


Solution to 5.2.12: We have 


lim sup 


a n 


l/n 



limsupM 1 /" lim sup 


1 


Mn 



— — > lim sup 

= - -0 

R 

= 0 



so h is entire. 

Let 0 < r < R. Then 1 /R < 1/r, so there is an N > 0 such that \a n \ < 2 fr n 
for n > N. Further, there exists a constant M > 2 such that \a n \ ^ M/r n for 
1 ^ n < N. Therefore, for all z. 


OO 


oo 


n— 1 n= 1 


Solution to 5.2.13: We have 


Therefore 


\f(z)-s k (z) | 


OO 


J2 Cnz 

n=k+l 


oo 

< X) Ml*"!- 

n=k + 1 


OO 00 oo 

^2\f(.Z)-S k (z)\<^2 X i°«i i^i 

k— 0 k— 0 n=fc+ 1 

oo n— 1 oo 

n= 1 Jt=0 n=l 

From the basic theory of power series, the series XS=o Cn its formal deriva- 

tive, the series X£ii nc nZ n ~ l , have the same radius of convergence. Therefore the 
series XS=i nc nZ n also has radius of convergence /?, so it converges absolutely 
for |z| < R r and the desired conclusion follows. 

Solution to 5.2.14: Let the residue of / at 1 be K . We have 




Therefore, 


oo oo 

E a " z " = E<* + *»)z" 

n=0 n= 0 

and = £ + &/i. As £ b n < oo, we have limfe n = 0 and lima,, = K. 
Solution to 5.2.15: The rational function 



1-z 2 
1 — z 12 


has poles at all nonreal twelfth roots of unity (the singularities at z 2 = 1 are 
removable). Thus, the radius of convergence is the distance from 1 to the nearest 
singularity: 



| exp(jri/6) — 1| = yj (cos(7r/6) - l) 2 + sin 2 (7r/6) = y/l- V3 . 


Solution to 5.2.16: Suppose that {/„} is a sequence of functions analytic in an 
open set G, and that f n converges to the function / uniformly on G. Then / 
is continuous in G. Fix £ € G. There is R > 0 with £>(£, /?) C G. Let y be 
a triangular contour in Z>(£, /?). Then f y f n (z) dz = 0 for each n, by Cauchy's 
Theorem [MH87, p. 152]. As f n -+ f uniformly on the image of y, we deduce 
that f f„ (z) dz f y f(z ) dz; thus / /(z) dz = 0. By Morera’s Theorem, 
[MH87, p. 173] / is analytic in D(£, /?). This proves the result. 

The analogous result for real analytic functions is false. Consider the function 
/ : (— 1, 1) R defined by f(x) — |xj. As / is continuous, it is the unifoim 
limit of polynomials, by Stone-Weierstrass Approximation Theorem [MH93, p. 
284]. However, / is not even continuous in all of its domain. 

Solution to 5.2.17: By the Hurwitz Theorem [MH87, p. 423], each zero of g is 
the limit of a sequence of zeros of the g n ’s, which are all real, so the limit will be 
real as well. 

Solution to 5.2.18: Let e* = lim^oo g}?\ 0). Then, clearly, le*| ^ |/ (fc) (0)| for 
all k. Since / is an entire function, itsMaclaurin series [MH87, p. 234] converges 
absolutely for all z. Therefore, by the Comparison Test [Rud87, p. 60], the series 

oo 

*=0 

converges for all z and defines an entire function g(z). Let R > 0 and e > 0. For 
|z| < /?, we have 


N 

lg„(z) - 5(z)l < E <°) - «*!** 


k=Q 



N oo 

<Yl\gi k \0)-e k \R k + Y, 2|/ (i) (°)|R* 

k—0 k=N+l 

taking N sufficiently large, the second term is less than e/2 (since the power series 
for / converges absolutely and uniformly on the disc \z\ < R)- Let n be so large 

that |g^(0) -s k I < e/2 M for 1 « k < N, where 

N 

M = Y Rk - 

k = 0 

Thus, for such n, we have |g„(z) — g(z)| < e. Since this bound is independent of 
z, the conveigence is uniform. 

Solution to 5.2.19: We have 

i° g = |og ( 2 - z > + log ( rrr) 

= log 2 + log (l - |) + Jti + log 

In the unit disc, the principal branch of log is represented by the series 

YlnLi which one can obtain by termwise integration of the geometric series 
1 ~ = z n ■ Hence, 

oo n 

log( 1 -£) = -^|- (|z| < 2) , 

n=l 

and 

,0 8(T^r) = - (i _E J + k»2 + ,i-£^ for 1 < |z| < 2. 

5.3 Conformal Mappings 

Solution to 53.1: We will show that the given transformations also map straight 
lines into circles or straight lines. 

z »-► z + b and z »-> kz clearly map circles and straight lines into circles and 
straight lines. 




Let S — {z j \z — of | = r}, a = *o + iyo > and f(z) = \/z = w = u + iv. The 
equation for 5 is 

(z — a)(z - a) = r 2 


or 


1 


a 

w 


a 


= r z - M 


wu; to to 
If r = )o: |, that is, when 5 contains the origin, we get 

1 — aw — aW = 0 


or 


This is equivalent to 


9f \(aw) = i 
2 


1 

- vyo = 2 


which represents a straight line. 
If r jaj, we obtain 


toto 


(lap-r 2 )^ (| aj 2 — r 2 J W )a| 2 -r 2 


Letting 




a 


|of| 2 — r 2 


we get 


ww — fiw — fiw + |)8 1 2 =s 


r 2 


(|a| 2 -r 2 ) 


and 


\w — p[ 


(|a| 2 -r 2 ) 


which represents the circle centered at ft with radius r/(\a J 2 — r 2 ). 

If 5 is a straight line, then, for some real constants a , fc, and c, we have, for 
Z = jc + iy e 5, 

ax + fry = c. 


Letting a = a — ib, we get 


or 


9t(az) = c 


az + az = 2c 


and it follows, as above, that /(S') is a straight line or a circle. 



Finally, let 


/(z) = 


az+_b 
cz + d 


If c = 0 / is linear, so it is the sum of two functions that map circles and lines 
into circles and lines, so f itself has that mapping property. If c ^ 0, we have 

az + b __ 1 / _ ad — bc \ 
cz + d ~~ c\ cz+d ) 

so f(z) = fo (/2 (/l (z») where 


ad — be 
cz + d 


f\ (z) — cz + d. 


h(z) = 

z 


„ v a ad — be 

hiz) = — z, 

c c 


each of which has the desired property, and so does / . 

Solution to 5.3.2: 1 . Hie locus |z+l| = ]z— 1| is the perpendicular bisector of the 
line segment joining —1 to 1, that is, the imaginary axis. The set |z + 1 1 < |z — 1 1 
is then the set of points z closer to — 1 than to 1 , that is, the left half-plane Sftz < 0. 

Hence, 9ftz < 0 iff < 1. The map f : z to = maps { z I 9iz < 0} 

onto { w | |tu| < 1 }, and is conformal as /' ^ 0. The inverse map is easily seen 
to be w i-* z = * 

2. The map /(z) = iz has the specified properties. 

3. The map z h* w — z 3 is conformal (when z # 0), and sends { z 1 0< arg z< J } 

onto {io|0 < aig to < }. The inverse is the map to i-> z = to 1 / 3 = 

exp (log \w\ + i aig to)) where aig to is chosen in 0 < aig to < • 

Solution to 533: Let A = {z | |z| < 1 , |z - 1/4| > 1/4), B = {z\r <\z\< 1). 
Let /(z) = (z — a)/(orz — 1) be a linear fractional transformation mapping A 
onto B, where — 1 < a < 1. We have 

/ (fz I \z — 1/4| = 1/4}) = {z | |z| = r} 


so 

{/( 0), /(l/2» = {— r, r) 
and 

0 = r-r = /(0) + /(l/2) = a + ^^ 

Of/2 — 1 

which implies a = 2 - V3. Therefore, r = |/(0)| — 2 — y/3. 

Suppose now that g is a linear fractional transformation mapping 
C = {z 1 5 < |z| < 1} onto A. Then g -1 (R) is a straight line through the ori- 
gin, because the real line is orthogonal to the circles {z | |z - 1/4| = 1 /4) and 
{z | |z| =1}. Multiplying by a uni modular constant, we may assume g'^R) = R. 
Then / o g(C) = A and / o g(R) = R. Replacing, if necessary, g(z) by g(s/z)> 
we may suppose / o g({z I |z| < 1}) = {z I |z| < 1), so 

/°gte) = /6i^r with |a| < |>S| = 1. 

OfZ — 1 



Using the relation 0 = f(s) + /(— 5), we get a = 0, so / o g(z) = fiz and 
s = r = 2 - V 3 . 

Solution to 5.3.4: Suppose / is such a function. Let g : A -> 5 be defined 
by g{z) = f{z) 2 /z . Then, as on Cj U C4, the absolute value of g is 1 , then g 
is a constant, c, say. Therefore, f(z) — <Jcz which is not continuous on A. We 
conclude that no such function can exist. 

Solution to 5.3.5: The map z iz maps the given region conformally onto 
A = D fl {z | %z > 0 }. The map 


w h-> 


1 + ty 
1- w 


maps A onto the first quadrant, Q. The square function takes Q onto [z | %z > 0 }. 
Finally, 

fM-i— i 
l + i 

takes | %% > 0} onto ©. Combining these, we get for the requested map: 




(1 + iz) 2 - i(l - iz) 2 
(1 + iz) 2 + i(l - iz) 2 


Solution to 5.3.6: The map <p\ (z) = 2 z — 1 maps conformally the semidisc 


{z 1 > 0, 


1 

z — 2 


< l ] 


onto the upper half of the unit disc. The map 


niz) = 


1 ±z 
1 — z 


maps the unit disc conformally onto the right half-plane. Letting z = re ie , it 
becomes 

1 + re ie _ 1 — r 2 + 2 ir sin^ 

1 - re*® ~ |1 -f re ^| 2 

Since sin 6 > 0 for 0 < 0 < Tt> <p2 maps the upper half of B onto the upper- 
right quadrant. The map <p$ (z) = z 2 maps the upper-right quadrant conformally 
onto the upper half-plane. The composition of <p\ , <f>2, and ^3 is the desired map, 

namely the function z h* • 

Solution to 5.3.7: Let R be the given domain. The map 



transforms R onto the vertical strip S — {f € C J 5 < 9?^ < 1}. Now 

% h* 2ni(% - i) = n 

maps S onto the horizontal strip T = {rj eC | 0 < < n). Finally 

rj e v = p 

maps T onto the upper half-plane U — {p € C ] > 0 }. Putting everything 

together we get the conformal map 

z e 2n, ^-& 

Solution 2. Let C if C 2 denote the circles \z - 1| = 1, lz - 5 1 = 5 respectively. 
Consider the map z i-> £ = 1/z. C\ contains the points 0, 1 + i, 2 which are sent 
to 00 , ^ — 51 , ^ respectively. Thus Ci is sent to the line $ft£ = 3 , and the inside of 

Ci is sent to Sft£ > \ (consider the image of 1). C 2 contains the points 0, 3 + 31 , 1 
which are sent to 00, 1 — i, 1 ; thus C 2 is sent to the line 9ft£ = 1 and the outside of 
C 2 is sent to 9t£ < 1 (consider the image of 2). Thus the lune is sent to the strip 
j < $ft£ < 1. We follow with the map £ h* w = exp(— 27n'£) which sends this 
strip to the upper half-plane. Composing, we obtain the map 

z h> exp ^ ~ ) 

which is a conformal map from { z € C | |z — 1 1 < 1 } f]{ z € <C | |z — 3 I < 3 } 
onto the upper half-plane. 

Solution to 5,3.8: Suppose / is such a map. / is bounded, so the singularity at the 
origin is removable, p = lim z _>o /(z). Since / is continuous, p is in the closure 
of A. 

Suppose that p is on the boundary of A. Then / (G) = A U {/?}, which is not 
an open set, contradicting the Open Mapping Theorem, [MH87, p. 436]. 

Let p € A and a e G be such that f{a) — p. Take disjointopen neighborhoods 
U of 0 and V of a. By the Open Mapping Theorem, f{U) and / (F) are open sets 
containing p. Then f(U)C\ f(V) is anonempty open set. Take* e f(U)C\f(V), 
x ^ p. Then * = /(z) for some nonzero z e U and x — f (w) for some w e V. 
Then z and w are distinct elements of G with /(z) = /(u;), contradicting the 
injectivity of /. 

Solution to 53.9: Let w be a primitive n th root of unity. The transformations 
« 

fj (z) = o^z, j = 0, . . . , n - 1, form a cyclic group of order n and fix the points 
z = 0 and z = 00 . Let x(z) = fzj - Then x(l) = 00 , x(— 1) = 0, and x -1 = X- 
The transformations <pj = x 0 0 X» i = 0, . . . , n — 1, thus form a cyclic group 

of order n that fix the points 1 and -1. We have explicitly 

( V _ + 1 _ -4- l)z + 0 )^ — 1 _ z + 

^(Sf) - 1 - D* + + 1 (^=f)z + l' 



5.4 Functions on the Unit Disc 


Solution to 5.4.1: The function / is continuous on S a , and S a = S a U {0} is 
compact, so it will be enough to show that / has a continuous extension to S a . It 
will be shown that /« (z) — *■ 0 as z -> 0 from within S a . We have 

• r f /Ax, I f~ e ~ ,e \\ I ( cos 0+1 sin 6 \ I /-cos 0\ 
\fcc(re w )\ = | exp ^ — U = exp I J = exp I — — J 

Inside S a we have cos# ^ cos a, so 

l/fe)l < exp ^ j — > 0, 

when z -> 0, as desired. 

Solution to 5.4.2: Let b/a = re l & and consider the function g defined by 
g(z) = f(z)a~ l e~ l P/ 2 . We have 

g = e i(6-fi/2) + re i(P/2-6) 

= (1+ r) cos (6? - p/2) + i(l - r) sin(0 - p/2) 

so the image of the unit circle under g is the ellipse in standard position with 
axes 1 4* r and |1 — rj. As f(z) = a exp(ip/2)g(z), f maps the unit circle onto 
the ellipse of axes |a|(l + r) and \a(l — r)|, rotated from the standard position 
aig a + p/2. 

Solution to 5.43: We have 



by the Mean Value Property [MH87, p. 185]. 

Solution to 5.4.4: As the Jacobian of the transformation is \f'(z)\ 2 , we have 

A= f \f'(z)\ 2 dxdy. 

J© 

f'(z) can be found by term by term differentiation: 

00 

f'{z)=J2 nCnzn ~ l 

n—\ 



so 


We then have 


\f'(z )\ 2 = £ jkcfrtl -'?- 1 

j,k—l 


= jj jkcjC k z j ~ l z k ~ l dxdy. 
y.*=l 


Letting z = , we get 


OO /.I -27T 

A=Tjkcjc k I rl+ k -'e‘<J 

j,h= 1 *'° *' 0 




Since 


p2n 

/ «*"» </0 = 0 

Jo 


for n 7^ 0, we have 


OO .1 oo 

A -2k ^rt 2 |c„j 2 / r 2 ” -1 dr = tt 

*=i *'° «=i 


Solution to 5.4.5: We have, for z, w € ID, 


/(w) = f(z ) iff (u> 


" z) ( 


1 + 


u> + z 


)=° 


so / in injective. Then the area of its image is given by 

I f |/'(z)| 2 dxdy = (l + 28 fc + |z| 2 ) dz 

— I ^1 + 2x + x 2 + y 2 ^ dxdy 


D v 

r2n rl 


= / / ( 1+ 2r cos 6 4- r 2 ^ drdO 


JO Jo 
3k 


Solution to 5.4.6: Fix zo € D and let ft be defined by ft(z) = f(z) — /(zo). 
As ft has only isolated zeros in ID, we can find an increasing sequence p/-> 1 with 
ft(z) 7^ 0 for |z| = Pi , i = 1 ,.... Let g be the function given by 
g(z) = ai(z- zo )• For \z\ = P/, we have 


l£(z) - Mz)l = " Yl anZ o 


\n> 2 


n> 2 



< max 


I z - zo\ (w in the segment [z, zo]) 



^ ^ na n p? 1 |z - zol 

n'Z 2 


< |flillz-zol 
= lg(z)|. 


By Rouch6’s Theorem [MH87, p. 421], h has a unique zero in the disc 
{z | \z\ < Pi}, so / assumes the value /(zo) only once there. Letting pi 1, we 
get that / is injective in ID). 


Solution to 5.4.7: Let ^ be a linear fractional transformation which maps 1D> onto 
itself with ^(0) = zi . Then the conjugate g = o f o \J/ is analytic in the unit 
disc /, and has two fixed points, namely 0 = ^ _1 (zi) and w = V r "~ 1 ( 22 )* 

As g(0) = 0 we can define the analytic function h by h(z) — g(z)/z ■ For each 
0 < e < 1, on the circle \z\ = 1 — e, we have |/i(z)| = |£(z)/|z| < 1/(1 — e)> so 
the maximum modulus principle implies \h(z)\ < 1/(1 — e) on |z| ^ 1 — s. As e 
can be arbitrarily small, we have \h(z)\ < 1 for any z € ID. 

We know that h{w) = 1, so h attains its maximum inside 1D>. By the Maximum 
Modulus Principle h must be constant, that is, h is identically 1, and in this case 
g{z) = f(z) = z. 


Solution to 5.4.8: Let / e X*, z € ID), and y be the circle around z with radius 
r = (1 — |z|)/2. y lies inside the unit disc, so, by Cauchy’s Integral Formula for 
derivatives [MH87, p. 169], we have 


l/'(z)l ^ 


J_ f LfMI ... < £ _ 2C 

2nJ y \z-w\ 2 ' 1 " r(l - |zD* (1 - |*|)*+i ’ 


where C is a constant, so /' € Xjfc+i . 

Let /' € X*+i with /( 0) = 0 (the general case follows easily from this). 
Letting z = re w , we have 


1/(01 ^ 




kC 

(1 - r) k ’ 


Hence, / € X*. 


Solution to 5.4.9: Let /(z) = ^ a„z n for z € ES> = {z I |z| < 1). 

n^O 



As f(z ) is analytic, so is g : ID -* C defined by g(z) = f(z) — f(z)- We have, 
for real z € B, 

g(z ) = ~ Qn)z m 

= m-m 

= nz)-nz ) 

= o 

therefore, g(z) = 0 on D, so the coefficients are all real. 

Put zo = e lTC ^, and let be the nonzero coefficient of smallest index. We 
have 

f^Zfo =zk J_ ^ M 

° kt ak Jm 

tzo € P for t € [0, 1) and the left-hand side expression is a real number for all t> 
so 

Iim ^ ( * Z0 - 7 °<> = z * g R 


/-»o a*r 


which implies k = 0, by the irrationality of \/2, thus / is a constant. 

Solution to 5.4.10: Let YJ!S=o c nZ n be the Maclaurin series for f. Then 
f{z) = YZLi nc n zT~ l . The Cauchy Inequalities [MH87, p. 170] give 


/ 

M 


2 nr* 
M 


p2n 

Jo 


yfi—l * 


0 < r < !• 


M 


Letting r 1 , we get |c„K — in = 1 , 2, . . .). Hence, 

n 


f \m\dx ^ f l n 
7l0,i) Jo \£ 


< |co| + M 



dx 


— |c 0 | + M 


L 


■ dx 


= |co| -f M lim 

r-> 

= jcol + M. 


! (“<* " 


*)log 


1 —x 


♦*)[ 


Solution to 5.4.11: As 1ft (0)1 = 5, by the Maximum Modulus Principle [MH87 
p. 1 85], h is constant in the unit disc. Therefore, ft'(0) = 0. 



Solution to 5.4.12: For r = log 2, 


maps the closed unit disc onto itself with T{ 0) = — r. Then g(z) = f(T(z )) is 
analytic on the closed unit disc and g( 0) = 0. For z on the unit circle we have 
lg(z)l < \e Tiz) \. Therefore h{z) — e~ T ^g(z) is analytic in the closed unit disc, 
h( 0) = 0, and \h(z)\ < 1 for all z with |z| = 1. By Schwartz Lemma, [MH87, 
p. 190], \h(z)\ ^ |z| for all z with |z| ^ 1, hence |/(T(z))| ^ \z\\e T ^\ on the 
closed unit disc. If w = T(z) then z = giving |/(z)| < \e z T(-z)\. 

Setting z — r = log 2, we get 


|/(log2)|<*'— -j 

1 +r l 


4 log 2 
1 + (log 2) 2 * 


z Hh log 2 

This bound is attained by the function -= — e z . 

l+zlog2 

Solution to 5.4.13: 

* (z) = '■ (rrf ) 

maps the unit disc to the upper half-plane with <p(0) = i. Thus, f o(p maps the unit 
disc into itself fixing 0. By the Schwarz Lemma [MH87, p. 190], \f o<p(z)| ^ j^j. 
Solving <p(z ) = 2 i, we get z = 1/3. Hence, |/(2i)I ^ 1/3. Letting / = (p~ l , we 
see that this bound is sharp. 


Solution to 5.4.14: The function 



1 ±z 
l-z 


maps the unit disc, B, onto the right half-plane, with <p(0) = 1. Therefore, the 
function f ocp maps B into itself, with / o ^(0) = 0. By the Schwarz Lemma 
[MH87, p. 190], we have |(/ o <p)' (0)| < 1, which gives \f'(<p(0))(p' (0)| < 1 
and |/'(1)| < 1/2. A calculation shows that equality happens for / = <p~ l . 


Solution to 5.4.15: Suppose / has infinitely many zeros in B. If they have a clus- 
ter point in B, then / = 0 and the result is trivial. Otherwise, since 
{z € C | |zK 1} is compact, there is a sequence of zeros converging to a point in 
the boundary of B, and the conclusion follows. 

Assume now that / has only finitely many zeros in B, u>i, . . . , w m . Then / 
can be written as 


/(z) = (z - w\f 1 • • • (z - w m ) am g{z) 

where g is analytic and never zero on B. Applying the Maximum Modulus Princi- 
ple [MH87,p. 185], we get that \/g attains a maximum in the disc |z| < (1—1 /n) 



at a point z n with \z n \ — 1 - 1/w (« ^ 2). Then \g(z 2 )\ ^ |g(Z 3 )l > — r ^ ie 
product (z — w\) ai • ••(* — w m ) Um is clearly bounded, and so is f(zn)- 

Solution to 5.4.16: 1. We can assume / has only finitely many zeros. (Otherwise, 
assuming / ^ 0, its zero sequence has the required property, since the zeros of 
a nonconstant analytic function in an open connected set can cluster only on the 
boundary of the set.) That done, we can, after replacing / by its quotient with 
a suitable polynomial, assume / has no zeros. Then l/f is analytic in the disc. 
For n = 1,2,..., let M n be the maximum of |l//(z)| for |z| = 1 — By the 
Maximum Modulus Principle [MH87, p. 185), M n > M\ for all n. Hence, for 
each n , there is a point a n such that \a n \ = 1 — £ and \f{a n )\ — 1 /M n < 1/Mj = 
I/(0)|. Then (/(a n )) is a bounded sequence of complex numbers and so has a 
convergent subsequence, which gives the desired conclusion. 

2. Let (z n ) be a sequence with the properties given in Part 1 . Subtracting a constant 
from /, if needed, we can assume lim/(z„) = 0. We can suppose also that 
kn+ll > \Zn\ >0 for all n. For each n, let M n be the maximum of |/(z)| for 
Jzj = \z n J. The numbers M n are positive (since / is nonconstant) and increase 
with n (by the Maximum Modulus Principle [MH87, p. 185)). Since f{z n ) — ► 0, 
there is an no such that \f{z n )\ < M\ for n ^ no. For such n, the restriction of 
|/| to the circle |z| = \z n \ is a continuous function that takes values both larger 
than M\ and smaller than M\ . By the Intermediate Value Theorem [Rud87, p. 
93), there is for each n ^ no, a point such that \b n \ = |z„| and \f(b n )\ = M\. 
Then, for the desired sequence (u>„), we can take any subsequence of {b n ) along 
which / converges. (There will be such a subsequence by the boundedness of the 
sequence (/(£>„)).) 


Solution to 5.4.17: Suppose f(a) — a e ©, f(b) = b € ID, and a £ b. Let 
<p : ID ID be the automorphism of the unit disc that maps 0 to a, that is, 
<p(z) — (a — z)/( 1 — az). Then the function g = <p~ l o f o <p maps 1D> into 
itself with g( 0) = 0 and g(<p~ l (b)) = <p~ l (b). Since (p is one-to-one and a ^ 
b, <p~ l (b) ^ 0. Hence, by the Schwarz Lemma [MH87, p. 190), there exists a 
unimodular constant X such that g(z) - kz, and letting z = (p~ x {b), we see that 
A. = 1 ; that is, g is the identity map and so is /. 


Solution to 5.4.18: Using Cauchy’s Integral Formula [MH87, p. 167), for 
0 < r < 1, we have 

f (n \0) 

n\ 

^ In i| w j =r (1 - r)r n+l (1 - r )r n 


— f 

2jr J |uj|— f 


L/WI 

M 12 * 1 


\dw\ 


Letting r = n/{n + 1), we get |/ (n) (0)/n!| < (n + 1)(1 + 1 /n) n < ( w + i )e . 


Solution to 5.4.19: By the Schwarz Lemma [MH87, p. 190), 

l/(z)l ^ lz|. 



If /(z) = a\z + 02 z 2 + • * •» let g be defined by 

^ /<*) + /(-*) . ^ s . 
gyz) = y z = aiZ + a4Z + fl6Z + * * * 

g is analytic in P, and since 

2\Z\ 

g maps P into 3D>. Hence, by the Schwarz Lemma, 

lg(z)l ^ \z\ 
or 

l/(z) + /(— z)l < 2|z| 2 - 

Now suppose equality held for zo € P. We would have |g(zo)l = kol so, by the 
Schwarz Lemma, 

g(z) = Xz 

for some unimodular A., or 

f(z) + /(-z) = 2Xz 2 . 

Plugging this back into the power series for g(z), we get 02 = X and 04 = 06 = 
• • • = 0. Hence, 

f(z) = Xz 2 + h(z) 

where h(z) is odd. We have 

1 » l/(z)| = l*z 2 + Hz ) | 


and 

1 > l/(-z)l = IA.Z 2 4- *(-z)| = IA.Z 2 - h(z)\. 

Therefore, 

(Xz 2 + h(z))(X^ + Hz}) 1 

(Xz 2 - k(z))Q-z 2 - Hz)) 1. 

Expanding and adding, we get 

|z| 4 + |/>(z)l 2 < l 

|A(z)l 2 ^ 1-lzl 4 

which, by the Maximum Modulus Principle [MH87, p. 185], implies 
Hz) m 0. 


Solution to 5.4.20: Schwarz’s Lemma [MH87, p. 190] implies that the function 
/1 (z) = f(z)/z satisfies |/i (z)| ^ 1. The linear fractional map z sends 

the unit disc onto itself. Applying Schwarz’s Lemma to the function 



f 2 (z) — fi (f=^)» we conclude that the function fs(z) = /i(z)/ (jE?i) 
satisfies |/ 3 (z)j < 1. Similarly, the map z »-> sends the unit disc onto 
itself, and Schwarz’s Lemma applied to the function Uiz) = h (z)/ (j+k) 

implies that the function / 5 (z) = h (ffe) satisfies |/ 5 (z)j ^ 1- All 

together, then, 


l/(z)l ^ 1*1 


Z-r 


1-rz 


Z + r 

1 +rz 


i/5(z)i ^ |z| 


z-r 

1-rz 


Z 4- r 
1+rz 


which is the desired inequality. 

Solution to 5.4.21: Let tfa be the automorphism of the unit disc given by 


^zo(z) = 


Z - ZQ 

1 -zoz ’ 


we have 



1 - l*ol 2 
(1 - zoz) 2 


Now consider the composition 


g(z) ~ (pf^ 0) o / o <Pzoto = <Pf(-zo) °f° <Pzo(.z) 

then g(0) = 0 and as composition of maps of the unit disc into itself, we can 
apply the Schwarz Lemma [MH87, p. 190] to obtain |g'(0)| ^ 1. Computing 
g'(0) using the chain rule, we have 



1 

1 - l/(-zo)l 2 


• f'(-zo) ■ (1 - |zol 2 ) 



so we can conclude that 


1 - l/(z)l 2 1 

1 - Izl 2 " 1 - |z| 2 ' 

The first inequality is known as Picks’ Lemma and is the main ingredient in the 
proof that an analytic map of the disc that preserves the hyperbolic distance be- 
tween any two points, preserves all distances, for more detail see [Car60, Vol. 2, 
§290] or [Kra90, p. 16]. 

Solution 2. Using the same notation as above. 



that is 


|(/°%o)'(0)| 



1 [ |/ °¥ , zo( u ’)| u , 

7T- / n 2 I'M 

2jf J \o)\—r \o>\ 


|/'(-zo)||l-|zol 2 



1 


r 



which holds for any \zo\ < r = |iuj < 1, so the conclusion follows. 


Solution to 5.4.22: Fix z € D and let y be the circle centered at z parametrized 
by 

1 “ \z\ m 

w = z + — y-V® 

which is completely contained inside the unit disc. Using Cauchy’s Integral For- 
mula for derivatives [MH87, p. 169], we have 


1 [ fW . 


taking absolute values and applying the inequality we get 


l/,<al < S L iir 


w\\w — z \ 2 


\dw\ 


From the parametrization we cann see that \dw\ = — — — dO, and obtain 


l/'(z)l < - f 

x Jo 


l-|zl 

(1 - MXl - \Z\) 2 


dO. 


Now 1 — |u/| is minimum at the point of y farthest from the origin, at which we 
have 1 — Iwj = (1 — |z|)/2, therefore. 


l/'(z)i < - [ 

n Jo 


2(1 ~ M) de _ 4C 
(1 - |z|)(l - Izl) 2 (1 - |z|) 2 


5.5 Growth Conditions 

Solution to 5.5.1: Consider the function g(z) = e~^ z \ it is entire with |g(z)| = 
c »/(z) ^ e -2 Liouville’s Theorem implies that g is constant, and since it is 
obviously a nonzero contant, / maps the connected set C into the discrete set of 
the logarithms, hence / itself is constant. 

Solution to 5.5.2: Let g(z) = f(z) — /( 0). Then g(0) = 0, so g(z)/z has a 
removable singularity at 0 and extends to an entire function. g(z)/z tends to 0 
as |z| tends to infinity since f(z)/z does. Let e > 0. There is an R >0 such 
that \g(z)/z\ < s for \z\ ^ R- By the Maximum Modulus Principle [MH87, p. 
185], \g(z)/z\ < e for all z. Since e is arbitrary, g{z)/z is identically 0. Hence, 
g(z) = 0 for all z and / is constant. 

Solution to 5.53: Let / = pfq where p, q are polynomials with q zero free 
in the upper half plane. For positive R consider the curve Tr = [-R, R) U Cr, 



where Cr is the upper semicircle centered at the origin, with radius R . By the 
Maximum Modulus Principle [MH87, p. 185], we have 

sup{|/(z)| | Sfc ^ 0} = lim sup{|/(z)| I z 6 T/?}. 

Let’s call this value M. If deg q > deg p, we have lim^oo |/(z)| = 0 so the 
result is clear. If deg# ^ /?, then lim| Z |_>oo \f(z)\ — M and die result follows 

also. 

Solution 2. Case 1. f has a pole at oo. Then lim / (z) = oo, so both the suprema 

r z->oo 

equal oo. 

Case 2. f does not have a pole at oo. Then / has a finite limit at oo, so / extends 
continuously to the closure of H = {z € C ) Sz > 0} in the extended plane. Since 
that closure is compact, |/| attains a maximum there. By the Maximum Modulus 
Theorem, \ f\ cannot attain a local maximum in H unless / is constant. Thus, the 
maximum of j/| on the extended closure of H is attained at a point of the real 
axis or at oo. In either case the desired equality holds. 

Solution to 5.5.4: The function g(z) = f(z )/ sin z is analytic in the open con- 
nected set G = C \ ttZ. Write g = u + iv. By hypothesis, u 2 4- v 2 = 1 in G. 
Taking partial derivatives, we have 


uu x + vv x = 0, UUy + vv y = 0 . 


Using the Cauchy-Riemann equations we get 

UU X ~ VUy = 0, UUy + vu x = 0 . 

From these we get u x (u 2 + v 2 ) = 0 and u y {u 2 + v 2 ) = 0. Thus u x = 0 = u y on 
G. It follows that v x = 0 — v y on G. By the Mean Value Theorem, both u and 
v are constant on every line segment lying in G parallel to the real or imaginary 
axis. G is step connected: that is, given any two points zo» Zi in G there is a path 
in G from zo to zi, consisting of line segments parallel to the axes. Thus u and v 
are constant in G, whence g — C in G, for some constant C, with |C| = jgj = 1. 
That is, /(z) = Csinz in G. By continuity this equality holds in <C. 

Solution to 5.5.5: If g = 0, the result is trivially true. Otherwise, the zeros of g 
are isolated points. \f/g\ is bounded by 1 in C , so all the singularities of f/g are 
removable, and f/g can be extended to an entire function. Liouville’s Theorem 
[MH87, p. 170] now guarantees that f/g must be a constant. 

Solution to 5.5.6: Since p and q are of the same degree, the ratio p/q has a 
nonzero finite limit at oo. The function /(z) = />(1 fz)fq{l (z) thus has a remov- 
able singularity at 0, as does 1//. Moreover / and 1// are both analytic in a 
neighborhood of the disk )z| ^ 1 (since p and q are without zeros in |z| ^ 1) and 
/ and 1 // have unit modulus on |z| = 1. By the Maximum Modulus Principle 
[MH87, p. 185], j/(z)l < 1 and |l//(z)| ^ 1 for |z| < 1. So |/(z)| = 1 and for 



\z\ ^ 1, and another application of the Maximum Modulus Principle shows that 
/ = constant, the desired conclusion. 


Solution to 5.5.7: Let g be defined on C by g(z) g is an entire 

z 

function such that, on the circle of radius R, 


\g(z)\ 


^ llogzl + |/(0)| ^ ylog 2 R+n 2 + 1/(0) | 
^ R R 


where the inequality for z = —R follows by continuity. Using the Maximum 
Modulus Principle [MH87, p. 185], we get, for \z\ < R, 


Jlog 2 R + n 2 + \f(0)\ 

l«fe)l < - j 

Taking the limit R — ► oo we get g == 0 so / is a constant function. As 
|/(1)| ^ | log 1 1 we conclude that / vanishes identically. 

Solution 2. Since / is entire, its Maclaurin series conveiges everywhere, 
f(z) = J2 < S=o a nZ n . Using Cauchy’s Integral Formula for derivatives [MH87, 
p. 169], we have 

2 ni )c K f H+1 5 

where Cr is the circle of radius R centered at the origin, positively oriented. Using 
the given inequality we get, forn ^ 1 , 

1 log R log R 

\a n \ < —2 nR^j = = o(R) (R^ oo) . 

Therefore / equals a constant, ao. As in the previous solution, we must have 

ao = 0. 


Solution to 5.5.8: Let h(z) = f(z) — kg(z)- Then h is entire and dVi(z) < 0. We 
then have 


Mz) 


^ 1 for all zeC 


therefore, by Liouville’s Theorem [MH87, p. 170], e h is constant, and so is h. 


Solution to 5.5.9: Suppose the maximum of <p over the compact set K is attained 
at a point zo in the interior of K. Let r be the distance of zo from the complement 
of K. The circle \z — zol = r is then in K, so (p(z) < <p(zo) on that circle, giving 


<p(zo) > V(zq + re 16 )d0 . 

Hence equality holds by the sub-mean-value property. Thus 

p2n 

I ((p(zo) - <p(zo + re l6 ))d0 = 0 . 

Jo 



The integrand here is nonnegative, so, being continuous, it must vanish identi- 
cally. Thus (p{z) = <p(zo) for \z — zo\ = r. Since r is the distance from zo to 
the complement of K, the circle \z — zo\ = r contains at least one point of the 
boundary of K. Hence (p attains its maximum over K on the boundary of K . 


Solution to 5.5.10: 1. Using Cauchy’s Integral Formula for derivatives [MH87, 
p. 169], we get 





k\ 


2n R k+] 


f aj W 

J\z\*=R 


+ b 


\dz\ 


k\ (aj\z\ + b) 

~ R~ k 
= o(l) (R oo) 


so /W( 0) = 0 for k ^ 1, and f reduces to a constant, /( 0). 
2. Using the same method as above for k^ 3, we get 





k\ 


2nR k+l 


f 

J\z\=R 


+ b 




(R -> oo) 


so /W(0) = 0 for k ^ 3 and / reduces to a polynomial of degree, at most, 2, 
/(0) + /'(0)z + /"( 0)z 2 /2. 


Solution to 5.5.11: For r > 0, let z = re‘° in Cauchy’s Integral Formula for 
derivatives [MH87, p. 169] to get 



./W*) 

y-n e inO 


de. 


Combining this with the inequality given yields 


|/W(0)| ^ r n/3-n 
n\ ^ 2n 


For n > 5, letting r tend to infinity, we get / (n) ( 0) = 0. If n < 5, letting r tend to 
0 gives the same result. Hence, die coefficients of the Maclaurin series [MH87, 
p. 234] of / are all 0, so / = 0. 


Solution to 5.5.12: If such a function / exists then g — 1 // is also analytic on 
C \ {0}, and satisfies \g(z)\ < Vl z\. As g is bounded on {z | 0 < \z\ < 1), g has a 



removable singularity at 0, and extends as an analytic function over the complex 
plane. Fix z, choose R > |z|, and let Cr be the circle with center 0 and radius R. 
Then 



-Lf 8(w) jdw 
2 ni Jc R (w - z ) 2 


|8 ' < ' >K S' 2 " ! «^P 


0 as R oo . 


Thus, g f = 0 everywhere, so g (and, hence, /) is constant. But this contradicts 
the hypothesis |/(z)| ^ for small z, so no such function exists. 


Solution to 5.5.13: By Liouville’s Theorem [MH87, p. 170], it will be enough to 
prove that / is bounded. For |9ftz| ^ 1/2, we have \f(z)\ ^ V2. Let zo be a point 
such that 1 9fco I < 1/2. Let S be the square with vertices i%zo ± 1 ± i, oriented 
counterclockwise. 



Then zo is in the interior of S , so Cauchy’s Integral Formula [MH87, p. 167] 
gives 

r r V 1 f m 

/(zo) = r-T / “ — — dz. 

2m Js z — zo 


The absolute value of the integrand is, at most, 2| 9tz | 1 ^ 2 . The contribution to the 
integral from each vertical edge is thus, at most, 4 in absolute value. The contribu- 
tion from each horizontal edge is, at most, 2 \x\~^^dx = 8 in absolute value. 

Hence, 

l/(zo)l * b (4+4 +8 + 8) = 1231 

proving that / is bounded. 


Solution to 5.5.14: Since / is nonconstant its zero at the origin is isolated. Hence 
there is a circle C with center at the origin on and within which / does not vanish. 



except at 0. Let e be the minimum of j/| on C. Then the set {z \ |/(z)l < £ } 
intersects the interior of C but is disjoint from C. Since it is connected it must 
be contained in the interior of C. It follows that the origin is the only zero of / , 
and that / is bounded away from 0 near oo. The latter conclusion implies that 
oo is not an essential singularity of / (Casorati-Weierstrass Theorem [MH87, p. 
256]), so oo must be a pole of / (it is not a removable singularity, by Liouville’s 
Theorem [MH87, p. 170]). Therefore / is a polynomial. Since its only zero is at 
the origin, it is a constant times a positive power of z. 


5.6 Analytic and Meromorphic Functions 


Solution to 5.6.1: By the Cauchy-Riemann equations [MH87, p. 72], 

u x = v y and u y = — v x . 

Thus, au + bv = c implies 

au x + bv x — 0 = au y + bv y 


and, therefore, 

au x — bu y = 0 = au y + bu x . 

In matrix form, this reads 

(: ^)te)-(S)- 

Since the matrix has nonzero determinant a 2 + & 2 , the homogeneous system has 
only the zero solution. Hence, u x = u y = 0. By the Cauchy-Riemann equations, 
v x = v y = 0. Since D is connected, f is constant. 

Solution to 5.6.2: f (z) = -Jz is a counterexample. Define it by making a cut on 
the negative real axis and choosing an associated branch of the logarithm: 

/(*) = H ,ogz 

JK) \ 0 z = 0. 


/ is analytic in the right half-plane and so on the disc \z — 1 1 < 1 . Since *Jz tends 
to 0 as z tends to 0, / is continuous on the disc |z — 1| < 1. However, f cannot 
be analytic on any open disc of radius larger than 1. For if it were, / would be 
analytic at 0, so 


/'( 0) = lim 

z -»0 


m 

z 


would exist and be finite, which is absurd. 



Solution to 5.63: 1 . f(z) = z 2 is entire and satisfies 

/(l /*) = H-l/n) = l/n 2 . 

2. By the Identity Theorem [MH87, p. 397], in a disc centered at the origin, g 
would have to be z 3 and — z 3 , which is not possible; therefore, no such function g 
can exist. 


OO 

Solution to 5.6.4: Let ^ c n z n be the power series of such an / at the origin. 

n=0 

Then 

co = /( 0) = (/( 0))* = 4, 

so co is either 0 or a (k — l) th root of unity. Assume co ^ 0 but that / is not 
constant. Let j be the smallest positive integer such that cj jfc 0. Then f(z k ) = 
co + Cjz* k + higher order terms, so ( f(z)) k = co 4 - kcjz*+ higher order terms , 
which gives a contradiction. Hence, if / (0) ^ 0, then / is constant and equal to 
a (k — \) th root of unity. 

Assume /( 0) = 0 but / is not identically 0. Let j, as above, be the smallest 
positive integer such that Cj ^ 0. We then have /(z) = z-i g(z), where g is entire 
and g(0) = Cj. The function z »-* z* satisfies the condition imposed on /, so g 
also satisfies that condition. By the preceding aigument, g is constant, equal to a 
( k — 1 ) th root of unity. 

Then / is either the zero function or /(z) = czK where c is a (k — \) th root of 
unity and j is a nonnegative integer. 

Solution to 5.6.5: We first prove existence. Multiplying the rational function R 
by a suitably high power of F, we can reduce the general case to the case where R 
is a polynomial. Assuming R is a polynomial, we can use the division algorithm 
to write R = ao + R\ F where ao and R] are polynomials and deg ao < d. 
Necessarily, deg R\ < deg R. If deg R\ ^ d we can use the division algorithm 
again to write R\ = a\ + R 2 F where degai < d and deg/?2 < deg R\. The 
procedure can be iterated and with each iteration the degree of the polynomial 
multiplying F is reduced. After finitely many iterations we arrive at the desired 
representation. 

To prove uniqueness it will suffice to show that if 

n 

Y^akF k = 0 (*) 

k=m 

then every a* is 0. Assume not. After multiplying the expression by a suitable 
power of F, we can reduce to the case where m = 0 and ao 7^ 0. Then the 
£2=1 a k F k ^ 0, and (*) implies that F divides ao* a contradiction because 
degao < d = degF. 

Solution to 5.6.6: Let / be such a function. For n = 2, 3, ... the singularity 
at l/n is removable because / is bounded in a punctured neighborhood of l/n. 



Therefore / extends holomorphically to D \ {0}. Then the origin becomes an 
isolated singularity of the extended /, so, by the same reasoning, / extends holo- 
morphically to B. 

Solution to 5.6.7: No. Let U = C \ [z € R | z < 0}, let / be the branch of 41 
on U with /( 1) = 1, and let a = -1 + f. Then the Taylor series for / at a has 
radius of convergence >/2, since there is a holomorphic branch of 4% defined on 
D = {z\\z-a\ < 42} that agrees with / in a neighborhood of a = —1 + i. 

But / cannot extend to a holomorphic function on U U L>, because — 1 € £>, 
and the limit of /(z) as z approaches —1 along the unit circle does not exist: 

lim = lim e it/2 = i and lim f(e u ) = lim e it/2 = -i . 

/->7r _ J ' /— >7r_ r->(-xr) + t-+(-n)+ 

Solution to 5.6.8: 1. Write / = w + iv. Then the Cauchy-Riemann equations 
hold in U. By hypothesis, v = 0 and hence u x — u y — 0. The open connected 
set U is step-path connected in that given z\ , Z2 in V there is a path consisting of 
line segments parallel to the axes contained in U from z\ to Z 2 - The Mean Value 
Theorem applied to u then shows that u(z\) = w(z 2 )» and thus / — u + iv is 
constant. 

2. Write A = {3ftg(zM-3g(z) | z e W) c R,andletA : C R; w Sftw+Su;. 
Then A — h(g(W)). Fix x = h(g(z )) € A. The hypothesis implies that g is 
nonconstant. By the Open Mapping Theorem [MH87, p. 436] g(z) is an interior 
point of g(W) and thus g(W) contains some disc centered at g(z) with radius 
r > 0. It is clear that h(g(W)) then contains the open interval (x — r, x + r), 
proving that A is an open set. 

Solution to 5.6.9: Suppose /( C ) is not dense. Then, for some w € C and e > 0, 
we have |/(z) — iu| ^ s for all z € C . The function l/(/(z) — w) is then entire 
and bounded in modulus by 1/e, so, by Liouville’s Theorem [MH87, p. 170], is 
a constant, and so is /. 

Solution to 5.6.10: We may assume that 0 € L, otherwise we use / + c instead 
of /, where c is a constant. We may even assume that L is the imaginary axis, 
otherwise we use af in the place of /, where a is a constant of modulus 1. Since 
/( C ) is connected, it is contained in one of the halfplanes 91z > 0, Sftz < 0. 
We may assume that /( C ) is contained in the left halfplane (otherwise we use 
— / instead of /). Then g is an entire bounded function, where g(z) = e^^ z \ By 
Liouville’s Theorem, g is constant, g(z) = k, say. Therefore, /(C) is contained 
in the solution set of e z = k, which is discrete. As /( C ) is connected we conclude 
that it must contain only a point, so / is constant as well. 

Solution 2. By Picard’s Theorem the image of an nonconstant entire function 
omits at most one complex number, [Ahl79, Sec. 8.3] and [Car63b, Sec 4.4], so 
the result follows. See the previous problem. 

Solution to 5.6.11: 1. If / is entire and 91/ > 0, then 1/(1 + /) is bounded and 
entire, hence constant by Liouville’s Theorem [MH87, p. 170]. 



2 . Assume F(z) + F(z)* is positive definite for each z. Since the diagonal entries 
of a positive definite matrix are positive, it follows that f\ i and fz2 have positive 
real parts. Hence f\ i and f22 are constant by Part 1 . Also, the determinant of a 
positive definite matrix is positive, so 

fi l /22 - I/12 + /21 1 2 ^ 0 . 

The function /12 + /21 is thus bounded. It follows that the real part of the entire 
function /12+/21 is bounded, hence /12+/21 is constant, by Part 1 . Similarly, the 
real part of the entire function i(/i 2 — /21) is bounded, so /12 — /21 is constant, 
by Part 1 , therefore /12 and /21 are constant. 


Solution to 5.6.12: Let f{x + iy) — u(x, y ) -f 1 v(jc, y), where u(x, y) = e x s(y) 
and v(x, y) = e x t{y). From the Cauchy-Riemann equations [MH 87 , p. 72 ], we 
get e*s(y) = e x t'(y), so s(y) — t'(y). Similarly, s'(y) — — /(y). This equation 
has the unique solution s(y) = cos y satisfying the initial conditions 5(0) = 1 and 
j'( 0 ) = —t ( 0 ) = 0 , which, in turn, implies that t (y) = — 5'(y) = sin y. 


Solution to 5.6.13: f" + / is analytic on ID and vanishes on X — {l/n | n ^ 0), 
so it vanishes identically. Using the Maclaurin expansion [MH 87 , p. 234 ] of /, 
we get 

sp / w ( °) k v / (t+2) ( 0) 

2~f v\ z 2s 

k > 0 K ‘ k > 0 




So we have 


and 


Therefore, 


/( 0 ) = -/"( 0 ) = • ■ • = (— l)*/ (a:) ( 0 ) = ••• 
/'(0) = -/'"(0) = • ■ • = (-i)*/ (2 * +1) (0) = • • 


= /( 0 ) cos z + f'( 0 ) sin z. 


2 k-\-\ 


Conversely, any linear combination of cos z and sin z satisfies the given equation, 
so these are all such functions. 

Solution to 5.6.14: Let a be the intersection of the lines. Replacing / (z) by 
f(z 4 - a) — f(a), we may reduce to the case a = f (a) = 0 . Then /(z) = 
cz n ( 1 + <9(1)) as z — ► 0 , for some nonzero c e C and n ^ 1 . In particular, 
/(z) is nonvanishing in some punctured neighborhood of 0 . If the lines are in the 
directions of e ia and then for real f, f(te ia ) and f{te l h are real, and so is 

C€^t n ( 1 +o( 1 )) 

SS fiteV) SS ce ni Pt n (\ + 0(1)) 


e ni( ce-p) 



This forces ni(a - p) e niZ, so (a~P)/n is rational, as desired. 

Solution to 5.6.15: It is enough to show that for any z e £2, the derivative in the 
sense of R 2 has an associated matrix 

D/(z) = (fc d) 

satisfying a = d and c = -b. As D/(z)( 1, 0) J. Z>/(z)(0, 1), we have c = -to 
and d — ka for some it. As / preserves orientation, det Df (z) > 0, so k > 0. 

If a 2 + b 2 — 0, then Z>/(z) = 0 and there is nothing to show. 

Assume a 2 + b 2 0. As, for (x, y) ^ 0, Df (z)(x, y) X />/ (z)(—y, x), we 
have 0 = (it 2 — l)(a 2 + b 2 )xy. Therefore, A: = 1 and the result follows. 

Solution to 5.6.16: We have / = / 3 // 2 = 8 / h > 11 is clear that / 3 and / 2 have 
the same zero set. If zo is a common zero, there are analytic functions g\ and hi 
which are not zero at zo such that / 3 (z) = (z — zo) k bi(z) and 

fHz) = (z - zoVgilz). But (/ 3 ) 2 = f 6 = ( / 2 ) 3 , SO (z - zo) n hi(zf = 
(z - zo) 3j gi(z) 3 . Rearranging, we get h\(z) 2 / g\(z) 3 — {z- zo) 3j ~ 2k - Neither 
h\ nor g\ are zero at zo* so the left side is analytic and nonzero at zo- Hence, we 
must have 3j - 2k = 0, so k > j. Therefore, zo has a higher multiplicity as a 
zero of / 3 than it does as a zero of / 2 . Thus, the function / 3 / / 2 has a removable 
singularity at zo- Since this holds for every zero, / = f 3 /f 2 can be extended to 
an analytic function on ID. 

Solution to 5.6.17: Let g = f 2 and let the common domain of / and g be G. We 
will show that g(G) contains no path with winding number 1 about 0. Suppose 
that for some path y : [0, 1] -> G, g(y) had winding number 1 about 0. Since 
g(y) is compact, there is a finite cover of it by n open, overlapping balls, none 
of which contain 0. In the first ball, define the function h\{z) — Vg(z), where 
the branch of the square root is chosen so that h\(y(0)) = f(y( 0)). In each 
successive ball, define the function h*(z) = s/g(z), with the branch chosen so that 
hi t is an analytic continuation of hk-\. This implies that if y(t) is in the domain 
hky we must have hk{y{t)) = f{y(t)). However, since these analytic extensions 
wrap around the origin, h„(y( 1» = h n (y (0)) ^ h\ (y (0)), which contradicts the 
continuity of /. 

Therefore, since g (G) contains no path with winding number 1 about the ori- 
gin, there exists a branch of the square root on it which is analytic and such that 
/ (z) = Vg(z) for all z in G. Thus, / is an analytic function. 

Solution to 5.6.18: 1. Let w be an n th primitive root of unity. Then the function 
w k g, 0 < k < n — 1 are all n th roots of /, analytic and distinct. 

Let h be any analytic n th root of /. Fix zo € G, s > 0 such that /(z) 0 for 

| z — zol < s. h/g is continuous in |z — zol < s and since h n fg n = 1, h/g has 
its range among the n points 1, io, . . . , w n ~K Since it is continuous, it must be 
constant. Therefore, h = w k g for some k in this little neighborhood, so h as w k g. 



2. The function / : [0, 1] -> M defined by /(jc) = (jc — 1/2) 2 has four continuous 
square roots, f \ , / 2 , /*, and / 4 , given by 


/ 1 (*)=*- 1/2 


/ 2 (jc) = -/,(jc) 


/3C*) = 


x — 1/2 for 0<jc<1/2 
1/2 — x for 1/2<jc<1 


/»(•*) = -fiix). 


f'( 7 \ 

Solution to 5.6.19: 1. Since f{z) ^ 0 for all z € B, * is a holomorphic 


function on B. For z € B set /z(z) 


_ f f'iz) 

%] /(z) 


fiz) 


dz , where [0, z] stands for the 


oriented segment from the origin to z. Using the independence of path, which is 


a consequence of Cauchy’s Theorem [MH87, p. 152], we get h'(z) = 


fiz) 

m 


for 


all z € B, so e~ h ^f (z) has derivative e~ h ^(f'(z) — h'(z)fiz)) = 0, therefore 
e~~h(df(z) = /( 0) for all z € B. Since /( 0) ^ 0 there exists c € C such that 
e c = /( 0). Set g(z) = h(z) + c; then e 8 ^ = f(z) for all z € B. 

2. No. Consider D = C \ {0} and f(z) = z. Suppose z = e 8 ^ with g holomor- 

f dz 

phic on D. Then g'(z) = 1 /z, so, for any closed curve in £>, J — would vanish. 


which is absurd since f — = 2 jti if C is the unit circle. 

Jc z 


’c Z 


Solution to 5.6.20: The function g(z) = f(z) is analytic in the same region as 
/, and / — g = 0 on (1 , oo). Since the zero set of f — g has limit points in the 
region \z\ > 1 , the I dentity Theorem [MH87, p. 397] implies that / — g s 0. 
Hence, f(z) s /(z). In particular, for x in (— oo, —1), /(jc) = /(jc). 


Solution 2. Let Y^oo c « be the Laurent expansion [MH87, p. 246] of / about 
oo. It will suffice to show that c n is real for all n. The series X]^° co (3^c n )z /2 con- 
venes eveiy where the original series does (since its terms are dominated in ab- 
solute value by those of the original series); let g(z) = £^°oo (fHc„)z n . For jc in 


(1, oo). 


g(x) = Sftf(x) = f(x ) . 


As above, the Identity Theorem [MH87, p. 397] implies g = /, so each c n is real, 
as desired. 


Solution to 5.6.21: The function g(z) = / (z) is analytic and coincides with / 
on die real axis; therefore, it equals /. The line in question is its own reflection 
with respect to the real axis. Since it also passes through the origin, it must be one 
of the axes. 


Solution to 5.6.22: The function /(z) is also entire, and it agrees with / on the 
real axis. By the Identity Theorem [MH87, p. 397], it equals / everywhere. In 
particular, then, /(jc - ni) = fix + ni) for all real x. On the line 3z = -n 



the function f(z 4- 2 ni) — f(z) vanishes identically, so it is identically 0, by the 
Identity Theorem. 

Solution to 5.6.23: By the Schwarz Reflection Principle for circles [BN82, p. 

85], we have 

f(z) = 

For x real, we get 

m = few = m 

so f(x ) is real. 

Solution to 5.6.24: 1. Let zi, z 2 , • • • , z„ be the zeros of p, ennumerated with 
multiplicities, so that 


p(z) = c(z - z\)(z - Z 2 > * • • (z - Zn) 


where c is a constant. Then 


/?'(*) 

P(z) 


1 1 1 
II. I I I I—— — |— !■■ ■■ ■ I — ■ m — ■■ — | — • » » — |— 

Z “ Z 1 Z ~ Z2 Z — Z n 


and, for a; real, 


^p'Cz) _ 3zi , »Z 2 , 

p(z) \x - z \ | 2 \x - z 2 | 2 \x - Zn\ 2 


Part 1 is now obvious. 

2. Write Zj = Xj + yj, so that 



Hence, 



dx — jzn ~ti deg p . 


Solution to 5.6.25: Let D be an open disc with D c G. It will suffice to show 
that there is an n such that has infinitely many zeros in D. For then, the zeros 
of / (n) will have a limit point in G, forcing to vanish identically in G by the 
Identity Theorem [MH87, p. 397], and it follows that / is a polynomial of degree, 
at most, n — 1 . 



By hypothesis, D is the union of the sets Z n = {z e D | (z) = 0} for 

n = 1,2 Since D is uncountable, at least one Z n is, in fact, uncountable 

(because a countable union of finite sets is, at most, countable). 

Solution to 5.6.26: Let u = 91/ and v = S/. Fbr jc real, we have 

. 9m dv 

f( x ) = to (X ’ 0):= dj (X ' 0) > 

where the first equality holds because v = 0 on the real axis and the second one 
follows from the Cauchy-Riemann equations [MH87, p. 72]. Since v is positive 
in the upper half-plane, ^ 0 on the real axis. It remains to show that /' does 
not vanish on the real axis. 

It suffices to show that /'( 0) ^ 0. In the contrary case, since / is nonconstant, 
we have 

/(z) = cz* (1 + O(z)) (z -► 0) 

where c ^ 0 is real and k ^ 2. For small z, the argument of the factor 1 4- 0(z) 
lies between —f and J, say, whereas on any half-circle in the upper half-plane 

centered at 0, the factor cz k assumes all possible arguments. On a sufficiently 
small such half-circle, therefore, the product will assume arguments between j r 
and 27T, contrary to the assumption that 3/(z) > 0 for > 0. This proves 
/'( 0) * 0. 

Solution to 5.6.27 : 1. The function / is not constant, because if / took the 
constant value c, then / _1 ({c}) would equal £/, a noncompact set. Since / is 
holomoiphic and nonconstant, it is an open map, and /(£/) is open. Since V 
is connected, it only remains to show that f(U) is closed relative to V. Let 
a e V fl f(U). There is a sequence ( w n ) in f(U) such that a = lim w n - For 
each n, there is a point z n in U with w n — f(z n )• The set K = {a, uq, 102 , . . .} is 
a compact subset of V, so f~ l (K) is also compact. Since the sequence (z n ) lies 
in a compact subset of U, it has a subsequence, (z nk ), converging to a point b of 
U. Then f(b) = lim f(z nk ) = lim w nk = a, proving that a is in f(U ) and hence 
that f(U ) is closed relative to V. 

2. Take U = V = C and /(z) = |z|. 

Solution to 5.6.28: By the Inverse Function Theorem [Rud87, p. 221], it will 
suffice to prove that Jh( 0) ^ 0, where Jh denotes the Jacobian of h: 

Jh ~ det I 

V + P ) - 9) 

By the Cauchy-Riemann equations [MH87, p. 72], 

9m dv 9m dv dp _ 9 q dp _ 9^ 

9a: 9y 9y 9 a: 



9jc 9y 9y 9 a: 



Hence, 


( du . 9g dv __ 3£ 

3jc "• 3x 3 x 3x 

9d 3£ du 

3x 3* 3* 3* 

- (£)’- - (£)'♦ (£)*- - (£)’ 

= l/f - l*'l 2 ■ 

Since |g'(0)l < |/ / (0)|» it follows that (Jh){0) ^ 0, as desired. 

Solution to 5.6.29: / does not have a removable singularity at oo. If / had an 
essential singularity at infinity, for any we C there would exist a sequence 
z n co with lim f(z n ) = w - Therefore, / has a pole at infinity and is a polyno- 
mial. 

Solution to 5.6.30: Clearly, entire functions of the form f(z) = az + b, a, b e C 
a ^ 0, are one-to-one maps of C onto C . We will show that these are all such 
maps by considering the kind of singularity such a map / has at oo. If it has a 
removable singularity, then it is a bounded entire function, and, by Liouville’s 
Theorem [MH87, p. 170], a constant 

If it has an essential singularity, then, by the Casorati-Weierstrass Theorem 
[MH87, p. 256], it gets arbitrarily close to any complex number in any neighbor- 
hood of oo. But if we look at, say, /( 0), we know that for some e and 8 , the disc 
\z\ < 8 is mapped onto |/(0) — z\ < e by /. Hence, / is not injective. 

Therefore, / has a pole at oo, so is a polynomial. But all polynomials of degree 
2 or more have more than one root so are not injective. 

Solution to 5.631: 1. If w is a period of /, an easy induction aigument shows 
that all integer multiples of w are periods of /.It is also clear that any linear 
combination of periods of /, with integer coefficients, is a period of /. 

2. If / had infinitely many periods in a bounded region, by the Identity Theorem 
[MH87, p. 397], / would be constant. 

Solution to 5.632: For 0 < r < ro, by the formula for Laurent coefficients 
[MH87, p. 246], we have 

|CJ 1/6)1 1 * 1 

-(«+ 2 ) 

If n < -2, as r gets arbitrarily close to zero, this upper bound gets arbitrarily 
small. Hence, for n < —2, c n = 0. 





Solution to 5.633: We think of the rational function / as a continuous map ofC , 

the Riemann sphere, into itself. The roots of the denominator of / are , 

whose real parts are positive. Hence / is holomorphic on the closed left half- 
plane. Let M = sup{|/(z)| | 9fz < 0}. By the Maximum Modulus Principle 
[MH87, p. 185], there is no point z in the open left half-plane where |/(z)| = M. 
Take a sequence in the open left half-plane such that \f(z n )\ M. 

Passing to a subsequence if necessary, we can assume, by the compactness of € , 
that the sequence converges in C , to zo, say. Then, as / is continuous, we have 
|/(zo)l = therefore zo is not in the open left half-plane. Hence, either zo = oo 
or zo is on the imaginary axis. We have /( oo) = 1 . On the imaginary axis 


1/0*301 = 


1 + iy — ay 2 
\-iy- ay 1 



Since numerator and denominator are complex conjugates of each other. Hence 
M = |/(zo)l = 1, as desired. 

Solution 2. The three facts below are verified by straightforward algebra. 


• If w = u + xv 5 ^ — 1, then 



Thus, <0&\w\ <\. 


• If w = 


1 4- z + flz 2 
1 — z + az 2 ’ 


then 


w-l 
w + 1 


M 2 + V 2 — 1 

(m + 1) 2 + i> 2 ’ 


z 

l+az 2 ’ 


• If z = x + iy, then 

» ( l \ _ + ax 2 + ay 2 ) 

\l+flZ 2 / |l+flZ 2 | 2 

Thus, when a > 0, we have 91 ( 7 ^ 2 ) < 0 4 ^ 91z < 0. 

Now let 91z < 0. From the last statement, we have 91 ( rife) < 0 and from the 
first two it follows that | /(z) | < 1 . 


00 (—l) n z 2n 

Solution to 5.6.34: 1. The Maclaurin series for cosz is ^ — - — : — > and it 

R=0 

converges uniformly on compact sets. Hence, for fixed z. 


( 2 n)! 


OO 


f(t) cos Zt = r 

n= 0 


(-1 y , f{t)i 2n £* 

( 2 n)! 



with the series converging uniformly on [0,1]. We can therefore, interchange the 
order of integration and summation to get 

“ a -s 

in other words, h has the power series representation 


OO 

HZ) ='^L,C2nZ 2n 


n — 0 


with 


C2n = 





Since h is given by a conveigent power series, it is analytic. 

2. Suppose h is the zero function. Then, by Part 1, t 2 * 1 f{t)dt = 0 for 

n = 0, 1, 2, . . .. Hence, if p is any polynomial, then /J p(t 2 )f(t)dt = 0. By 
the Stone-Weierstrass Approximation Theorem [MH93, p. 284], there is a se- 
quence [pk) of polynomials such that pk(t) / (VF) uniformly on [0,1]. Then 
Pk(t 2 ) -► f{t) uniformly on [0,1], so 

f f(t 2 )dt= lim f ' p k (t 2 )f(t)dt = 0 
Jo Jo 

implying that / s 0. 


Solution to 5.635: Let z € C . We have 



Since / is bounded, this series conveiges uniformly in /, so we can change the 
order of summation and get 


OO 


5(z) = Xl zW 

/ 1=0 



where 

1 f 1 

^ = - 7 / f(t)t n dt. 
nl Jo 

We have 

l&K-Jr/ l/(OI A 

n! Jo 

so the radius of convergence of the series of g is 00 . 
Solution 2. Let zo € C. We have 


g(z) - g(zo) 



Jo z — zo 


z-zo 



oo 


From the power series expansion e^ z ^ 


t n (z - zoT 


n=0 


nl 


one gets 


e tz _ gtzo 

= te tzo + 0(z - ZO ) 

z — z o 

uniformly on 0 ^ f ^ 1, when z -> zo- Thus, as z -► zo» the integrand in the 
integral above converges uniformly on [0, 1] to tf (t)e lzo t and one can pass to the 
limit under the integral sign to get 

lim itozm. = f 

z-*z© z ~ ZO Jo 
proving that g is differentiable at zo- 

Solution 3. The integrand in the integral defining g is a continuous function of the 
pair of variables ( t , z) € [0, 1] x C, implying that g is continuous. If R C C is 
a rectangle, then by Fubini’s Theorem [MH93, p. 500] and the analyticity of e tz 
with respect to z, 

f g{z)dz— f f f(t)e n dt dz = f f f{t)e n dzdt — 0. 

Jr JrJ o Jo Jr 

By Morera’s Theorem [MH87, p. 173], g is analytic. 

Solution to 5.636: 1. Let / and g have the Maclaurin expansions [MH87, p. 
234] 

oo oo 

/(*) = X>z\ S(z) = ^2b n z n . 

k=0 k = 0 

By Cauchy’s Integral Formula [MH87, p. 167] and the uniform convergence of 
the series for g, we have 


1 

2ni 



1 

2ni 



fM 

w n +i 


dw 



OO 


&=o 


As 

lim sup y/\a n \ lim sup $\b n \ ^ lim sup 
«-> oo n -> oo «->oo 

the radius of convergence of h is at least 1. 



2. If we take f(z) = sinz and g(z) = cosz, we have a 2 n = £> 2 / 1-1 = 0 for 
w = 1, 2, ...» so h = 0. 


Solution to 5.6.37: 1. The function / is defined on the open set Q — C \ [0, 1]. 
Suppose D(a, R) c £2. For every z 6 D(a, R) and t e [0, 1], 


z-a 
t — a 



Thus, 

f* mu z *>” = £g> 1 = F (Q 

t-z' 

The convergence of the series, for a fixed z € D(a, /?), is uniform in t e [0, 1]. 
This follows from Weierstrass’s M-test and the inequality 


F(t)(z - a)« 

< l|F “ 1 


(< - ay +1 

< * 1 

l R ) 


Thus we have the power series expansion, valid for z € D(a, R), 





F(tXz - of 
(r - a) n+1 


CO 


dt = ^c„(z-a) n 

#i=0 


where 

Cn = fo (t - 1)" +1 dt ( n = 0 - 1 - 2 ----)- 

This proves that / is analytic in £2. 

2. For \z\ > 1 and 0 < f < 1, we have. 


m 

t — z 



where the convergence, for a fixed z in jz| > 1, is uniform for t e [0, 1] since 
\t/z\ ^ l/|z| < 1. 

We thus have the Laurent expansion, valid in |z| > 1, 



t n F(l)dt = 

«= 1 


where 


b n = - f t n ~'F(t)dt (n = 1,2,...). 
•Jo 


The above is a transform F e C[ 0, 1] f e //(£2). We have seen above that 

the Laurent coefficients of / are the moments /J t n F{t)dt (n ^ 0) of F. Now 



the Laurent coefficients are determined by /.To show that F is determined by 
/ it is sufficient to show that the moments of F determine F. This in turn is a 
consequence of the following result. 

If <p e C[ 0, 1], and t n <p(t) dt = 0 for all n > 0, then <p = 0. 

It suffices to consider real-valued <p. By hypothesis, /J p(t)<p(t) dt — 0 for 
all polynomials p. The Weierstrass Approximation Theorem asserts that there is 
a sequence of polynomials pk which converges to (p uniformly on [0, 1]. Thus 

Jo Pk(t)<p(t) dt -* fo (p 2 (t)dt as k -> oo, and so JjJ cp 2 (t)dt = 0. This implies 
that (p = 0 on [0, 1]. 

Solution to 5.6.3$: First we will show that / r p(z)f(z)dz — 0 for every polyno- 
mial p. To see this consider the polynomial p(z) and p(z) + 1 apply the condition 
and subtract them, we find that 

J( 2p(z) + t)/(z)dz = 0. 

and since every polynomial can be written in the form 2p(z) + 1, we conclude 
that 

J^P(z)f(z)dz = 0, 

for every polynomial p. 

Suppose that / has a pole of order n at a € C . Then (z — a)" -1 f(z) has a 
nonzero residue at a, therefore, 

J (z - a) n ~ l f (z)dz # 0 , 

for a sufficiently small loop around a. Thus, / cannot have any poles and must be 
entire. 


5.7 Cauchy’s Theorem 


Solution to 5.7.1: By Cauchy’s Integral Formula [MH87, p. 167], we have 

-2;r 

0 A I c . 1 I 

e , 

|zl s 


!° = f -dz = r— f 2 ” e e "de 
2m J m=i z 2 n J 0 


therefore, 


p2n 

JO 


e^de = In. 


Solution 2. We can also compute it using residues. Parametrize the unit circle by 
y (t) — e i{ for 0 < f < 2n. Then 



e y(0 

K(0 


y\t)dt = 





Since e z jz is a quotient of analytic functions, it is itself analytic everywhere 
except at z = 0, hence the only singularity lying inside y is the origin, so 

f e e>t dt — - f —dz = 2n Res , 0^ = 2n lim z • — = 2 n . 

JO t Jy Z \Z ) Z-+0 Z 


Solution to 5.7.2: By Cauchy’s Integral Formula for derivatives [MH87, p. 169], 
we have 


dz 


1 r e z f 2n 

z ^0 ~ 2ni J\z\=i z 2 Z ~~ 2n Jo 


e**- ie de 


therefore, 


p2n 

JO 


J 6 -i0i a _ 


d6 = 2n. 


Solution to 5.7.3: We’ll apply Cauchy’s Integral Formula [MH87, p. 167] to 
f(z) — 1/(1 — dz), which is holomorphic on a neighborhood of \z\ ^ 1. We 
have 




\e* -a\z d6 

(e ie — a)(e~ 10 — d) d & 

(e w — a)( 1 — ae ie ) ^ 


i J\z\=i (z - a){ 1 - dz) dZ 

2n 

1 - |ap * 


Solution 2. The function f(z) — 1 / (dz — l)(z — a) has a simple pole inside the 
circle |z| = 1 at z = a, with residue l/(|a| 2 - 1). Therefore, we have, by the 
Residue Theorem [MH87, p. 280], 

f jffgj = . f dz 

J\z\=\ I z - a| 2 1 7| zl=sl (dz - 1 )(z - a) 

= 27rRes ( — ? ,a| 

\(az — l)(z — a) ) 

_ 2 7T 

“IH^P’ 

Solution to 5.7.4: The integrand equals 


(ae ,d — b) 2 (ae~ ie — b) 2 (ae ie — b) 2 (a — be ie ) 2 


Thus, I can be written as a complex integral, 

2ni J \ z |_j (< az - b) 2 {a - bz ) 2 2nib 2 f \ z |-i (az - b) 2 (z - f ) 2 ^ 1 * 

By Cauchy’s Theorem for derivatives, we have 

/r _ 1 d / £ \| q 2 -+fr 2 

£ 2 dz \(az — b) 2 ) | z= n (b 2 -a 2 ) 3 


Solution to 5.7.5: Let p(z) = H H «o- If p has no zeros then 1/p is 

entire. As limj^oo p(z) = oo, 1/pis bounded. By Liouville’s Theorem [MH87, 
p. 170] 1/p is constant, and so is p. 


Solution 2. Let p(z) = a n z n 4- \-ao ,n ^ 1. If p has no zeros, then 1/p is 

entire. As lim^o© p(z) = oo, the Maximum Modulus Principle [MH87, p. 185] 


gives 


max 


1 


zeC |p(z)| 


1 


lim max • , xI 
R^oo\ z \^r |p(z)| 


1 


lim max ■ 

R^co \ Z \=R |p(z)| 



which is a contradiction. 


Solution 3. For p(z) — a n z n H f- oo with n ^ 1 let the functions / and g 

be given by f(z) = a n z n , g{z) = p(z) — f{z). For R > 1 consider the circle 
centered at the origin with radius R, Cr. For z €Cr we have 


l/(z)l = \a n \R n and |g(z)| ^ (|a 0 | + • • • + |a„_i |) R n ~\ 


Therefore, on Cr, 


1*1 < I/I 



R > 


|flp| H b l^n-l | 

14.1 


so, by Rouch6’s Theorem [MH87, p. 421], / + g = p has n zeros in 
{z € C | |z| < R). 

Solution 4. Let P{z) be a nonconstant_polynomial. We may assume P(z) is real 
for real z, otherwise we consider P{z)P(z). Suppose that P is never zero. Since 
P{z) does not either vanish or change sign for real z, we have 



r 2 * de 

f 3^ 0 

0 P(2cos0) 


But 


r 2n de if dz 

o P( 2cos0) ~ i 4 1=1 z/>(z + z~‘) 

_ 1 r z”~*dz 
- j 4i=i Q(z) 



where Q(z ) = zP(z + 2 -1 ) is a polynomial. For z # 0, Q(z) #= 0; in addition, if 
a n is the leading coefficient of P, we have Q(0) = a n ^ 0. Since Q{z) is never 
zero, the last integrand is analytic and, hence, the integral is zero, by Cauchy’s 
Theorem [MH87, p. 152], contradicting (*)• 

This solution is an adaptation of [Boa64]. 

Solution 5. Let p(z) = a n z n H \-ao,n^ 1. We know that lim| 2 |-*oo \p{z)\ = 

oo, thus the preimage, by p, of any bounded set is bounded. Let if be in the 
closure of p{ C). There exists a sequence {u>«} c p( C) with \im n w n = w. The 
set [w n | n e N] is bounded so, by the previous observation, so is its preimage, 
P~ l ({u>n 6 N}) — X. X contains a convergent sequence, zn -* zo> say. By 
continuity we have p(zo) — w,so w e p( C). We proved then that p{ C) is closed. 
As any analytic function is open we have that p{ C) is closed and open. As only 
the empty set and C itself are closed and open we get that p( C) = C and p is 
onto. In fact, all we need here, in order to show that p is open, is that p : M 2 -► R 2 
has isolated singularities, which guides us into another proof. 

Solution 6. By the Solution to Problem 2.2.9 the map p : M 2 -> M 2 is onto 
guaranteeing a point where p(x, y) = (0, 0). 

Solution 7. Let p{z) = a n z n + • • • + «o» n ^ 1. Consider the polynomial q given 

by q(z) = £faz n -I boo. Assume p has no zeros. As the conjugate of any root of 

q is a root of p> q is also zero free. Then the function l/pq is entire. By Cauchy’s 
Theorem [MH87, p. 152], we have 


Jr P(z)q(z ) 

where T is the segment from -R to R in the horizontal axis together with the 
half-circle C = [z G C j |z| = /?, %(z) > 0). But we have 


f — = f dz . f R 

Jr P(z)q(z) ~ J c p(z)q(z) + J- R \p(z)\ 2 

= 0 (,)+ /-«i^F ( *“> 00) 

this gives, for large R, 

f R dz 
J-R l/>(z)| 2 = 0 

which is absurd since the integrand is a continuous positive function. 

Solution 8. Let p(z) = a n z n + ••• + oq, n ^ 1. For R large enough, as 
limjzj-^oo p(z) = oo, \p\ has a minimum in {z e C J |z| < /?}, at z 0 , say. Suppose 
p(zo) ¥= 0. Expanding p around zo we get 


P(z) = p(zo) + Yl b j( z ~ ) j b k # 0. 

j—k 



Let w be a k-root of —p(zo)/bk. We get, for e > 0, 


n 


p(zo 4- we) = p(zo) 4- bkW k e k + ^ bjw j e j 

j=k + 1 
n 

= p(zo)(l ~ «*) 4- ^ bjw j e j 

j=k + 1 

therefore, for £ small enough, we have |zo 4- ws] < /? and 


n 


|p(zo 4- u;e)| < |p(z 0 )||l -e k \- ^ \bjw j \e j 

j—k+l 


n 


-k\ e k 


= lp(zo)l - I \p{zv)\ - |^ ; u;- / |£ J 

i=*+i 

< \p{zo)\ 

which contradicts the definition of zo- We conclude then that p(zo) = 0. 
Solution 9. Let p(z) = a„z n 4 h ao» n ^ 1. We have 


Res 


(<oo) = - li 

\P ) W- 


r p\z) 
lim z — — = —n. 


jzj—^OO p(z) 


As the singularities of — occur at the zeros of its denominator, the conclusion 
follows. p 


Solution to 5.7.6: By Morera’s Theorem [MH87, p. 173], it suffices to show that 

f f(z)dz = 0 

Jy 

for all rectangles y in C . Since / is analytic on {z 1 3z / 0}, which is simply 
connected, it is enough to consider rectangles which contain part of the real axis 
in their interiors. 

Let y be such a rectangle and / be the segment of E in its interior. For e > 0 
small enough, draw line segments /i and h parallel to the real axis at distance e 
above and below it, forming contours y\ and y 2 - 
Since / is continuous, its integral depends continuously on the path. So, as e 
tends to 0, 

(*) f f(z)dz+ f f (z) dz = f f{z)dz — > f f(z)dz> 

Jyi Jyi Jyi+n Jy 

since the integrals along l\ and h have opposite orientation, in the limit, they 
cancel each other. By Cauchy’s Theorem [MH87, p. 152], the left side of (*) is 
always 0, so 

f f (z) dz = 0. 

Jy 




Solution to 5.7.7: Since p(z) has lower degree than q(z), f(z ) = 0(l/z) as 
z oo, so the integrand is 0(1/ 1 2 ) as t -► oo, and the integral converges. 

For > jzol» let y\ be the straight-line path from —R to R, and let yi he the 
counterclockwise semicircle y 2 (t) = Re lt , t € [0, jt ]. Let y be the closed contour 
consisting of y\ followed by 72 • The function f(z) is holomorphic on and inside 
y. By Cauchy’s formula. 


/w .5L 

2m J y z - zq 2m J_ R z — 


/(z) , 1 

dz + — 

: — zo 2m 


f(z ) 


L /* _/c 

ni J n z- 


dz 


We will obtain the desired formula by taking the limit of both sides as i? — > 00 . 
The first term on the right tends to 


1 r +0 ° /« 

__ 1 as R co. 

2m J—oq t — zq 


The second term on the right tends to 0 as R -> 00 , since the integrand is 
0(\/R 2 ) while the length of yz is 0(R). 


Solution to 5.7.8: We have, using the fact that the exponential is 2 jt - periodic, 





n 


R n e ine a(a]R i+j e (i - j)e de 

i,j=0 


i r2n n 

= ± I aiaJR^+J e< n+i ~M d& 

0 i,j~0 

i r 2n 

= 27T Jo a °^ R2n de 

= ada^R 2n . 


Solution to 5.7.9: Let Yl^Lo c nzP be the power series for /. Since the series 
converges uniformly on each circle |z| = r, we have 



00 r 2n 

I fir e w )\ 2 de = V] / c n r” e in0 f{re w )de 

n=0 



c n c m r n+m e i(n - m)6 de 


oo 


= 27r^|c„| 2 r 2 " 
«=0 


Thus, for each n we have 2n\c n \ 2 < Ar 2k ~ 2n . If n > k we let r — > oo to get 
c„ = 0. If n < k we let r -> 0 to get c« = 0. Hence c n — 0 whenever n ^ k, and 
the desired conclusion follows. 

Solution 2. Assume / is not the zero function, and let c n be its lowest order 
nonzero power series coefficient at the origin, that is, 

/(z) — c n z n 4- c„ + iz” +1 


then z n f (z) c n as z 0, so 

>2n 


lim f 

r->0 r 2n Jo 


\f(rJ°)\ 2 dO = 2jr\c n [ 


On the other hand. 


lim sup 

r-+ o 


i f 2 * 

r*Jo 


\f(re w )\ 2 d9 < A, 


so r 2 " /r 2 * stays bounded as r -» 0, implying that n ^ k. Hence the function 

5(z) = /(z)/z* is entire. 

Fix zo in €. For r > |zol» Cauchy’s formula gives 




z-zo 



so 


ls(zo )| 2 ^ 



r 

p2n 

— 

/■s 

0 

1 

0 

r \-2k 

J 


i 

0 

rA 



2n(r - \zo\) 


\g(re ,e )\ 2 d6 

\fire ie )\ 2 de 

A_ 

In 


It follows that g is bounded, hence constant, as desired. 


Solution to 5.7.10: By Cauchy’s Theorem [MH87, p. 152], 



for r > 1 . Parameterizing the domain of integration by z = re l6 , we find 

Simplifying and taking real parts gives 

2n , 

(u{re ie ) 2 — v(re l e ) 2 


}d0 = 27t (u(0) 2 - v(0) 2 ) = 0 . 



Solution to 5.7.11: We have 

^ M{ 1 -f \z\ k ) 

for all z. Dividing both sides by \z\ k and taking the limit as \z\ tends to infinity, 
we see that d m f/dz m has a pole at infinity of order at most, k so d m f/dz m is 
a polynomial of degree, at most, k. Letting n = m + k 1, we must have that 
d n f/dz n = 0 and that n is the best possible such bound. 

Solution to 5.7.12: 1 . We have 


d m f 

dz m 


f(z) = (z - zi) ni • • • (z - Zk) nk g{z) 

whore g is an analytic function with no zeros in Q. So 

/'(z) __ n\ nu , g'{z) 

— +-+^+7(ij- 

Since g is never 0 in Q, g'/g is analytic there, and, by Cauchy’s Theorem [MH87, 
p. 152], its integral around y is 0. Therefore, 


1 

2ni 





z-zj 




2. We have 



so 


zf(z) _ z [ g\z) 

f(z) Z-Zl g(z ) 


J__ fzf'iz) . _ 
2n i J y f (z) dz Zl 


Solution to 5.7.13: Suppose f(z\) = f{zi) and let y be the segment connecting 
these two points. We have 0 = / y f{z)dz. Hence, 

f ( fiZ ) - f(Z0))dz = -f'(Z0)(Z2 ~ Zl). 

Jy 

Taking absolute values, we get 

l/'(zo)l |Z2-ZlK f l/'(z)-/'(zo)l \dz\ < f I/'(Z0)II*I = I/'(Z 0 )I|Z 2 -Zll. 

Jy Jy 

an absurd. We conclude, then, that / is injective. 


Solution to 5.7.14: It suffices to show that there exists an integer n such that 
the image of £2 under h(z) = f(z)/z n contains no curves with positive winding 
number about 0; because it implies the existence of an analytic branch of the 
logarithm in h(Q). Each closed curve in h(Q) is the image of a closed curve in £2, 
so it is enough to show that the images of simple closed curves in £2 have winding 
number 0 about the origin. Consider two classes of simple closed curves in £2: 

• T i , the curves with 0 in their interiors, and 


• I"* 2 , the curves with 0 in their exteriors. 


Since / has no zeros in £2, it is clear that if y 6 T 2 , then Ind f( y ) (0) = 0. From 
the shape of £2, it follows that all the curves in Ti are homotopic. Let n be the 
winding number about 0 of f{y) for y € Tj. Since h has no zeros in £2, we must 
have lnd^( y )(0> — 0 for y e IY Fix y e H ; then 


lnd/i(y)(0) = 


_L f h ’ (z) Jr 

2ni J y h(z) 



^ dz = Ind /(j/>(0) — n = 0 


and we are done. 


Solution to 5.7.15: The analyticity of / can be proved with the aid of Mor- 
era*s Theorem [MH87, p. 173]. If y is a rectangle contained with its interior in 
C \[0, 1], then 




(by Cauchy’s Theorem [MH87, p. 152]). Morera’s Theorem thus implies that / 
is analytic. Alternatively, one can argue directly: for zo in C \[0, 1] 


lim 

Z-±Zo 


/(z) - /(zo) 
z-z o 


= lim f 
1-+Z0J 0 


( t - Zo)fr - z ) 




7F 

0 t - zo) 2 



1 


where the passage to the limit in the integral is justified by the uniform conver- 
gence of the integrands. 

To find the Laurent expansion (MH87, p. 246] about 00 we assume |z| > 1 and 
write 



The series converges uniformly on [0,1], so we can integrate term by term to get 




,-n-l 


n + i 


Solution to 5.7.16: Let c > 0. It suffices to show that there is a constant M such 
that 


l/(zi) - f(Z 2 )\ < M\z\ -zi\ for all zuZ 2 € {z|9fc > c, \zi-Z 2 \ < c). 


Fix two such points and let y be the circle of radius c whose center is the mid- 
point of the segment joining them, y lies in the right half-plane, so, by Cauchy’s 
Integral Formula [MH87, p. 167], we have 


l/(zi) - /(Z2)l < 


J_ f\I^L 

2n J y \zi 

N\zi - Z 2 I f 


m 

Z 2 ~K 



\z\ - S\\Z 2 -S\ 


where N is the supremum of |/| in the right half-plane. On y, J zt 
i = 1,2, so 

l/(Zl) “ f (Z 2 >| < — \ZI - Z 2 l 



for 


5.8 Zeros and Singularities 


Solution to 5.8.1: F is a map from C 3 to the space of monic polynomials of 
degree 3, that takes the roots of a monic cubic polynomial to its coefficients, 



because if a, /3, and y are the zeros of z 3 — Az 2 A- Bz — C, we have 
A = a + p + y, 4- &Y 4* fiy = B, afiy = C. 

Thus, by the Fundamental Theorem of Algebra (for several different proofs see 
the Solution to Problem 5.7.5), it is clear that F is onto. F(l, 1, 0) = F(l, 0, 1), 
so F is not injective, in fact, F(w, v, w ) = F(t>, u;, u ) = F(iu, w, u). 

Solution to 5.8.2: Using RouchS’s Theorem [MH87, p. 42 1 ], it is easy to conclude 
that p(z) has two zeros inside the circle |z| = 3/4. 

Solution 2. The constant term of p is 1, so the product of its roots is 1 , in absolute 
value. They either all have absolute value 1 , or at least one lies inside \z\ < 1. The 
former is not possible, since the degree of p is odd, it has at least one real root, 
and a calculation shows that neither 1 nor — 1 is a root. So p has a root in the unit 
disc. 


Solution to 5.8.3: For |z| = 1, we have 



= l > !/(*)! 


so, by Rouchd’s Theorem [MH87, p. 421], f(z)—z 3 and z 3 have the same number 
of zeros in the unit disc. 

Solution to 5.8.4: Let f\ and fz be defined by f\ (z) = 3z 100 and fi{z) = —e z . 
On the unit circle, we have 


l/i(z)l = 3 > 1 = |/ 2 (z)|. 

By RouchS’s Theorem [MH87, p. 421], we know that / and f\ have the same 
number of zeros in the unit disc, namely 100. 

Let £ be a zero of /. Then 

/'(I) = 300f" - 6 s = 300f" — 3f 100 = 3f 99 (100 - 3|) ^ 0 
so all the zeros of / are simple. 

Solution to 5.8.5: 1. Let /(z) = 4z 2 and g(z) = 2 z 5 + 1. For |z| = 1, we have 

|/(z)| = 4 > 3 > |g(z)| . 

By Rouche’s Theorem [MH87, p. 421], / and p = / + g have the same number 
of roots in |z| < 1. Since / has two roots in |z| < 1, so does p. 

2. There is at least one real root, since p has odd degree. The deriv ative is 
p'(z) = 10z 4 + 8z, so p' has two real zeros, na mely at 0 and —^4/5. More- 
over, on the real axis, p' is positive on (— oo, —^4/5) and (0, oo), and negative 
on (—^4/5, 0). Thus, p is increasing on the first two intervals and decreasing 
on the last one. Since p(0) = 1 > 0, also /?(— ^/4/5) > 0, so p has no root 



in [-4/473, 00 ) and exactly one in (- 00 , -4/473). (The real root is actually in 
(—2, —1), since p(— 1) > 0 and p(— 2) < 0.) 

Solution to 5.8.6: Let p(z) = 3z 9 + 8z 6 + z 5 + 2z 3 + 1. For |z| = 2, we have 

|p(z) - 3z 9 l = |8z 6 + z 5 + 2z 3 + 1 1 

<8|z| 6 + |z| 5 + 2|z| 3 + 1 
= 561 < 1536 = |3z 9 | 

so, by Rouchf’ s Theorem [MH87, p. 421], p has nine roots in |z| < 9.For|z| = 1, 
we have 

1 p{z) - 8z 6 | = |3z 9 + z 5 + 2z 3 4- 1| 

< 3|z| 9 + |z| 5 + 2|z| 3 + 1 
= 7 < 8 = |8z 6 | 

and we conclude that p has six roots in \z\ < 1. Combining these results, we get 
that p has three roots in 1 < \z\ < 2. 

Solution to 5.8.7: For z in the unit circle, we have 

5z 2 = 5 > 4 ^ z 5 + z 3 + 2 

so, by Rouch6’s Theorem [MH87, p. 421], p(z) has two zeros in the unit disc. For 

Izl = 2, 

z 5 =32>30» z 3 + 5z 2 + 2 

so p(z) has five zeros in [z \ \z\ < 2}. We conclude then that p(z) has three zeros 
in 1 < Jz| < 2- 

Solution to 5.8.8: Let p(z) = z 7 — 4z 3 — 1 1. For z in the unit circle, we have 

lp(z) — 11| = |z 7 — 4z 3 | < 5 < 11 

so, by Rouch^’s Theorem [MH87, p. 421], the given polynomial has no zeros in 
the unit disc. For \z\ = 2, 

|p(z) - z 7 | = |4z 3 + 1 1 U 43 < 128 = |z 7 

so there are seven zeros inside the disc (z | \z\ < 2) and they are all between the 
two given circles. 

Solution to 5.8.9: Since p( 0) = — 1 and p(x) -> +oo as x — >■ oo on the positive 
real axis, p has at least one root on (0, oo). On the negative real axis p is negative, 
in particular nonzero. 

We have p'(z) — 3ez 2 — 2z, which has roots at 0 and 2/3e. The roots of p' 
lie in the convex hull of the roots of p, by the Gauss-Lucas Theorem [LR70, p. 



94] On the imaginary axis, p has a nonzero imaginary part, except at the origin. 
Therefore p has no roots on the imaginary axis. Consequently p must have at 
least one root in < 0. Such a root is nonreal (since p £ 0 on (— oo, 0)), and 
nonreal roots of p occur in conjugate pairs. Therefore p has two roots in 3ft z < 0. 

Solution 2. From the expression above for p' one sees that p is decreasing on 
(0, 2/3 e) and increasing on (2/3e, oo). Therefore p has exactly one root on (0, oo). 
Let the root be X. Since p is nonzero on (— oo, 0], the other two roots form a con- 
jugate pair, say p and p. Since the linear term in p vanishes, we have 

Xp + Xp + pp = 0 , 

which can be written as 



implying that flip < 0. 

Solution to 5.8.10: Rescale by setting z = s~ l ^ 5 w. Then we need to show that 
exactly five roots of the rescaled polynomial 

PsM = w 1 + w 2 +8, 

with 8 — £ 2 / 5 -> 0 as £ -* 0, converge to the unit circle as £ -> 0. We have 
po(w) = w 2 (w 2 + 1). Since two roots of po are at w = 0 and the other five are on 
the unit circle, the result follows from the continuity of the roots of a polynomial 
as functions of the coefficients, see Problem 5.8.30. 

Solution 2. Let q(z) — z 2 4* 1, so 

I P(z) ~ q(z ) | = £|z| 7 = r 7 £ _2/5 
on the circle \z\ = rs~ 1 ^ 5 . Also, 

\q(z)\ = \z 2 + 1| > r 2 £“ 2/5 - 1 

on \z\ = r£ -1 / 5 . Since r < 1, r 7 < r 2 , and r 7 £ -2 / 5 < r 2 £ -2 / 5 — 1 for s suffi- 
ciently small. Then \p(z)—q(z)\ < \q(z)\ on \z\ = r£ -1 / 5 , and by Rouche’s The- 
orem [MH87, p. 421], p and q have the same number of zeros inside \z\ = rs~ 1 ^ 5 , 
namely two. By the Fundamental Theorem of Algebra (for several different proofs 
see the Solution to Problem 5.7.5), the other five roots must lie in \z\ > r£ -1/5 . 
Now take q(z) = £Z 7 , so 

1 p(z) - q(z ) | = \Z 2 + IK R 2 £~ 2/S + 1 

on Id = jR£ - 1 / 5 , where 

\q(z) | = R 7 £- 2/5 . 

Since R > 1, we have R 1 > R 2 and 

R 2 e~ 2 / 5 + 1 < R 7 £“ 2/5 



for e sufficiently small. Thus, \p(z) — q(z ) | < \q(z)\ on \z\ = Re ^ 5 , so p and 
q have the same number of zeros inside ]z| = Re~ l t 5 , namely seven. This leaves 
precisely five roots between the two circles. 


Solution to 5.8.11: The determinant of A(z) is 8 z 4 + 6z 2 + l. For z in the unit 
circle, we have 

r .a *1 


8z 




6z 2 + 1 


so, by Rouche’s Theorem [MH87, p. 421], det A(z) has four zeros in the unit disc. 
Also, 

4-( det A(z)) = z(32z 3 + 12) 

dz 


with roots 



which are not zeros of det A(z). Thus, all the four zeros are simple, so they are 
distinct. ' 


Solution to 5.8.12: Let y : [a, b] -> C be a continuous function, with 0 £ y *, 
where we denote the image of y by y*. There is a continuous branch of arg y on 
[a, b]. If 6 , 4> are branches of arg y on [a, b], then [0]J = 6(b) — 6(a) = [0]£. 
We may therefore define co(y, 0) = (6(b) — 6(a))/2n , where 6 : [a, b] -> M is 
any branch of arg y. Note we are not assuming that y is closed. If y lies in some 
open half-plane, then \co(y, 0)| < If y is closed then co(y, 0) is an integer. 
If y(t) = yi(t)y 2 (t) where yi, yz are curves not containing 0, then co(y, 0) = 
c o(y \ , 0) +co(y 2 , 0); in particular, if y n (t) = y(t) n then co(y n , 0) = nco(y, 0) for 
n ^ 1. If y = y\ -I h yk is a join of curves not containing 0, then co(y, 0) = 

Hj=0°>(Yj> 0). 

Choose R sufficiently laige, so that the zeros of f(z) = z 4 + 3 z 2 + z + 1 lie 
inside |z| = R. Let y = y\ 4* Yi + yz> where y\ = [iR, 0] (line segment from 
iR to 0 on imaginary axis), y 2 = [0, R] and yi(t) — Re i{ , 0 ^ t < Denote 
Ti = fo yi, T = /oy; so T = Tj -|-r2 + r3. 

For z = iy e yf, f(z) = f(iy) = y 4 - 3y 2 + 1 + iy ^ 0. As 0 < »/(z) = 
y < R, T\ lies in the upper half-plane and therefore |o)(ri , 0)| < 

For z — xey 2 ,f(z)—x* + 3x 2 -f x -J- 1 7^ 0, this being a strictly increasing 
function in x ^ 0. T2 is a subset of the positive real axis. Thus <*>(r2, 0) = 0. 

We have f(z) = z 4 (l +g(z)), where g(z) = (3 z 2 +z+ l)/z 4 . Now g(z) -> 0 
as z -► 00. Fbr large /?, |g(/?e I, )l < 1» and 1 +g(Re lt ) lies in the disc centered at 
1 radius 1; that is 1 -f g(Re lt ) lies in the right half-plane, and thus | (cr, 0)| < 5, 
where a(t) - 1 + g(y$(t)). Thus o>(r 3 , 0) = a) (y 3 4 , 0) -I- a)(cr t 0) = 4 a)(y 3 , 0) -h 
co(cr , 0) = 1 + co(a , 0). 

Thus |<u(r, 0) — lj = |co(F 1 , 0) 4 * w(r2, 0) + (o(a t 0)| < 5 + \ ~ 1 . As T is 
closed, (T, 0) is an integer, and so a>(r, 0) = 1. The Argument principle asserts 
that <y(T, 0) equals the number of zeros of / inside y. As R is arbitrarily large, 
we deduce that / has one zero in the first quadrant. The conjugate of this root 



is the only other zero in the right half-plane. Thus / has two zeros in the right 
half-plane. 


Solution to 5.8.13: Let zu • • • . z n be the zeros of p, and z a zero of p', z ^ Zi, 
i = 1, . . . , n. We have 






i=i 


1 

z- Zi 


Using the fact that 1/a = af\ct\ 2 and conjugating we get 



z -Zi 
\z-zi \ 2 



which is clearly impossible if 91 z ^ 0. 

This result can be generalized to give the Gauss-Lucas Theorem [LR70, p. 94]: 
The zeros of p’ lie in the convex hull of the zeros of p. If z \ , . . . , z n are the zeros 
of p, and z is a zero of p\ z £ Zi, i = 1, . . . , n. We have, similar to the above, 



\z-Zi \ 2 



which is impossible if z is not in the convex hull of z \ , . . . , z n • 

Solution to 5.8.14: Let a be a real zero of f. Then at a the function f restricted 
to R has a minimum, therefore f{d) = 0. Hence the order of the zero of / at a is 
at least 2. The function g(z) = f(z)/(z — a) 2 thus satisfies the same hypotheses 
as /. If g(a) = 0 we can repeat the preceding argument. After finitely many 
repetitions we reach the desired conclusion. 

Solution to 5.8.15: We may assume r ^0. Let n — deg p and x\ < X 2 < • • • < 
Xk be the roots of p, with multiplicities m \ , m 2 , ...» m*, respectively. If any mj 
exceeds 1 , then p — rp’ has a root at xj of multiplicity mj — 1 (giving a total of 
n — k roots all together). We have 


p(x) = c(x - xi) m • • • (x - xk) mk . 


The logarithmic derivative p'/p is given by 


P(x) 



x 



m 


Its range on the interval (xj, Xj+\) (j = \, ... ,k — 1) is all of M, since it is 
continuous there and 


Um ^ 
x -+Xj+ p(x) 


= +00 


lim ^ 

X-+XJ- p(x ) 


= —00. 



Hence, there is a point x € {xj, x j+ \) where p'(x)/p(x) = 1/r; in other words, 
where p - rp 1 has a root. Thus, p — rp' has at least k — \ real roots other than the 
n-k that are roots of p. Hence, p - rp ' has at least n — l real roots all together, 
and the nonreal ones come in conjugate pairs. Hence, it has only real roots. 

Solution to 5.8.16: Let R > A.+1 and consider the contour C R = r R U[—Ri, Ri], 
where T R = {z | \z\ =R, 9 fo < 0} and [-Ri, Ri j = {z \ toz = 0, -R ^ SSz < Rl 



Let the functions / and g be defined by f{z) = z + K g(z) = —e z . On T/?, we 
have 

l/(z)l>|z|->.>l^|g(z)l 


and on [— Ri, Ri], 

\f(z)\ > X > 1 = \g(z)\. 

By Rouche’s Theorem [MH87, p. 421], f\ and / have the same number of zeros 
inside the contour Cr , so f\ has exactly one zero there. As this conclusion is valid 
for every R > k + 1 , we conclude that f\ has one zero in the left half-plane. As 
/ is real on the real axis and /(*)/( 0) < 0 for x small enough, we get that the 
zero of f\ is real. 

Solution 2. We find the number of zeros of f\ in the left half-plane by consider- 
ing a Nyquist diagram [Boa87, p. 106] relative to the rectangle with comers iy, 
-x+ry, -x-iy, and —iy, x,y > k. This will give the change in (1/2 tt) arg f\ (z). 
Then we let x, y ->• oo. 

On the right side of the rectangle, as t ranges from — y to y, then 
fx(it) = it + A. — cosf — i sin t has a positive real part, and its imaginary part 
changes sign from negative to positive. On the top of the rectangle, as s ranges 



from 0 to —x> f\(s+ iy ) — s + iy + A. — e s cos y — ie 5 sin y has positive imaginary 
part, and its real part changes sign from positive to negative. 

Similar reasoning shows that on the left side of the rectangle, Sft/x < 0 and 3/x 
changes sign from positive to negative. On the bottom of the rectangle, S/x < 0 
and 9t/x changes sign from negative to positive. Hence, f\ is never 0 on this 
rectangle and the image of the rectangle winds around the origin exactly once. By 
the Argument Principle [MH87, p. 419], f\ has exactly one zero in the interior 
of this rectangle. Letting x and y tend to infinity, we see that /x has exactly one 
zero in the left half-plane. As /x is real on the real axis and /x (x)f\ (0) < 0 for x 
small enough, we get that the zero of /x is real. 

Solution to 5.8.17: For |z| = 1, we have 

\ze k ~ z \ = > e° = 1 = | — 1| 

so, by Rouch6’s Theorem [MH87, p. 421], the given equation has one solution in 
the unit disc. Let f(z) = ze k ~ z . As, for z real, / increases from /( 0) =0 to 
/( 1) = e k ~ l > 1, by the Intermediate Value Theorem [Rud87, p. 93], /(£) = 1 
for some £ € (0, 1). 

Solution to 5.8.18: By the Gauss-Lucas Theorem [LR70, p. 94] (see Solution to 
5.8.13), if p(z) is a polynomial, then all of the roots of p'{z) lie in the convex hull 
of the roots of p(z). Let z — 1 /w. The given equation becomes, after multiplying 
by w n , w n -f w n ~ l + a = 0. The derivative of the polynomial on the left-hand 
side is mu' 1-1 +(« — l)w”“ 2 , which has roots 0 and— (n — l)/n ^ l/2.Forthese 
two roots to lie in the convex hull of the roots of w n + w n ~ l + a, the latter must 
have at least one root in |u;| ^ 1/2, which implies that azf 1 + z + 1 has at least 
one root in \z\ < 2. 

Solution 2. The product of the roots of p(z) = az n + z 4- 1 is its constant term, 
namely 1, so all p’s roots are unimodular or at least one is in |z| < 1. 

Solution to 5.8.19: Let Tr be the closed curve in the first quadrant consisting of 
the interval [0, /?], the interval [0, iR], and the circular arc centered at 0 joining 
the points R and iR. It suffices to show that, for R arbitrarily large, the function 
g(z) = z 4 4- z 3 + 1 has exactly one zero in the interior of T/?. We’ll compare g 
with f(z) = z 4 + 1. The function / has one simple zero in the interior of Vr, 
at z — e ni ^. By Rouche’s Theorem [MH87, p. 421], it remains to verify that 
I f(z) - g(z)| < l/(z)| for z in r R . We have 

• I /(*) - = \x\ 3 < x 4 4- 1 = |/ (x)j forx in R (since |x| 3 ^ 1 for x 

in [—1, 1] and |x| 3 < x 4 for^: in R \ [—1, 1]) 

• 1/(00 -g(iy)\ = l>'l 3 < / + 1 = \f(iy)\ for y inR 

• l/fe) “ *(z)l = Izl 3 = « 3 < S 4 - 1 ^ I/(Z)I for |?| = R (with RZ 2, so 
R 4 - 1 > 2R 3 - R? = R 3 ). 



Solution to 5.8.20: Suppose that / is zero free in the disc |z| < 1, and hence also 
in the disc \z\ ^ 1- Then / has no zero in an open set containing the latter disc, so 
the function g = 1 // is holomoiphic there. By the Maximum Modulus Principle 
[MH87, p. 185] and our hypotheses, we have 

— < |g(0)| < max{|g(z)| I |z| = 1} = -j-> 

m , m 


a contradiction. 

Solution 2. For \z\ ^ 1 Let g(z) = — /( 0). Then on |z| = 1, 


\g(z ) | = |/(0)| < m < \f{z ) | . 

By Rouche’s theorem [MH87, p. 421], / and / + g have the same number of 
zeros in the unit disc. Since /+*=/- /( 0) has at least one zero, the result 
follows. 


Solution to 5.8.21: Let p(z) denote the polynomial and suppose p(zo) = 0 for 
some zo € ID. Then zo is also a root of (z — 1 )p(z)- We then have 

0 = 0OZ() +1 + fal ~ fl o)^o b ( a n — a n ~l)Z0 ~ a n . 

Since all the a\ s are positive and |zol < 1* we have, by the Triangle Inequality 
[MH87, p. 20], 

an = l«o2o +1 + ( a\ - oo)zq H + (a n - o«-i)zol 

< ao + (fli - flo) H H ( a n — a„- 1 ) 

= On, 


a contradiction. 

Solution to 5.8.22: By Descartes’ Rule of Signs [Caj69, p. 7], [Coh95, vol. 1, 
pag. 172], the polynomial p{z) has zero or two positive real roots. As 
p( 0) = 3 and p( 1) = —2, by the Intermediate Value Theorem [Rud87, p. 93], 
p(z) has one and so, two, positive real roots. Replacing z by —z, and again ap- 
plying Descartes’ Rule of Signs, we see that p(—z) has one positive real root, so 
p{z) has one negative real root. Applying Rouch6’s Theorem [MH87, p. 421] to 
the functions f — p and g = 6z on the unit circle, we see that p has exactly one 
zero in the unit disc, which is positive as seen above. Hence, the real roots are 
distinct. (The same conclusion would follow from noticing that p and p' have no 
common roots.) The imaginary roots are conjugate, so they are distinct as well. 

Solution 2. Graphing the polynomial y — x 5 — 6x 4- 3 (for real x), we can see 
the result easily. First, y' = 5x 4 — 6 and the only two real roots are x = ±^6/5 
and none of them are multiple. Now looking at the limits when x -* — oo and 
x oo, we can conclude that the graph looks like 

So there are three distinct real roots. There cannot be a forth, otherwise y' 
would have a third root. The other two roots are then complex and not real; since 



they are conjugate, they are distinct, making for five distinct roots, three of them 
real. 


y 



x 


Solution to 5.8.23: Let z be a zero of the given polynomial with \z\ = r. If r < 1, 
then z lies in the given disc. For r > 1 , we have 





By the Cauchy-Schwarz Inequality [MH93, p. 69], we get 



n— 1 n — 1 

<£ki 2 £k i i 2 . 

i =0 1=0 


The second sum is a finite geometric series which sums to 
these, we have 



• Combining 



Multiplying both sides by 



we get the result wanted. 


Solution to 5.8.24: The product of all zeros of P(x) (with multiplicities) equals 
±1, so, if there are no roots inside the unit circle, then there are no roots outside 
the unit circle either. Hence, all roots are on the unit circle. From P(0) = — 1 < 0 
and lim^oo P{ *) — it follows that P( x) has a real zero in the interval 
(0, oo). Since it lies on the unit circle, it must be 1, so P(l) = 0. 



Solution to 5.8.25: Let R > 0. Consider the semicircle with diameter [— Ri, Ri ] 
containing R and its diameter. We will apply the Argument Principle [MH87, p. 
419] to the given function on this curve. 

Suppose n is even. Then 

(iy) 2n 4- a 2 (iy) 2n ~ l 4- p 2 = y 2 " 4- P 2 - io' 2 y 2 "~ 1 

is always in the first quadrant for y < 0, so the change in the argument when we 
move from 0 to -Ri is close to zero, for R large. On the semicircle, 

z 2 " +a 2 z 2n ~ 1 +f? = z 2n (l + y + 

which is close to z 2 " for R large. So the argument changes by 2nn when we go 
from —Ri to Ri. From Ri to 0, 

y2n + f} 2 — 

is always in the fourth quadrant, so the change in the argument is close to zero, 
for R large. The total change is then 2ixn, so there are n roots with positive real 
part. 

Now, suppose that n is odd. We have 

(iy) 2n -ba 2 (iy) 2n ~ 1 4- p 2 = — y 2 " 4- f} 2 4- ia 2 y 2 ” -1 

so when we go from the origin to —Ri, for R large, the argument change is close 
to — 7r. The variation on the semicircle is again about 2 nn. The change when y 
goes from R to 0 in the aigument of 

— y 2 " + j8 2 + ia 2 y 2n ~ I 

is about —n. Therefore, the number of zeros with, positive real part is now 
(— 7t + 27T — 7r)/27r = n — 1. 

Solution to 5.8.26: Let p > 0 and consider the functions 

8n(z ) = fn (1/ z) = 1 4- Z 4* ~r H 1“ ~T* 

2! nl 

Since g n (0) ^ 0 for all n, g n (z) has a zero in |z| ^ p if and only if f n (z) has a 
zero in |zj ^ p. g n (z ) is a partial sum of the power series for e z . Since this series 
converges locally uniformly and { z | |z| ^ p) is compact, for any e > 0 there is 
N > 0 such that if n ^ N, then |g„ (z) — e z \ < e for all z in this disc. e z attains its 
minimum m > 0 in this disc. Taking No such that if n > No, |g„(z) — e z \<m/2 
for all z in the disc, we get that g n (z) is never zero for |z| < p. Therefore, f n {z) 
has no zeros outside this disc. 

Solution to 5.8.27: If z = x 4- iy then e z = e x e iy , so w — expz maps the 
horizontal line Sz = X onto the ray w = re ,x , r > 0. Thus if 0 < Sz < jt/2 



then e z lies in the first quadrant. As 3(z) is also positive, we have e z + z ^ 0. 
If —n/ 2 < 3z < 0 then e z lies in the fourth quadrant; whereas z lies in the 
lower half-plane. Again e z + z ^ 0. Consider z = x real. It is easy to see that 
e* = —x has one root. Thus /(z) = e z + z has precisely one zero in the strip 
—n/2 < Sz < n/2. 

We now consider the zeros of g{z ) in the same strip. As arg(— 1/z) = n — arg z 
we deduce that, (writing z = x + 00, if * > 0, 0 < y < n/2, then —1/z 
lies in the second quadrant, whereas e z lies in the first quadrant; and if x > 0, 
—n/2 < y < 0 then —1/z lies in the third quadrant, whereas e z lies in the fourth 
quadrant; that is, e z ^ — 1 /z. When z = x > 0 then ze z + 1 > 0. Therefore 
ze z + 1 ^ 0 for x > 0, —n/2 < y < n/2. 

We’ll use the notation of the solution to Problem 5.8.12. Consider the rect- 
angular contour y, which is the join of the line segments y\ = [—in/2, 0], 
Y2 = [0, fjr/2], y 3 = [ijt/2, - R + in/2], y 4 = [-K + in/2, -R - in/2], 
y$ = [-R — if, —i f ]. Write h(z) = ze z , r f - = h o y t . We will study each piece 
separately. 



Ti: We see that A ( — ijt/2) = -n/2, h(0) = 0. If 0 < y < n/2 then h(-iy) — 
—iye~ iy = ye~ l ^ +y ^ and —n < arg/z(ry) = — (f 4- y) < — n/2 . Thus F i is a 
curve from — f to 0 which, apart from the end points, lies in the third quadrant. 

r 2 : We find that h(in/2) = -f , h(fy) = iyJ* = ^f+^.ForO < y < n/2, 
we have f < arg h (iy) = f -T y < ?r. Thus T 2 is a curve from 0 to — f which, 
apart from the end points, lies in the second quadrant. 



F 3 : If z = — Jt4i§-» x > Othen/*(z) = —j£ x —ixe x ; so h(z) lies in the third 

quadrant. Thus T 3 is a curve from — f to £1 = h(—R 4 *§■) = —e~ R (j 4 *^))» 

which apart from the initial point, lies in the third quadrant. 

r 4 : We see that & = h(-R - if) = <~*(-f 4 iR ) = ft. If z = - R+iy , 

-§ < y < § then |fc(z)| = I - * 4 *ylk~* +fy l ^ (R 4 j)e~ R ; thus /*(*) lies 
in the unit disc, for large R. For such an R, r 4 is a curve in the unit disc from £1 
to 

r 5 : If z = -x-ij,x > Othen/*(z) = —^e^ x +ixe~ x which is in the second 
quadrant. Thus Fs is a curve from & to — f which lies, apart from the final point, 
in the second quadrant. 

The curve 1 4 Tj (f) lies in the lower half-plane; by choosing a branch of 
arg(l 4 ri(f)), we see that <y(rj, —1) = 1/2. Likewise co(T 2 > —1) = 1/2. If 
a = arg(^ 2 +l) withO < a < n/2, then<y(rs, —1) = {n—a)/2n = <y(r 3 , —1). 
The curve 1-f r 4 (r) lies in the disc D( 1 ; 1 ), and thus in the right half-plane. Hence 
<y(r 4 , —1) = a/n. Adding, we have <y(r, —1) = 2. By the argument principle, 
h(z) = ze z takes the value —1 twice inside y . As R is arbitrarily large, we con- 
clude that g(z) = ze z ■+• 1 has two zeros in the specified strip. So / has one zero, 
whereas g has two zeros in the strip. 

Solution to 5.8.28: The function sin z satisfies the identity sin(z 4 n) = — sin z, 
and vanishes at the points nn, n € Z, and only at those points. For m a posi- 
tive integer, let R m denote the closed rectangle with vertices (m — \)n 4 ie and 

(m 4 pn iris. The function sin z has no zeros on the boundary of R m , so its abso- 
lute value has a positive lower bound, say 8, there. (The number 8 is independent 
of m because of the identity sin(z + n) = — sin z.) Suppose (m — j)n — \a\ > | • 
Then, for zinR m , we have 

1 ^ 1 ^ 1 

1 7 ^ Tl ^ i < 0 

\z — a\ \z\ — a (m — pn — \a\ 

implying that < Jsinzj on the boundary of R m . By Rouche’s Theorem 

[MH87, p. 421] then, the functions sinz and /(z) = sinz 4 have the same 
number of zeros in the interior of R m . Since sin z has one zero there, so does /(z). 

As the condition on m holds for all sufficiently large m, the desired conclusion 
follows. 

Solution to 5.8.30: We will prove that the simple zeros of a polynomial depend 
continuously on the coefficients of the polynomial, around a simple root. 

Consider 

b 

S 

p(z)=a 0 + a,z + ---+a n z n =3„ {“[(z - Z j) m > (a„ # 0). 

7=1 

For (£o, . . . , |„_i) € C ", let F be the polynomial given by 

F(z) = £o£o + (5 i + £i)z H h (fin-i 4* £«-i)z w *“ 1 4 fi w z” 



and, for each 1 < k ^ s, let 0 < r* < min^y \zk — zyj. 

We will show that for some e > 0, |£/ J < e for / = 0, . . . , n — 1 implies that F 
has m j zeros inside the circle C* centered at Zk with radius r* . 

Let £ be the polynomial given by 

£(z) = £o + £izH h£ n -i z n ~ l . 


On C/c, we have 


|£(z)| < EM k i 


/ 2-1 

= E fa + My 



\p(z)\ ^ \a n \r” k ]"} (jzy - Zk \ - n) mj = 5* > 0. 

/= i 

jj* 

Taking s < Sk/Mk, we get |£(z)| < \p(z)\ on C*; therefore, by Rouche’s The- 
orem [MH87, p. 421], F has the same number of zeros in Q as p. As in this 
domain p has a single zero with multiplicity my , we are done. 

Solution to 5.8.31: From 

FHz) = Y , »(" - 0 • • • (» - * + 

n^k 

we conclude that 

|/ ( *V 9 )| < |/»w| 

for 0 < r < 1, and 0 < 0 < 2 jt. Suppose / can be analytically continued in a 
neighborhood of z = 1; then its power series expansion around z — 1/2, 

OO 

£A,(z— 1/2)" 

/i=0 

has a radius of convergence R > 1/2. Let (y„) be the Taylor coefficients [MH87, 
p. 233] of the power series expansion of / around the point (1 /2)e w . By the above 
inequality, \y n \ < \0n\. Therefore, the power series around the point (l/2)e ,e has 
a radius of convergence of at least R. So / can be analytically continued in a 
neighborhood of every point of the unit circle. However, the Maclaurin series 
[MH87, p. 234] of / has radius of convergence 1, which implies that at least one 
point on the unit circle is a singularity of /, a contradiction. 

Solution to 5.8.32: Without loss of generality, assume r = 1. 

Suppose / is analytic at z — 1. Then / has a power expansion centered at 1 
with positive radius of convergence. Therefore, / has a power series expansion 
centered at z = 1/2 with radius 1/2 -f e for some positive s. 




As 


/ 


(n) 


© - g (I) 


k— n 


we have, for 1 < x < 1 + e, 




k^O 


-gM-0'g^G) 

-§"£^H)'G)‘ 




= £ a k x k 

k^O 

which is absurd because we assumed the radius of convergence of £ a n z n to be 1, 
This contradiction shows that / cannot be analytic at z = 1 . 

Solution to 5.8.33: As 


(tan z)~ 2 - z~ 2 


z 2 - (tan z) 2 
z 2 (tan z) 2 


the Maclaurin expansion [MH87, p. 234] of the numerator has no terms of degree 
up to 3, whereas the expansion of the denominator starts with z 4 , therefore, the 
limit is finite. 

As 

1 , . 

tan z = z + -z + o(z ) (z 0) 



we have 


(tanz) 2 



z 1 2 * -z 2 -fz 4 + o(z 4 ) 

Z 4 + o(z 4 ) 


(z -* 0) 


so the limit at 0 is —2/3. 

Solution to 5.8.34: We use the fact that an entire function is a polynomial exactly 
when it has limit oo at oo. (If the function tends to oo at oo then it has a pole at 
oo. In this case, its Laurent series about oo, which is its power series, has only 
finitely many nonzero terms with positive exponent. The other direction is clear.) 

Suppose g is not a polynomial. Then (g(z n )) is bounded for some sequence 
(in) tending to oo. Therefore (/(z rt )) is bounded, against the hypothesis. Hence 
g is a polynomial. 

Suppose / is not a polynomial. Then (/( w n )) is bounded for some sequence 
(w n tending to oo. As g is onto, there is, for each n € N, w' n € C such that 
w n = g(w' n ). As w n -* oo we have w' n — >■ oo, which is contrary to the hypothesis 
since f(g(w' n )) stays bounded. Hence / is a polynomial. 

Solution to 5.835: When we write / as a single fraction, with denominator 
FEU (z — Zi) we see that the number of zeros of / in € is given by the de- 
gree of the numerator of /, since the z/s are no zeros of /. The order of the zero 
at infinity of / (I/O gives the difference between the degree of the denominator 
and the degree of the numerator. We have 



n 


= ait (1 -f Zit + zjt 2 -1 ) 

i=l 



CO 





Thus f(l/t) has a zero of order m 4-1 at t = 0. Since the denominator of /(z) 
has degree n, the numerator has degree n —m — 1, so / has n—m — 1 zeros in €. 

We cannot have m > n because the Vandermonde determinant, see the Solu- 
tion to Problem 7.2.1 1 or [HK61, p. 125] 


i „ „2 _n— 1 

1 Zl Zj * * • Zj 

i „ _2 1 

1 Z2 Z 2 * * * Z 2 


1 Zn zl 



k 

is not zero, so the linear system = 0 has only the trivial solution for 

k = 0, . . . , n — 1 . i=i 



5.9 Harmonic Functions 


Solution to 5.9.1: Derivating twice, we can see that 

d 2 u * d 2 u 
to*- 6 *- dy 2 ' 

so A u = 0. The function / is then given by (see [Car63b, pp. 126-127]) 


f(z) = 2u 




so, up to a constant, v(x , y) — 3 x 2 y — y 3 + k. 

Solution 2. Using the Cauchy-Riemann equations [MH87, p. 72], we see that 


dv 


= 3x 2 - 3y 2 


and integrating with respect to y we obtain 

v(x, y) = 3x 2 y - y 3 4* f(x) 

dv du 

and using the Cauchy-Riemann equations again, this time — = — — we see 
that ijr'(x) — 0, so v(x, y) = 3 x 2 y — y 3 +k. x ? 


Solution to 5.9.2: Since u is the real part of an analytic function, it is harmonic 
in the unit disc ID. By Green’s Theorem [Rud87, p. 253], 



dxdy = 0. 


Solution to 5.93: 1. Let / = u + iv. Then v is identically 0 on the unit circle. 
By the Maximum Modulus Principle [MH87, p. 185] for harmonic functions, v 
is identically zero on ID. By the Cauchy-Riemann equations [MH87, p. 72], the 
partial derivatives of u vanish; hence, u is constant also and so is /. 

2. Consider 


m = i 


.z + l 


z - 1 


/ is analytic everywhere in C except at 1 . We have 



e io/2 + e -ie/2 
1 e W/2 _ e -W/2 



€ M. 


Solution to 5.9.4: We have u = z s s e s log 1 , and logz = principal branch 
of log with — it < aigz < n. z? is analytic in the slit plane C \ (— oo, 0] and 
d.gstogz _ . Hence, u = 9 \z 5 is harmonic in the same domain. 



Solution to 5.9.5: Let v be the harmonic conjugate of u. Then, / = u +• iv is an 
entire function. Consider h = e~f . Since u ^ 0, \h\ < 1, h is a bounded entire 
function and, by Liouville’s Theorem [MH87, p. 170], a constant. Therefore, u is 
constant as well. 

Solution to 5.9.6: Let v be a harmonic conjugate of n, and let / = e u+,v . Then 
/ is an entire function and, for |z| > 1, we have 

|/fe)| = e" fe) ^ = e b \z\ a . 


Let n be a positive integer such that n ^ a. Then the function z~ n f(z ) has an 
isolated singularity at oo and, by the preceding inequality, is bounded in a neigh- 
borhood of oo. Hence, oo is a removable singularity of z~ n f(z) and, thus, is, at 
worst, a pole of /. That means / is an entire function with, at worst, a pole at 
oo, and so / is a polynomial. Since nonconstant polynomials are suijective and / 
omits the value 0, / must be constant, and so is w, as desired. 

Solution to 5.9.7: The linear fractional transformation w — (1 + z)/(l — z) 
maps the unit disc to the halfplane fRw > 0, with the upper and lower boundary 
semicircles mapped to the halflines iU + and iM_ , respectively. A branch of log w, 
defined on C \M_,has 


Slog w = 


Jr/2, 

-*r/2. 


w € 

w e R_ , 


so a solution is given by / defined by 



* 


5.10 Residue Theory 


Solution to 5.10.1: Since the n ’s are distinct, / has a simple pole at each of these 
points. If A \ , A 2 , . . . , A n are the residues of / at each of these points, then 


*( Z ) = m - ^ 


Z-r 2 



is entire. Clearly, g tends to zero as z tends to infinity, so, by the Maximum 
Modulus Principle [MH87, p. 185], g must be identically zero and we are done. 

Solution to 5.10.2: We have 

3 

a-i = Res (cotnrz, -1) + Res (cot jtz, 0) + Res (cotjrz, 1) = -• 



For n < -1, the coefficients are given by 





lim (z + 1) 

Z-+-1 


cot nz 
z n+l 


4- lim(z - 1) 

z-^l 


COt 7TZ 
Z n+ 1 



Solution to 5.103: The function f(z) = z/(z — 1 )(z — 2 )(z — 3) has simple 
poles at z € A = {1, 2, 3}, with residues Res (/, 1) = 1/2, Res (/, 2) = —2, and 
Res (/, 3) = 3/2. For / to have a primitive in U t it is necessary and sufficient 
that f f(z) dz= 0 for all (piecewise C 1 ) closed paths y in U. 

Let y be a closed path in U t with image y*. Then U c = {|z| < 4} is connected 
and lies in one connected component of C \ y*. Therefore the winding numbers 
are the same, co(y, 1) = co(y, 2) = co(y , 3). 

By the Residue Theorem, [MH87, p. 280], 

f f (z) dz = 2ni ^ Res (/, z) co(y, z) 

J y zeA 

= 2nico(y t O^Res (/ tZ ) 

zGA 

= 0 . 

Therefore / has a primitive in U. On the other hand, if 

z^ 

o( Z ) — 

(z — l)(z — 2)(z — 3) 

then Res (g, 1) = 1/2, Res (*, 2) = -4 and Res (g, 3) = 9/2. If y is the circle 
|z| = 5, then 


f g(z)dz — 
y 


2 ni Res (g, z) a>(y, z ) 

z€A 


7^0, 


and g has no primitive in U. 


Solution to 5.10.4: If the roots of / are not distinct, then some x 0 satisfies 
/ (*o) = f (*o) = 0. But f'(x) = 1 4- x 4- • • • 4- so 


Y m 

0=/(*o) = /'(*o) = “■ 

ml 



and *o = 0. However, 0 is clearly not a root of /. Hence, the roots of / are 
distinct and nonzero. 

For 0 < k < n — 2, consider the integral 

r,k 


h 


-L 


f(z) 


dz 


where C r is a circle of radius r centered at the origin such that all the roots of / 
lie inside it. By Cauchy’s Theorem [MH87, p. 152], h is independent of r, and as 
r — ► oo, the integral tends to 0. Hence, /* = 0. By the Residue Theorem [MH87, 

p. 280], 


Jfc * 7 k n i 

Z Z§ ^ ij % z% 


n 


n'Y,J~ n 

1=1 


0 = V Res— — = V — i— = V li- 

^ /w h /'<*> h Kzi) - 1 

Since 2 ^ m — k < n, we get the desired result. 

Solution to 5.10.5: Let the disc centered at the origin with radius r contain all the 
zeros of Q. Let Cr be a circle centered at the origin with radius R > r. Then, by 
the Deformation Theorem [MH87, p. 148], 


L 


P(Z ) 


dz 


-L 


P(z) 


'c Q(z ) Jc R Q(z ) 

where C is any closed curve outside |z| = r. As 

P(z) 


dz 


Q(z) 


= o (|z| 2 ) (|z| -> oo) 


we have 


f ^ Qdz=o(\zr 2 )2nR = o(l ) (R -*■ oo) 

G(z) v 7 


Cr G(Z) 

and the result follows. 

Solution to 5.10.6: Letting z = W t we have 

cos0 = ^(z + z -1 ) 

and = Jz/iz, so that 

— f 2 " e 2( mse de = f e 
2n Jo 2tt Jy 

where y is the unit circle. Next, 




1 

f e ((z+z ~' ) 

= — / 

r £lf: 


2ni , 

Jy Z 

2ni J 


z) z 


-V— [ K — — 

" 27ri Jy n\ z n 

n - 0 ' 


dz 

Z 



Now, 


rll+l 


= ^ t ( 1+ ^ + 2« z > 2 + - + ^ z >* + - 


rfl+1 


t 1 K n 

+ ~ H 1 — : ~ — f" 


m z 


gt i+i 

(n + 1)! 


t n 

Thus, the residue at zero is — and 

n! 


J_ f e* z r 
2 ni J Y z n+1 Z n\ 


hence 


(^X 1 f dz 

\n! / 2ni J y n\z n t 


and the result follows. 


Solution to 5.10.7: As the singularities of the integrand, call it /, all lie inside the 
unit disc, we have [MH87, p. 286], 


/ = -Res (/(z), oo) = Res 


(M ;)4 


We have 


* f (z)- 


(1 -l“ 2z) 2 «... 1 _ 1 

— — — , which has residue - at 0. Therefore I — - 

z(2 - z) 2 2 


Solution 2. Let /(z) = - ^-i) ' r ^ ien / meromorphic with a double pole at 

z = 0 and a simple pole at z = 1/2. Both singularities are inside the contour of 
integration. By the residue theorem we have 


/ = Res (/(z), 0) + Res 


('«>• o 


We have, near the origin, 


/(z) = -4jr ^ = ~^( 4 + 4 z +^ 2 )( 1 + 2 ^+ 4 z 2 +- • •) = 

so the residue at the origin is —12. 

To find the residue at - we write f as 

JL 


4 12 

2 

Z L z 


f(z ) = 


(z + 2) 2 
2z 2 (z - A) ’ 



and get 


Res 


( /(z) - \) = 


(z + 2) 2 
2z 2 


*=i 


Therefore, / = -12 + 12.5 = 0.5. 

Solution 3. Since / has no singularities outside the unit disc, we have, by Cauchy’s 
Theorem [MH87, p. 152], 


= h L, /(z)dz 


for any r > l.Thus 


1 (re w +2Yre w 

/_ 2W 0 Ae™ (2re‘ e - l) M ^ > 0 


2 ;q 


It is easy to see that the integrand approaches — uniformly when r 

'4 


00, SO 


Solution to 5.10.8: We have 

f -£±4* 

JCn z 2 (z - 2) 


44 


dz + 


f £* 1_ 

Jc a Z 2 (z - 


■dz- 


We will use the Residue Theorem [MH87, p. 280], to compute the integral, and 
for the first integral: 


Res 


( 4 p °)- 0 


and Res 


(z — 2’ 2 )- 1 - 


Let f(z) = -r The following expansions hold: 

z 2 (z - 2) 


-2 2 \ 


~2 1 + 2 + 


4 8 J 


z 2 (z — 2) 


z 2 (z 




_i i__i_ 

2z 2 4z 8 

z^ 

1+Z+ 2 + 3i + 
2 z 2 4z 8 


2? 


Res (/ (z), 0) = -- 


thus 



Also, 


e z e 2 


Res (/ (z), 2) = lim — = — 


Therefore, we have, for a > 2, 
z 2 + 


J ^LZ£—4z = 2irl ^Res ^ , 2^ H- Res (/, 0) + Res </, 2)^ 


and for a < 2, 


L 


7 2 + # 3ni 

z dz = 2ni Res (/(z), 0) = — — 


z 2 (z - 2) 


Solution to 5.10.9: For \z\ -r we have z = — , so we can rewrite / (a, r) as 

z 

/(a,r)= f = f — — o^Z 

J\z\=r a — ~ J\z\=raz-r 2 

= -f -Z-s-dz (a# 0). 

«/W=r Z~f 

If |a | < r the integrand is analytic in and on the circle \z\ = r, so / ( a , r) = 0 
by Cauchy’s Theorem [MH87, p. 152]. (Use the second-last expression for the 
case a = 0.) 

If \a\ > r then Cauchy’s Integral Formula [MH87, p. 167] gives 


2ni ( r 2 \ 2ni 
/(a,r) = — - ) = — 7 
a \ a J a 1 


2nir 2 
— 


Solution to 5.10.10: Let f(z) = Vz 2 - 1 = 5Z f ^ } z 2k . f is analytic for 
|z| > 1; therefore, &=o ' ' 

j y/z 2 -\dz = -2jri Res (/(z), oo) . 

M<) ■ 


-§(?)«-■* 


A ~2k—3 


We have 



so 


We then obtain 


Res (f(z), oo) = Res 





Solution to 5.10.11: The function sin z = (e lz — e~ iz )/(2i) vanishes if and only 
if e 2lz = 1, which happens if and only if z is an integer multiple of Jt. Since 
2 < n < 4, the zeros of sin4z within the unit circle are 0, ±jt/4. 

The residue of 1 / sin 4z at z = 0 is 1 /4, because the numerator is nonvanishing, 
while the denominator sin 4z has a simple zero and its derivative at z = 0 is 4. 
Since sin(4(z + 7r/4)) = — sin 4 z, the residue of 1 / sin 4z at z = ±jr/4 is — 1 /4. 
By the Residue Theorem [MH87, p.280], / = l/4-f(-l/4) + (-l/4) = -1/4. 

Solution to 5.10.12: The integrand has poles at the integer multiples of 7r, all 
simple poles except for the one at the origin. By the Residue Theorem [MH87, p. 
280], 

n ( 1 

I n = 2ni Res ( : — » kn 

— \z 5 sinz 

k=—n 

Since the integrand is an even function, its Laurent series at the origin contains 
only even powers of z, implying that the residue at the origin is 0. Hence lb = 0. 
For k 0, 



Res 





Zr=kjt 


l/fcV (-1)* 

cos kn r 3 


4i 


n 


So for n > 0, /„ = —«> 

7T Z . — i 


k= 1 


(- 1 )* 


Solution to 5.10.13: Using the change of variables z = — , we obtain 

w 

1 f dz _ 1 f -dw _ 1 f dw 
2ni Jc sin- 2 ni J C ' w 2 sin w 2 ni J C " w 2 sin w 

Z 

where the circles C' and C" have radius 5 and are oriented negatively and posi- 
tively, respectively. By the Residue Theorem [MH87, p. 280], we have 

_L f dw - = Res f H-Res (-j-: — »-*) 

2mJciv 2 smw \w 2 smw ) \w 2 smw J 

+Res ( — : >0 ) • 

\w z sinw / 



We have 


and 


Res 


(—1 — li 
\ ur sin u» / u>- 


lim « . 
u> z sin w 


w 2 sin w 


w 2 ( w — u> 3 /3! 4- u> 5 /5! H ) 

_ _1 1 

- w 2 1 - (w 2 / 3! - u< 4 /5! + • • •) 

« 

= (l + (u> 2 /3! - «> 4 /5! + • • •) 

+ (vP / 3! — u, |4 /5 ! + + ‘*m 

1 1 Itf 

JUJU ■ '■ *4- • • • 

w 3 3!iu 5! 


Then, 


-( 

7li Jr 


dw 


2777 Jc w 2 smw 6 n 2 


Solution to 5.10.15: We assume C has counterclockwise orientation. First, 
/ 0 = Jq = J c ^ = 2ni. Now consider A: > 1. We have, for some constants 
Ao» . . . , 


/( z ) = 1 = ^ + J-L -j — + 

z(z - 1) • • • (z - k) z z- 1 z - k 


Then 


wm 

I = A w J~ [ (Z — w) . 


m—0 n= 0 

n£m 


Equating coefficients gives 0 = £ A TO .Forw = 0, 


m—0 


f — 

Jc z—n 


27 ri 6>(C, w) = 27 ri . 


Hence 


h=f mdz = TA„f JZ- = 2niTA„=0. 

Jc 7c*-» 


On the other hand. 


Jk = 27ri Res 


(z — 1) — (z — A:) 


= (-!)** !27n\ 



Solution to 5.10.16: ( e 2nz + 1)“ 2 has a double pole at ±i/2. By the Residue 
Theorem [MH87, p. 280], the value of this integral is 2ni times the sum of the 
residues of (e 2nz 4- 1)“ 2 at these two points. We have 

-e 2nz = e~ ni e 2nz = e 27r(z_l/2) = 1+ 2n(z - i/2 ) + 2j t 2 (z - i/2) 2 H 

hence, 

e 2nz + 1 = -2n(z - i/2) - 2 tt 2 (z - i/2) 2 

and so 

(e 2nz + 1) 2 = 4tt 2 (z - i/2) 2 + 8 tt 3 (z - i/2) 3 + ••• 

« 

The residue at - is 

2 

d_ ( (z - i/2) 2 \ _d / 1 \| 

* + l) 2 ^ j=;/2 * \4;r 2 + 8 jt 3 (z - i/2 ) + <?((z - 1/2) 2 )/ | z=;/2 

-8?r 3 + 0(z - i/2) 

~ (4jt 2 + 0(z - i/2)) 2 

Z=l/£ 

1 

-~2n' 

Using the fact that —e 2nz = e 711 #* 7 -, an identical calculation shows that the other 
residue is also —\/2n, so the integral equals —2 i. 


Solution to 5.10.17: A standard application of the Rouche’s Theorem [MH87, 
p. 421] shows that all the roots of the denominator lie in the open unit disc. By 
the Deformation Theorem [MH87, p. 148], therefore, the integral will not change 
if we replace the given contour by the circle centered at the origin with radius 
R > 1. Using polar coordinates on this circle, the integral becomes 

1 C 2n Re nw iRe i6 dO 

2tt7 Jo \2R n e nie - 9 R 9 e 9ie + 2 R 6 e 6ie - 4 R 3 e 3ie + 1 ” 

1 f 2n dO 

2n Jo 12 - 9R~ 3 e- 3ie + 2R- 6 e~ 6ie - 4 R~ 9 e~ 9ie + R~ 12 

which has the limit ~ as R -► oo. The value of the given integral is then, -J- • 


Solution to 5.10.18: We make the change of variables u = z — 1. The integral 
becomes 

I (2n + l)e 1+1 ^ u du. 

J |«+U=2 

Using the power series for the exponential function, 


OO 

e z/(z-» _ gi+i/fe-1) _ e . e i/(z-l) _ e r 

n= 0 


1 

n!(z — 1)" 



we get 


( 2 « + 


l)e l+1/ " = e 


2m + 3 + - + 
u 



The residue of this function at zero, which lies inside |m + 1J = 2, is 2e, so the 
integral is 4eni. 


Solution to 5.10.19: Denote the integrand by / . By the Residue Theorem [MH87, 
p. 280], / is equal to the sum of the residues of / at —1/2 and 1/3, which lie in 
the interior of C. / is also the negative of the sum of the residues in the exterior 
of C, namely at 2 and oo. We have 


Res (/, 2) = lim (z - 2 )/(z) = 

z->2 






As lim f(z ) = 0, 

z->oo 

Res (/, oo) = - lim zf(z) = 0. 

z—>oo 

- , 1 
SoI= w 

Solution to 5.10.20: The numerator in the integrand is ^ times the derivative of 
the denominator. Hence, / equals ^ times the number of zeros of the denominator 
inside C; that is, 7 = | • 

Solution 2. For r > 1, let C r be the circle \z\ = r, oriented counterclockwise. By 
Cauchy’s Theorem [MH87, p. 152], and using the parameterization z = re te , 

1 f z n ~ l 

1 = ™kw ~ di 

j /*2xr yjiginO 

~2ttJo 3^ e in6 - 1 d6 ' 


As r -> oo, the integrand converges uniformly to ^ giving / = -• 

3 3 


Solution to 5.10.21: The integrand has two singularities inside C, a pole of order 
1 at the origin and a pole of order 2 at -1/2. Hence, 


f — f! 

Jc z(2z + 1) 2 


dz — 2ni 


( R K*^’°) +R “G^TTF- 



The residues can be evaluated by standard methods: 


Res 


Res 


( 


( 


z(2z + 1) 2 
e z 


z( 2z+ l) 2 ’ 


•°)- 
- 0 = 


z(2z + 1) 2 Uo 

I ± (t)\ 

4 * \ Z /L ■ 


= 1 



Hence, 


f dz = 2ni ( 1 — ^ • 

Jcz(2z+1) 2 V 2 Ji) 

Solution to 5.10.22: Let f(z) denote the integrand. It has a pole of order 2 at a 
and a pole of order 3 at b y and no other singularities. The contour T has winding 
number 1 about a and -1 about b. By the Residue Theorem [MH87, p. 280], 



We have 


Hence 


Res(/, a) = 


a i 

T -(.Z-b)~ 3 

dz 

1 d 2 


-3 


Z=0 


Res(/, b) = - —x(z -a) 2 


2 dz 2 


(a - b) 4 

3 


z~b 


(b - a) 4 


= 2j ri ^ 


—3 


(a - b) 4 


3 \ -12m 

(a — b) 4 ) ~ 0 a-b ) 4 “ 


Solution to 5.10.23: The function / has poles of order 1 at z = ±1 and a pole of 
order 2 at z = 0. These are the only singularities of /. The winding numbers of 
y around —1, 0, 1 are 1, 2, —1, respectively. By the Residue Theorem [MH87, 

p. 280], 

r— r f f{z)dz = Res (/, -1) + 2Res (/, 0) - Res (/, 1) . 

2m J Y 



Since 1 and -1 are simple poles, we have 




Res (/, 1) - hm(z l)/(z) z2(z + 


z=l 


—e 

~2 




Res(/, -1) = Jltafz + 1)/(Z) = z2fe _" 1) - 


.-1 


z=-l 


To find the residue at 0, we use power series: 


z 2 (l 


£ J_/ 

- z 2 ) z 2 \ 


1 +Z + 


Y + •)( 


l + z 2 + z 4 + 


■) 


= i( 1 +z+-- ) = ^ + J + --- 


It follows that Res(/, 0) = 1. Hence, 


,-i 


Ijf f(.z)dz = - ^•+2 + | = 2 + coshl. 


Solution to 5.10.24: The function /(z) = (e z - 1 )/z 2 (z - 1) has a pole of order 
2 at z = 0, and a simple pole at z = 1. We have 


Res (/, 0) = — 


d e 1 -! 


dz z— 1 


= -l, 


z=0 


Res(/, 1) 

co(C, 0) 
co(C, 1) 


r eZ ~ l 
lim — = — = e 

z—* 1 Z 2 

- 2 , 

2 . 


-I, 


By the Residue Theorem [MH87, p. 280], we have then 


L 


e z -l 


c zHz - 1) 


dz = 2 ni (Res (/, 0) <o(C, 0) + Res (/, 1) (o(C, 1)) 
= Anie . 


Solution to 5.10.25: The roots of 1 — 2zcos0 -f z 2 = 0 are z = cos0 db 
iVT^cos^e = e ±w . Using the Residue Theorem, [MH87, p. 280], we get 


— f 

2 ni J| Z | =2 


z” 

1 — 2zcos0 + z 2 



1 

2 ni 



i\z 1=2 (z - e‘")(z - e~ w ) dz 

V(z - e")(z - e-' 9 ) ; 


+Res 



z w 

(z — e ie )(z — c _,e ) 




.n 


_ o-iQ 


zT 


z—e 


iO 


_ m e 


z—e 


-w 


e inO e~ in0 

giO g — id g— id giO 

e inO _ e ~in6 

V e - e~ ie 
sin/20 

sin0 


Solution to 5 . 10 . 26 : Substituting z = e ,e , we have 


Ha) 


_ r d6 n f 

~h „ + <!Ltf!L-‘k 

-if 

1 J\z\=\ 


e ie d$ 


2 ae ie ■+• e 2i6 + 1 


Izjssl z 2 + 2<j z + 1 


The ro ots of the polynomial in the denominator are —a + Va 2 — 1 and 
—a — Va 2 — 1, of which only the former is within the unit circle. By the Residue 
Theorem [MH87, p. 280], 

Ha) = 4tt Res ( z2 + l i+l > ~ * + • 


Since the function in question has a single pole at z = — a + Va 2 — 1, the residue 
equals 


1 


2z + 2<3 


1 


&=— 2V^=T 


giving / (a) = 


2tt 


Va 2 — 1 

Consider the lunction F defined for f £ [—1, 1] by 



de 

■■I « ■■ > « 

£ -fcos0 


As F'(£) exists, F is analytic on its domain. Combining with the previous results, 
we have that the function 

F(£) — 

is analytic and vanishes for £ > 1 ; therefore, it must be identically zero. From 
this, we obtain that 

f 2n de 2 n 

Jo £4-cos0 — 1 


2tt 



in the domain of F. 

Solution to 5.10.27: Let / be the function defined by 


f(z) 


( Z - r){rz - 1) 


We have 

p r2it 

i 

f f(z)dz — f — 
lzl=i Jo 1 “ 

For \r\ < 1, 

Res (/(z), r) = - 

r 

and 

r 2 * de 


Jo 1 — 2r cos # + r 2 

For |r| > 1, we get 

Res f/(z), = 

and 

t 2n de 


dO 


2 r cos 0 + r 2 


2 7t 


1 -r* 


2tt 


Jq 1 — 2r cos $ 4- r 2 r 2 — 1 

Solution 2. Suppose that r 6 E and 0 < r < 1. Let mo be defined on the unit 
circle by uo(z) — 1. The solution of the corresponding Dirichlet Problem [MH93, 
p. 600], that is, the harmonic function on B, m, that agrees with mo on dP is given 
by Poisson’s Formula [MH87, p. 195]: 


M(r) = 


1 -r 

2tt 


2 pin 


pat 

Jo 


de 


2rcos0 + r 2 


but m s 1 is clearly a solution of the same problem. Therefore, by unicity, we get 


pin 

Jo 


de 


2n 


0 1 — 2r cos 6 + r 2 1 — r 2 

If r > 1, consider a similar Dirichlet problem with uo(z) = 1 for |z| = r. We get 

.2 i p2n de 


FT 


so 


p2n 

Jo 


de 


2r cos# +r 2 


2n 


0 1 — 2r cos e + r 2 r 2 — 1 

If r < 0, a similar argument applied to M(-r) , m(-1) leads to the results above, 
noting that cos(0 — jr) = — cos0. 



Solution to 5.10.28: Evaluating the integral using the Residue Theorem [MH87, 
p. 280], we have 



cos 40 
1 + cos 2 0 


dO 


-fi 


AW 


=% r - 

Jo 1 

=491 r 

Jo 

= 491 / 

J lzl=l 


0 1 + cos 2 0 

AW 


dO 


[ (e /g +e- <g ) 2 


d6 


AW 


6 + e 2 '^ + 

z 3 dz 




= 291 f 
J lzl=l 


| Z |=1 z 2 + 6z + 1 2zz 
2 

dz 


| z |==i zr + 6z + 1 


= 291 2jt ( Res 


z 2 + 6z + 1 


, — 3 + 2\/2 




= -12?r + 




JT. 


Solution to 5.10.29: As 2 cos 2 x — cos2jc + 1, we have 


1 f 2jt cos 60+1 


-\L 


1 r 2 ” 

-2*1 


0 5 — 4 cos 20 

+ 1 


d0 


,6/d 


5 — 4cos20 


de 


-1 /• 2,r 

= Wo 

= i«< f 

2 ** lzl = l 


«*» + e 2,e 


2e 4 ^ - 5e 2ie + 2 
Z 3 + l 


d0 


2z 2 -5z + 2 


dz . 


We evaluate this integral using the Residue Theorem [MH87, p. 280]. As the 
integrand has a simple pole at z = 1/2 inside the unit circle and no others, we 
have 



i2ni 


z 3 + 1 
2(z - 2) 


2=1/2, 


3tt 

■ 41 

8 


Solution to 5.1030: The integrand is holomorphic except for a pole of order three 
at the origin. By the Residue Theorem, we have 


/ = 2jrzRes 






Near z — 0 we have 


COS 3 z (l-4 + Ofe 4 )) 3 

z 3 z 3 

(1 — z 2 + 0(Z 4 )) (l - f + 0(Z 4 )) 

— z 3 

1 - §z 2 + 0(z 4 ) 
z 3 

3 

showing that the residue in question is — — • Hence / = —3ni. 
Solution to 5.1031: Consider the contour in the figure 


r e 



We have 
f 2n ' 1 — cos/10 

Jo 


, , „d0 = lim / 

o 1— COS0 e~+0Je 


p2n—e j _ cosw0 


* 'J0 = lim / 

1 — cos 0 e-vO A 

i sin nd 


r2n—e i _ e ind 


the last equality because the integral of / (0) = 
f(2n - 0) = — / (0)). Next, 

'2.11 — b j _ e in0 


1 — COS0 


, d $ , 

1 — COS0 
vanishes (since 


L 


1 — cos0 


dO 


i 


-z 


n 


dz 


(z + l/z)/2 iz 


where r e is the almost-circle {e ie j e < 0 < 2n — c}, traversed counterclockwise. 
The latter integral equals 


f 


z" - 1 


dZy 



which, when e -+ 0, tends to 


2 { z n — 1 \ 

ni l Res ((TT ? 1 1 ) = 2,rn> 


so the integral in the statement of the problem has the value 2jrn. 
Solution to 5*10.32: Let z = e®. Then 


/ 


n sin nO 


- n sin 0 


dO 


-L 


z n - z“" dz 


|z|=l Z-Z~ l iz 

If 

i J\ z \=i z 2 - 1 z n Z 
= T f (l -f z 2 -I h z 2 "” 2 ) \dz 

* J|z|=l ' ' Z n 

n-l „ 

= E/ 

So •'^1=' 


,2*-n 


dz. 


If n is even, only even powers of z occur, and each term vanishes. For odd n, we 
have 

' n sin/z0 
— d$ 

sin0 i j| z |. 


r 

J —71 


-i I — = 2n. 

1 ^IzNl * 


Solution to 5.10.33: We have 


C n (a) + iS n (a) 


-r 

J —TC 


,in$ 


d$ 


a — cos 0 

/ n e i(n+l)0 


2 ae ie + 1 

= 2 i f dz. 

Jlzl=i Z 2 - 2 az + 1 


d0 


Let / (z) denot e this las t integrand. Its denominator has two zeros, a ± Va 2 — 1, 
of which a — Vo 2 — 1 is inside the unit circle. The residue is given by 


Res 


, , x (a - Va^\Y (a-Va^ lY 

(f,a-V ^ ?)= ; ~==T = ± 

' (a — Va 2 — 1 — a — Va 2 — 1 ^ 


-2Va 2 - 1 


Therefore, by the Residue Theorem (MH87, p. 280], 


C/I (^) *f“ * 5*/! (^) — 


2jt (a — Vflt 2 — 1 ) 


Vo 2 — 1 

Since the right-hand side is real, this must be the value of C n (a), and S n (a) 


= 0 . 



5.11 Integrals Along the Real Axis 


Solution to 5.11.1: We have 


f°° 1 f°° ( x — i) m {x 4- i) n 

i-00 fm(x)fn(x)dx = n /.«, (x + ir + ‘ (x - i) n+l X 


\f m — ti, we get 


jj_ f°° _ 

ft J— OO 1 


00 dx 1 

r - =5 — arctan x 

+ X 1 2 JT 


OO 


= 1 


—OO 


If m < n, as x 2 + 1 = {x — i)(x + i), we have 



1 (x + i) n ~ m 
x 2 + l(x- i) n ~ m 


dx. 


Since the numerator has degree 2 less than the denominator, the integral converges 
absolutely. We evaluate it using residue theory. Let Cr = [-R, i?] U F/? be the 
contour 


iR 



We evaluate the integral over Cr. For R > 0 sufficiently large, the integrand has 
a pole at x — i inside the contour. Calculating the residue, we get 


d n-m+\ 

dx 


Lx - +1 


(x + i)""'” -1 
(.X - /)«-'"+ 1 



JC =/ 



By the Residue Theorem [MH87, p. 280], the integral over Cr is 0 for all such 
R. Letting R tend to infinity, we see that the integral over the semicircle Tr tends 
to 0 since the numerator has degree 2 less than the denominator. So 


1 f°° 1 {x+i) n ~ m 

n J-oo x 2 + 1 (x - iY- m 



Solution to 5.11.2: Consider the following contour around the pole of the function 



1 - 



iR 



On the larger arc z — R ( cos 6 4- i sin 0), so 





l _j_ g-rt|fl|sin0 
g2 



(R oo). 


Then 


f°° 1 — cos ax 

Jo ^ 



n\a\ 

2 


Solution to 5.113: Let ft (z) = e ltz /(z 4- O 2 * and consider first the case / > 0. 
Then \ft(z)\ is bounded in the upper half-plane by \z 4- i|“ 2 . For R > 1 let 
Cr = Tr U [— /?, R], where T/? is the semicircle centered at the origin joining R 
and —R y oriented counterclockwise. The function f t is holomorphic on Cr and 
its interior, so, by Cauchy's Theorem, we have 

0= f f/(z)dz = f f t (x)dx+ f ft {z)dz . 

Jc R J-r Jr jf 

The absolute value of the second summand on the right is at most nR/R 2 > since 
\ft (z) < R~ 2 on F/?. Taking the limit as R -► oo we obtain /(/) = 0 (/ ^ 0). 

Suppose now / < 0. Then \f t \ is bounded in the lower half-plane by \z 4- « | -2 . 
Let C' R be the reflection of Cr with respect to the real axis, oriented clockwise. 
By the Residue Theorem, we have 

f f (z)dz = -2tt iRes (/, (z), - i ) . 

Jc' R 


A calculation shows that the residue equals ite* , so 


I ft (z)dz = 2nte t . 

As R -► oo, the contribution to the last integral from the semicircle tends to 0 
since \f t | < (R - l) 2 on the semicircle, giving lit) = 2nte t (r < 0). 


Solution to 5.11.4: For t = 0 the integral is elementary: 


/ 


R 


dx 


- R (* + O 3 


dx = 


-1 


2(x + i) 2 


R 


-R 


0 as R oo , 


hence F( 0) = 0. 

e~ itz 

For r < 0 the function f t (z) = is bounded in the upper half-plane, and 

(z + i) J 

in fact is 0(|z|" 3 ) there. We integrate f t around the contour T r consisting of the 
interval [-R, R] on the real axis and the semicircle in the upper half-plane with 
center 0 and radius R {R > 1), oriented counterclockwise. The integral is 0 by 
Cauchy’s Theorem [MH87, p. 152], The length of the semicircle is nR and the 
integrand is 0{R~ 3 ) on it, so the contribution to the integral due to the semicircle 
tends to 0 as R — ^ oo. The contribution due to the interval [— /?, F] tends to F(r), 
so we conclude that F(t) — 0 for t <0. 

For t > 0 we integrate f t around T J, the reflection of T/? with respect to the 
real axis (oriented clockwise). The integrand has one singularity in the interior of 
F/j» a pole of order 3 at z = — i. The residue there is 


2! dz 2 


z——i 


By the Residue Theorem [MH87, p. 280], 



-t 


2 


/ ftiz)dz = —2 ni 

By the same reasoning as above, the preceding integral tends to F{t) as R oo. 
Hence F{t) = nit 2 e~ t for t > 0. 



Solution to 5.11.5: To see that the integral exists, notice that 


. 9 

sinx 


lim 

x->0 X‘ 


= 1 , 


. 2 

sin^x 


-(?)• 


(x oo) . 


As the integrand is an even function, we have 



1 — e 2iz 

Let / (z) = — Then / is analytic except for a simple pole at 0. 

For 0 < e < R, consider the contour C e> r = Tr U Ye U [ -R , -ej U [e, R] 


i/? 



by Cauchy’s Theorem [MH87, p. 152]. We have, by the Residue Theorem, 



L 


f(z)dz 


=/ +/ 

•Jr* J[-/?,-e] 



It is easy to see that on Tr we have 


\f(z)\ = 




2 



therefore 


/ oo 

-oo 


1 — e 


2/x 


•rf* = jri'Res (/, 0) = ni(-2i) = 2tt 


Since sin 2 (*) = ^91 (l - e 2lx ^j, we have 


L 


00 sin 2 * 


d* 


1 f°° 


1-^ 


dx , 


so 


f 


00 sin 2 * 


dx = ?~. 


Solution 2. Assuming Dirichlet’s Integral 


pOO 

JO 


sin* , 7T 

dx — ' — 

* 2 


whose evaluation can be found in [Boa87, p. 86] and [MH87, p. 313], we can use 
integration by parts: 


L 


00 sin 2 * 


1_ 

* 


dx = --sin 2 * 


I OO P 00 J 

- / Si 

Jo X 


lo 


sin 2* dx 



. f°° siny 

= 0+/ — -dy 

Jo y 
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Solution to 5.11.6: The integrand is absolutely integrable, because it is bounded 
in absolute value by 1 near the origin and by 1/|*| 3 away from the origin. We 
have 

sin 3 * = -i (e‘* - e- ix f = (*** - e~ 3ix - 3e‘* + 3e~ lx ) 



by Cauchy’s Theorem [MH87, p. 152], 

t 3e iz -e iiz . 


° = / 

Jc e ,n 


= f + f + / + / • 

Jr R J[-R-s] Jy e J[e,R] 


The integral over T/? is bounded in absolute value by (4R~ 3 )(2ttR) since \e iz \ 
and \e 3lz \ are bounded by 1 in the upper half-plane, so it tends to 0 as R — ► oo. 
To estimate the integral over y £ , we note that 


3 e iz - e 3iz 


iz 1 / 


3(iz) 2 (3 iz)‘ 


+ 0(z 3 ) 


2 3 

= ^ + - + 0 ( 1 ) 

7 


Hence, 


L 


3 e iz - e 3iz 


■a 


2 3 

gigiW ee i0 


) iee 16 


-I f 


f° 

e~ 2,e de + 3 i de + 0(e) 

Jn 


= 0 — 3ni + 0(e) —3 tc 


as e 0. 



Thus, 


lim 

R-kx 

e -*0 




R 3e* x — e 3lx 





The integral is one-fourth the imaginary part of the preceding limit, so — • 
Solution to 5.11.7: Let ' 


ft \ - e l _ £_£_ 

1(z) (z 2 + 1) 2 ~ (z + i) 2 (z - o 2 " 

Integrate / over a closed semicircular contour Cr = [— /?, /?) U T/j with radius 
J? in the upper half plane. 


iR 



The portion [— /?, /?] along the axis gives 


/. 


R 


-R (X 2 + l) 2 


(cos* + i sin x)dx 


whose imaginary part is 


L 


R 3 * 

A x 3 sin* 


L R ( X 2 + 1)2 
This integral converges as R -*■ oo to 


dx. 


L 


00 x 3 sin* 


dx. 


Loo (X 2 + l) 2 

To establish the convergence, note that integration by parts gives 

R 


f 

J-R 


* 3 sin* , (—cos*)* 3 

dx — 


(* 2 4 - 1) 2 


(* 2 4- 1) 2 


+ 


-R 


f 

J-R 


COS* 


dx \ (* 2 -f- 1)2 


dx 


and 


(- cos x)x 3 
(x 2 4- 1) 2 


< JL 

M 


as 


oo , 



and the second term is integrable by the Comparison Test [Rud87, p. 60], 0(l/x 2 ). 
The real part also converges by a similar reasoning, and since the integrand is odd, 
it converges to zero. 

The integral of / over T/? is treated as follows. Let z = Re ie for 0 ^ 8 < jt. 
Then 



e lz zJ 

( z 2 + l ) 2 



e i R(cos 0-fi sin 0)^3 

(Z 2 4* l) 2 




♦ 


This is bounded above in absolute value for large R by 


A I” e~ Rime d6 

Jo 

for a constant A and this integral tends to zero as R oo (Jordan’s Lemma 
(MH87, p. 301]). Finally, 


I f(z)dz = 2ni Res (/, i) 

Jc R 

and since we have a second order pole, we have 


Res(/, i) = — 

dz 



1 



Thus, 



Tci 

Ye 


and so the required integral is — 

Solution to 5.11.8: Using an argument similar to the one in Problem 5.1 1.7 with 
the function 

e‘ z z 

/(Z) =(?W’ 

we get 


jc sin x /f 

■CO (x 2 + l ) 2 dX = 3>(27rl Res( ^’ = mni Tz 

= 9t ( 2ni — ) = 

\ 4 e) 2e 


Solution to 5.11.9: Consider the complex integral 


L 


Ce.R z(z 2 + a 2 ) 


dz 




where the contour C 6t r is the contour described below oriented counterclockwise. 
The integrand has simple poles at 0 and ia. 



sin* 


NotiCe that X&+?) 

(MH87, p. 301], we have 


= JR ^ 


x(x 2 4- a 2 ) 


^ for real x. By Jordan’s Lemma 


I L<£ 


a 2 ) 


dz\ < 




so, at the limit, the contribution from the bigger semicircle to the integral above 
is zero. Using the Residue Theorem [MH87, p. 280], we have 


L 


z(z 2 + a 2 ) 


=2niRes (irfb) ■ ia ) + niRes (iTO) • °) 


= 2ni 


ia (2 ia) 


ni m 
e°a 2 a 2 


+ ni-7r 


since / is even we have. 




e iz - 1 

Solution 2. Consider the function —z which has a removable singularity at 

z(z 2 + a 2 ) 


sm* 


the origin and a simple pole at ia. Again, we have - + a 2 j ~ ® + a 2 )) 

By the same argument as above, but with one less pole, we can use the following 


e ix — 


* 2 >) 


contour 



IK 



and get 



e™_ - 1 
x(x 2 4- a 2 ) 


dx — 2niRes 


g /z - 1 

z(z 2 4- a 2 ) 



therefore. 




Solution to 5.11.10: We have 

sin* (sin *)(* 4-3i) _^( xe lx \ , OJCV ( e lx 

__ __ — ~ * \ X 2 + 9 ) + M \ X 2 + 9 


So 


/** sin* . f* 

/ —dx = %l 

J-r x-3i J — R 


xe 


R 


x 2 4-9 


dx 4- 3/S 


f-R x 2 4* 9 

We evaluate these integrals over the contour Cr = Tr U [— /?, i?]: 


dx. 


iR 



As z 2 4- 9 has simple zeros at ±3/, by the Residue Theorem [MH87, p. 280], 


L 


ze 


tz 


Cr z 2 4-9 

By Jordan’s Lemma [MH87, p. 301], we have 


dz — 2jri Res (/, 3i) = e~ 3 ni. 


I f JfL 

Urn z 2 4-9 


dz\ < 


i 


l£ll£*fl ,, , ^ nR 
r„ |z| 2 -9 |rfz| ^ R 2 -9 


— 0(1) {R -> 00) 



so, in the limit the integral along the upper half-circle contributes nothing. 
We can evaluate the second integral in the same way, getting 

e tz e~ 3 n 

?+9* = ~ 

Again, in the limit, the upper half-circle contributes zero, so 



f R sin* 

lim / — dx = 

R-+00 J—R X — Jl 


_3 

e °7 r. 


Solution to 5.11.11: Consider the function / defined by 


f(z) = 


,iz 


Z{Z - 7X) 


By Cauchy’s Theorem [MH87, p. 152], 

f f(z)dz = 0 

Jc e , R 

where C € ,r is the contour T/? U yo U [$ t 7t — s] U y n U [n -f s, R], 


iR 



-R —e o s n r 


The poles of / at 0 and n are simple; therefore, 


lim / f(z)dz = —7ti Res (/(z), 0) = i 

e ->0 JyQ 


lim f f{z)dz = — i Res (/(z), tt) = i. 

£ ~*° JYn 


We also have, for |z| = R y 

= o (/r 2 ) (R - 9 - 00) 


Z(Z - 7 t) 



so 


lim f f(z)dz = 0. 

R -+00 Jp R 


Taking imaginary parts, we obtain 


/. 


00 sin* 


-00 x{x - 7t) 


dx = —2. 


Solution to 5.11.12: The integral equals $ 


/ OO 

-OO 


ax 


- 7 dx. For R > 1 let T/? 

■00 (1 + * 2 ) 3 

be the contour consisting of the interval [— /?, /?] on the real axis and the top 
half of the circle \z\ = R, with the counterclockwise orientation. The function 
f(z) = e iz /(l 4- z 2 ) 3 is analytic on and inside Tr except for a pole of order 3 at 
Z = i. By the Residue Theorem [MH87, p. 280], 



2ni Res (/ (z), i) . 


Writing /(z) = 


(z - 0 3 ( z 4- i) 3 


we see that 


2 Res (/ (z), i) — 


<p_ 

( * \ 


dz 2 

V(z4-/) 3 / 

Z=i 

u 

' ie iz 

3e ,z \| 

dz \ 

, (z + 0 3 

(z 4- i) 4 / 1 


-( 


—all 


6ie iz 


4- 


2=1 
12e‘ z 


(z 4- 0 3 (z 4- 0 4 (z 4- i) 5 
6i 

V 8f 3 ” " 

8ie 


?)L 


= ,-i fzl _ JL + _ £L(l + l + l\ 

16i 4 + 32i 5 / i \8 + 8 + 8/ 


Hence 


/ 

Jr* 


Ijt 

f {z)dz = — • Now, since 3 / is an odd function on R, 
be 


/r„ /(ZMZ = L (S? ^ + f(z)dz ’ 

where 5/? is the top half of Tr. As R -*■ 00 the first term on the right converges 
to the integral we want, and the second term converges to 0 because \f(z)\ < 

l/(|z| 2 — l) 3 in the upper half-plane, and we conclude that the value of the 
integral is Ijt /Se . 



Solution to 5.11.13: Note that 1 -1- x 4- x 2 — (x 4- j) 2 + so the denominator 

/ oo gikx 

. 

-ool+x+x 2 

As \e lkl | ^ 1 for z in the upper half-plane, and since the denominator has degree 
2, we may close the contour in the upper half-plane to get / = 9t(2?r //?)» where 

Jkz 


R is the sum of the residues of /(z) = 


1 + z -1- z 2 


in the upper half-plane. In 


this domain / has just one singularity, a simple pole at — | + i^, with residue 


/? = 




2(-J + '^) + l '¥3 


. Therefore 


. ^ 2 7t k 

1 = $\(2niR) = — e ~ cos - • 

V3 2 

Solution to 5.11.14: An argument similar to the one used in Problem 5.11.11 with 
the contour around the simple poles —1/2 and 1 /2, gives 



cos(tt;c) 
4x 2 — 1 



Solution to 5.11.15: Consider the following contour Cr and the function 



e im 

Z 4 + 1 


iR 



We have 


f e — 

Jr R z 4 + 1 




\e inz \ 
R 4 - 1 



TC R 


R 4 - 1 



which approaches 0 when R -> oo (note that for z e T#, \e mz \ = e * nz ^ 1). 
Taking the real part and using the fact that for these roots \/z\ = — zo» we have 



Solution to 5.11.16: Consider the same contour Cr as in Problem 5.11.15; which 
encircles two of the poles (eT and e~^), and the function 



We have 



Solution to 5.11.17: We have 


*°° cos 3 * 

-oo CL 2 + X : 




ix +e -ix 

2 

i 2 + x : 


_ I f°° e 3ix + e~ 3ix + 3e ix + 3e~ i: 

Q / = 3 - 


+ x : 


a z + x‘ 

dx "b 7 I 


dx 


— + \hifl) . 


To evaluate I\(a), let V r (R > a) be the contour consisting of the interval 
[ Rt f?] on the real axis plus the semicircle in the upper half-plane with center 0 



and radius /?, oriented counterclockwise. By Cauchy’s Integral Formula [MH87, 
p. 167], 


L Z 2 + a* d \- i 


,3 iz 


r R ( z+ia)(z-ia ) 


dz 


= 2ni ^ = — 

\z + ia ] . a 

\ / z=ia 


The contribution to the integral from the semicircle is 2 ) k 3,z l ^ 1 

for %z ^ 0), so it tends to 0 as R -> 00 . The contribution from the interval 

»— 3fl 


[— /?, /?] tends to I\ (a) as R -► 00 . It follows that /1 (a) = 


7TC 


same reasoning shows that 12 (a) = 


7TC 


— o 


a 


Exactly the 


• We obtain 


a 


71 —3a 


+ 3e-°). 

4a 


Solution to 5.11.18: This integral converges, by Dirichlet’sTest [MH93, p. 287], 
since 


lim — — = 0 

x-+±oo X 2 + 4x -f- 20 


monotonically and 


f* 

Ja 


sin xdx = 0(1) (a — 00 , (5 -> 00 ). 


Consider the integral 


1 = L f(z)e ‘ z dz where m = + i +» ' 


The curve C/? is the contour 



where T r is the semicircle of radius R > 0. The integral 1 is equal to the sum of 
the residues of g(z ) — f(z)e‘ z inside of Cr. f has poles at —2 i 4 i, of which 
only— 2 + 4 i lies inside Cr. Hence, 

I 7t a o* 

1 = 2jri Res Or, -2 + 4i) = bri Jim ^ z _ ( _ 2 _ 4 - } = J (~ 2 + 4, >” “ ‘ • 
We have, by Jordan’s Lemma' (MH87, p. 301], when R — > oo, 

|/ r /<H < * - 4* - id /r, |£,Z| |rfz| * = 0(1) - 

So, 

J f(x ) sin xdx = f(x)e lx dx'j 

= lim f f(z)e iz dz) 

\R-+oo J Cr J 

= 3 (j(-2 + 4i)^ -4_2i ) 

= -^j(2 cos 2 + sin 2). 

2e 4 


Solution to 5.11.19: Consider the following contour avoiding the pole of the func- 
tion 




we have 




7T(/? + l) 

R 2 


which approaches 0 when R -> oo (note that for z € T/?, \e iz \ = < 1); and 

around 0, 




where g is analytic. Then 

f * + 1 J1 w _ • [ dz 
I Z 3 1 I 7 3 

JYe Z Jyc Z 

Now since 




< max |g(z)|7T£ -> 0 as s -» 0 
UKs 



the integral along the real axis will approach — • Taking the real part, one gets 

f°° x — sin* 1 7 r jr 

/ = — ax = = — 

Jo * 3 2 2 4 


Solution to 5.11.20: Denote the given integral by I. Consider the function 
f(z ) = (1 + z + z 2 ) -2 . / has two poles of order 2 at z = (—1 ± iV3)/ 2. 
We evaluate the contour integral 

I'=f f(z)dz. 

JCr 


iR 



By the Residue Theorem [MH87, p. 280], for R large enough, 

/' = 2 ni Res ff(z), . 

As R tends to infinity, the integral along the upper half-circle tends to 0 since the 
denominator of / (z) has degree 4 higher than the numerator. Hence, /' tends to / 
as R tends to infinity. Therefore, 




47T 

3Vl 


Solution to 5.II.2J: Letting t 2 = *, we get 

>oo poo f2a—l 


poo v a— 1 /»oo fZa—i 

/ £ dx = 2 I —r*. 

Jo 1 + * Jo 1 + f 2 


Consider the integral 


L 


Z 2 "- 1 

1+ z 2 


dz , 


where C £| /? is the contour T/? U y e U [-R, —e] U [e, R]: 


iR 



where the small circle, y e , has radius £, and the large circle, T r, radius R. Since 
z 2a-i j s d e fi ne d to be e^ 2a-1 ^ Iogz , we choose as our branch of the logarithm that 
with arguments between —n/2 and 37r/2 (that is, the one with the cut along the 
negative imaginary axis). 

The integrand has a simple pole inside C £ r at i, so, by the Residue Theorem 
[MH87, p. 280], the integral is equal to 


2tti Res </,i) = 


27n£?< 2a “ 1 > ,0 S 1 ' 

2i 


= —me 


am 


As e and R tend to 0 and infinity, respectively, the integral on [e, /?) tends to 
the desired integral. On the segment (-/?, — e], we make the change of variables 
y = —Zy getting 



^(2a-l)Iog z 
1 + Z 2 




R g(2a-l)Iogy 

1 + y 2 



so this integral tends to a constant multiple of the desired integral. On T/?, a cal- 
culation shows that |z 2a-1 | = lz| 2jH “ -1 e _2Sto£u:gz , S o if we assume that Star ^ 0, 
we have |z 2a_1 1 ^ | z |29ta-i and 




jtR ma 

r 2 - r 



This tends to 0 whenever 91a < 1. 

On y e , essentially the same estimate holds: 




7Tf25Ka 

1 -e 2 


and this tends to 0 whenever 91a > 0. 
So we have 


( 




.2a— 1 

- ?dt = —7tie ani . 

1 + r 2 


Dividing through, we get 


—7tie ani 7 r 

1 — e 2ccni 2sin7TQ! 


Therefore, twice this is our answer, subject to the restrictions 0 < 91a < 1 and 
S$a ^ 0. However, if ^ 0, we may replace a by a and obtain the above 
equality with a. Then, by taking the complex conjugate of both sides, we see that 
we can eliminate the second restriction. 

Solution 2. Considering the slightly more complex contour of integration below, 
we can do away with the change of variables. So consider the integral 


Jc z + 1 



where C is 




The origin is a branch point and the two straight lines are close to the x— axis. 
The integrand has one simple pole at z = — 1 inside C. Thus, 


L 




On the other hand, the integral can be split in four integrals along the segments of 
the contour: 


L + L zTi dz + L 


.a-1 




/ 

Je 2 


M—l 


dz 


L 


2 ” (Re ie ) a ~ 1 

0 Re w + 1 
R v a—l 


f 


+ 


rsw 


2tt £ 
e f v „2ni\a-\ 


Taking the limits as e -* 0 and R oo, we get 

*0 e 2jri(a—l) x ci—l 


L 


oo x ce—l 


,.dx + 
x 4* 1 joo 


f 

Joe 


x + l 


dx = 2ni e ( °- | >’ r< 


or 




oo x a — 1 


o * + l 


dx=2nie (f ‘-V* i . 


Hence, 


I 


oo ^a— 1 


0 * + l 


dx = 


Jt 


2ni e (a ~ l)ni _ 

1 — e (ct—i)2ici sinajr 


Solution to 5.11.22: Making the substitution x = yfy the integral becomes 

1 too y- 1/4 

2 Jo 1 +y dy 


which is equal to — by Problem 5.1 1.21 with a = - • 


Solution to 5.11.23: Making the substitution* = */y the integral becomes 




which is equal to 


7 r 1 

t-t " -g by Problem 5.1 1.21 with a = - * 
d sin c 5 


Solution 2. We integrate the function / (z) = 1/(1 +z 5 ) around the counterclock- 
wise oriented contour Vr consisting of the segment [0, /?], the circular arc joining 
the points R and R e 2ni/5 , and the segment [R e 2ni/5 , 0], where R > 1. 



R 


The function / has one singularity inside F/?, a simple pole at e ni / 5 . The 
residue is given by 


Res(/, e ni / 5 ) = 


1 


£(*+z 5 > 


1 


z=xri/5 


5 e 4 ™/ 5 


2m 


By the Residue Theorem [MH87, p. 280], f f(z)dz = „ 

Jr R 5e ni i»/? j 

The contribution to the integral from the segment [0, R] equals / j dx 

and the contribution from the segment [R e 2lX1 ^ , 0] equals ^ 0 * x 


-L 


R 


1 


0 1 + (f e 2 "'/ 5 ) 5 


d(t e 2 * 15 ) = — e 2,r '/ 5 f R — dt 

Jo 1+f 5 

f'-L-s* 

Jo 1 + X 5 




The contribution from the circular arc is C>( (j? * 1)5 ), so it tends to 0 as R 
Taking the limit as R oo, we thus obtain 


oo. 


(1 - e 2 * 1 ' 5 ) f° — Ud* = 2ni 


Jo l+x- 


5 e 4ni/5 ’ 


or 


roo 

Jo 


1 


l+x- 


dx — 


2k i 


2k i 


5( e 47Ti*/5 _ e 6ni/5) 5(e ni / 5 - e“ 7r, / 5 > 

27TI _ 7T 

5 (2 1 sin §■) 5 sin j 


Solution to 5.11.24: Observing that the function is even, doubling the integral 
from 0 to oo and making the substitution y = x 2 ”, we get 


°° dx 2 f°° dx 1 r°° yA- 1 n 

.oo l+x 2n ~ Jo 1 +x 2n ~nj 0 y + 1 y nsimr/2n 


by Problem 5.1 1.21. 

Solution 2. The 2 n th roots of —1 in the upper half-plane are zk = for 

0 < k < n — 1. 



Therefore 



Since Zk is a simple pole of the integrand, 


Res 



Z-Zk 


lim , 

Z-*ZJc 1 + Z 


2n 


1 

2nzf~' 


Zk_ 

2 n ’ 


giving 



in 



n 


E 


: kit 

e n 


k—0 


in i*l — e l7t 
— e ™ 


n 


- 1 ■ ■ 

. If “• C , Jl 

l-e l * n e l n—\ 


n 


nsini 


Solution 3. Let / (z) = r- and consider the contour in shape of a slice of 

1 + z 1x1 

pizza containing the positive real axis from 0 to R, the arc of circle of angle n/n 
and radius of the circle from the end of the arc back to 0, oriented in this way. 


r* 



/ has one singularity inside the contour, which is a simple pole at e ni/2n . There- 
fore, the integral of / around such a contour equals, by the Residue Theorem 
[MH87, p. 280], 


2 *' Res (t^t- e * i/2 ") = 


— nie n, l 2n 


n 



We have, then 


r R 

Jo 1 + - 


dx 4- 


r”/ 4 i 

Jo i + R z 


gWe iReU>de + 


r° i 

Jr 1 +r 2 


2n e 2ni 


Vn dr 


= (l - e ni ' n ) [* - ~^dx + iR r -L— e it> de . 

' 'Jo 1 + x^ 1 Jo 1 4* R 2 * 1 

The integral on the arc approaches zero as R -> oo, therefore, we get 


r°° i 

J —OO 1 4* - 


dx = —2 


me 


ni/2n 


J- oo 1 4- X 2 " n(l- e ni / n ) n sin ^ 

Solution 4. Consider the complex function f(z) = • ^ - • Its poles are all sim- 
ple and located at the points 


c k = = e i(2k+1) % k = 0, 1, . . . , 2n - 1 

and since & and n are integers, the roots are never real and calling the primitive 
angle a = ^ the ones located above the real axis are 


c k = e'* 2 ** 1 * 


/: = 0, 1, ..., n — 1. 


Computing the residue of / at these points we have: 


ReS (i^T’ C *) = jd 


4* 1) '^ lc k 


2n—\ 


k = 0, 1 , ... , n — 1 


Res 


(z 2 " +1 ’ C *) 2 n 


1 p. 

—~e Ll 
2 n 


= 

2n 


(2*+l)(— 2n) 


= . e [-i(2*+l)w] 

2n 

e [i(2k+l)a) 


Using the upper-semi-circle as the contour of integration, we have to add the 

n ~ * 1 — z” 

residues on all poles in the upper-half-plane. Using the fact that — 

*= 0 Z 

and applying the Residue Theorem: 


C ^ * + L «=* iz ■ 2w ‘ i> 



7T 



ni ia 1 — e t2an e la 
~n £ 1 _ e i2a ' e~^ 

ni e i2an - 1 7T 2/ 

n e ia — e“ ia n e ia — e*“ ,a « sin a 


Solution to 5.11.25: Let 




z n + 1 


rOO 

The answer is 2/, where 1=1 f(x) dx. 

Jo 

For R > 1 let T/? be the straight line path from 0 to R followed by the arc Re 11 
for t e [0, 2n/n\, followed by the straight line from Re 2ni / n to 0. 

Let £ = e ni t n . The poles of / are £ 2/ ” +1 for me Z, so the only pole inside Tr 
is £ and / has a simple pole at £ with residue By the Residue Theorem, 

we have, 



Jr* n n 


The integral over the first line tends to / as R -> oo, over the arc of circle part 
it approaches 0, since the integrand is 0{R 2 ~ n while the arc length is O(R), and 
the integral over the last line segment tends to — £ 6 /, as the substitution z = £ 2 u> 
shows. Thus, 


/-f 6 /= 



Now, 


so 




? 6 -i 

2 if 3 



2n 

: 3^ ' 
nsm~ 
n 


Solution to 5.11.26: We have 


►OO 


/ = 


f 

JO + € X 
oo „ 


dx 


oo 

oo 


e x - e~ x 
log M 




-IjC 

,i i 

2 Jo (« ~ 1 /m)m 

=;r^» 

4 J-oo M 2 - 1 


dw 



where we used u — e x . Integrate 


m = 

z 2 -l 

over the contour r = I> U y_i U yo U y\ • 


iR 



By Cauchy’s Theorem [MH87, p. 152], we have 



J f(z)dz = 0 

also, 

f f(z)dz = -in Res(/, -1) = ~ 

Jy-i 1 


f f (z)dz = in | =0 

i 

f(z)dz 0 as R -+ oo since lim = 

> *-»oo R 2 - 1 


f f(z)dz 0 since lim g *°^ g = 0. 

Jy 0 £->0 S 2 — 1 

So we get 

/-oo K 1 2 

and 

/ = £ 


Solution to 5.11.27: The roots of the denominator are 1 ± iV 3, and for large \x\, 
the absolute value of the integrand is of the same order of magnitude as x~ 2 . It 
follows that the integral converges. For R > 2, let 

f e~ iz 

lR Jc r Z 2 - 2z + 4 dz * 



where the contour Cr consists of the segment [— R, Rj together with the semicir- 
cle Tr in the lower half-plane with the same endpoints as that segment, directed 
clockwise. 


-R 0 R 



The integrand has only one singularity inside Cr, a simple pole at 1 — i<j3. 
By the Residue Theorem [MH87, p. 280], 


I R = —2ni Res 


/ e~ tz 
\z 2 - 2z + 4 



The residue, since we are dealing with a simple pole, equals 


lim (z 

z-+l-i^3 V 



e~ iz \ 
z 2 — 2z + 4 / 



z — 1 — i V 3 


z=l— i-s/3 


-2iV3 


Hence, //? = — — . Since Je ,z | is bounded by 1 in the lower half-plane, we 

V3 

have, for large R, 



e —iz 

“o — ^ r dz 

z 2 - 2z 4- 4 



2nR 

R2-2R-4 



Hence, 


(R oo) . 



f R e 

La x 2 - 


"IX 


2x -f- 4 


dx 4* 


/, 


*-IZ 


z 2 — 2z + 4 


dz 


giving / = 



(R -> oo) , 


Solution to 5.11.28: The integral converges absolutely since, for each 0 < s < 1, 
we have log* = o{x E ) (x 0+). 

Consider the function 



logz 

( z 2 + l)(z 2 + 4) 



and, for 0 <£</?, consider the contour C e% R = Tr u n u [-R, -s] u [£, «]. 



On the small circle, we have 


| / 

I J Ye 


f(z)dz 


|logel-fjr 

< - ne = <?(1) ( s -> 0) 

2 


and on the larger one, 


I L 


f{z)dz 


< r /- e iK^-4) ?rj?=o(1) 


Combining with the Residue Theorem [MH87, p. 280] we get 

/ 0 poo 

f(z)dz + / f(z)dz = 2 ni (Res (/, f) 4- Res(/, 2i» . 

-oo 7o 


We have 


Res(/, i) = lim /(z)(z - i) = ~ 

z-*z 12 


and 

Res(/, 20 
We also have 


r « w _ lo g 2 + T _ j lo S 2 _ £. 
tan/(z)(? i) _ 12i 12 24' 


f 

J-OQ 


f{z)dz = 


f 0 log(— a:) + ni 

J-oo (x 2 + 1)C* 2 +4) 

logx 

(x 2 + 1)(* 2 4- 4) 


poo 

Jo 


dx 


dx 4- 


poo 

Jo 


m 


(. x 2 + l)(x 2 + 4) 


dx 


and 


J p oo 
0 


f(l)dz 


poo 

Jo 


logx 


(x 2 + l)(x 2 4- 4) 


dx 



using the same contour and singularities to evaluate 



ni 

(x 2 4- l)(x 2 4- 4) 



n 2 i 

we get — . so 


f 


n 2 i 


logx 

21 («* + !)(** +V * + 12 


. ./«• , <log2 3T\ 

= 2311 (l2 + IF ' J 


and 


L 


oo 


logx 


o (x 2 + l)(x 2 4-4) 


dx = 


7T log 2 
12 


Solution to 5.11.29; For 0 < £ < 1 < /?, let C BtR denote the contour pictured 
below. Let log z denote the branch of the logarithm function in the plane slit along 
the negative imaginary axis. 


iR 



By the Residue Theorem [MH87, p. 280], since i is a simple pole of the integrand, 
we have 



(log z ) 2 
z 2 4-l 


dz = 2ni Res 



= 2ni lim 
z-w 


(logz ) 2 
z + i 




2 



TC 


3 





For x negative, we have logx = log|x| 4- ni , so (logx) 2 = (log |x|) 2 — 7 r 2 + 
Ini log |x|. Thus, the contribution to the integral from the interval [— /?, — s] 



equals 


i. 


R (log*) 2 — jt 2 -f 2m log* 

x 2 + l 


dx 


-L 


R (log*) 2 - JT 2 


+ 


/ 

J Ye 


X 2 -f 1 

(log z) 2 


dx + 


z 2 + 1 


dz 4- 2ni 


f (log z) : 

Jr R z 2 + 1 

. f R log* 


■dz 


TV 


Je X 2 + l 


dx 


Also, 


and 


i 


r R 


L 


(log z) : 
z 2 + 1 


dz 


^ (log R) 2 (ttR) 

< i?2 - 1 = * (1) 




(log z) : 

Z 2 + 1 


■dz 


z (log e) 2 (jts) 

* = ° (,) 


In the limit we then obtain, considering the real parts. 


rOO 

Jo 


(log*) 


* 2 + 


> 2 , , Z 00 * 2 , 

I 4 Jo x 2 + \ 


and 


i 


00 (log*) 2 _ n 


o x 2 + 1 


8 


(R -> oo) 


(e 0). 


jt 3 jt 3 __ jt 3 

T + T = T 


Solution to 5.1130: For X = 0, we have 


poo 

I (sech x) 2 dx — tanh*lo° = 1. 

Jo 


FbrA.^0, 


(sech x) 2 cos Xx 



4e iXx \ 
(, a*+e- *) 2 } 


so we consider the function / given by 


JXz 


f(z) = 


(e l + c -z ' 2 


) 


This function has a simple pole inside the contour 


C = [-/?, /?] U [/? , R + jri] U[/? + ni, —R + ni] U [-R + n i, -R]. 



pictured below: 



We have 


'[R+ni.—R+ni] 


f(z)dz 


f R e iX(x+ni) dx 
J—R ( —e x — e~ 


= —e 


— Xjv 


( 

J-R 


, e x _ g-x'j 2 
R gitefix 


(e* + 


e -*)• 


and 


I f I f 1 e a(R+nix) nidx 

I f(z)dz\ = / x 

I J[R,R+Jti) I Jo ( e R+nix + e-R-xixy 


IS 


co) 


similarly, we get 


L 


l-R+ni,-R) 


f{z)dz = 0(1) (/? -5- co). 


Therefore, 


(1 - e~*) jf 


OO giAjcrf* 


(e* + 


S? = ^ Res ( /(z)> t) = 


kne Xn / 2 


Thus, 


f (sech x ) 2 cos kxdx — — ^J2i 

Jo sinh(Ajr/2) 


Solution to 5.1131: If b = 0, the integral is well known: 

Jo 2 

and can be computed either by doubling it up 


•°° 2 f°° 9 

e x dx I e y dy 


poo poo 

Jo Jo 


•( x 2 +y 2 ) 


dxdy 



and converting to polar coordinates or by using the Residue Theorem applied to 

the function / (z) = e~ z2 and the following contour, as shown by [Cad47, Mir49]. 
For the details, see [MH93, p. 321-322], We will use this result to compute the 
full integral (for other values of b) below. 



Now consider the function f(z) = e~^ . If b > 0, we will consider the integral 
over the rectangle contour of height b and if b < 0 the symmetric one below the 
jt-axis. 


zi_ 



0 


R 


Since / is entire, the integral around the contour is zero, for any value of R. If 
b < 0 draw the contour below the x-axis. Evaluating the integral over each one 
of the two sides parallel to the x-axis, we have 


l 


f(z ) dz 


f f (z) dz 
Jill 


=f 

J-R 

-r 

Jr 


e ** dx 


r (x+bi ) 2 dx 


= - f R e -(x 2 -i> 2 ) e U*i dx 

J~R 


C R 

= 

J-R 


e x (cos (2 bx) + i sin(2£»x)) dx 



= —e hl f e * 2 cos(2ftx) dx. 

J-R 

Along the vertical segments (II and IV), j/(z)| = e _ ( ±/? +o0 2 — e - R + y ^ 

e~ R 2 then | f n f | and \f IV f | are bounded by be~ R2 > and with b fixed, this goes 
to 0 as R — > oo. Letting R -► oo, the integral along the circuit becomes 

/ °° 2 u2 f °° 2 

e x dx — e b I e x cos(2 bx) dx = 0 
-oo J — OO 

Now using the pre-computed integral the result follows: 


TOO - 1 2 

/ cos(2ftx) dx = - 


Jo 2 

J — oo 

- I <T* 2 

r e -*> 

2 

1-00 


~ 2 


cos(2ftx) dx 
dx 


Solution to 5 . 1132 : The integral is the real part of 

/ = r.-o«* ^ dx = r ,-***# 

Jo Jo Jo 

Consider the contour T in shape of a slice of pizza, like the one in Solution 3 of 
Prob. 5.1 1.24, with angle jt/8. By Cauchy’s Theorem [MH87, p. 152), 

J e~^ dz = 0 

On the arc the integral will approach 0 when the radius R -+ oo, because the 
integrand is bound in absolute value by |e~^ cMr/4/?2 | = e~ Rl . Thus 

0 = f e-^ 2 dz - f°° e -^ e " l>x ^ d(e iK/s x) 

Jo Jo 

or equivalently 

poo 

0 = 2~ 1/4 / e - " 2 du - e 1 '"'*! 

Jo 

so / = 2 /7r / g V5F2, and taking the real part, the integral is equals to 


2 5/4 (cos7r/8)V7r 


(2 + V2)x/5F 

2*3/4 


Solution to 5.1133: Denote the line segment in C from zo to z\ by \zn zA i^t 
a.b> 0, and C, = [ft, -a], C 2 = [-«,-* - c 3 - [-a /y ft - 
i>]. C 4 = [ft - iy, ft). 



0 


—a — yi 


b — yi 


We integrate f(z) = e~^ I 1 round the rectangular contour = Ci -f C2+ C3+C4. 
(The figure shows the case y > 0 .) 

The reverse of C\ is parametrized by z = /, —a < / < b. Thus 


/(z) dz 


rv 2 dt. 


The curve C2 is parametrized by z = —a — ity, 0 < t < 1 . Thus 


f f(z)dz = -iy I' e-k- a - u rf dt = -iye~i a2 f eW 
JC2 JO Jo 

► 

/ f(z)dz ^ \Y \ e ~*° 2 f eZ* 2y2 dt 0, as a->< 

\Jc 2 I Jo 

The curve C3 is parametrized by z = t — iy, — a < / < b. Thus 


< 2 Y 2 e -iaty dt 


fiz)dz 


rk‘- iy) 2 dt. 


The opposite of C4 is parametrized by z — b — ity , 0 ^t ^ 1 . Thus 


f f (z) dz = iy f e ltY)2 dt — iye 

Jca Jo 


• 2., 2 


J/ 


therefore 


1 / 


f f (z) dz <\y\e-*° / 
c 4 Jo 


* 2 . ,2 


Y dt -> 0 , as£ — > 00. 


By Cauchy’s Theorem (MH 87 , p. 152 ], the integral of / round the rectangular 
contour is zero. Thus 

- f £>“ 2' 2 dt+ f f(z) dz+ f e ~^~ iy)2 dt+ f f{z) dz - 0. 

J — Q J Co J —Q JC4 


Let a,b 00. We deduce that 

roo --{t-iY) 2 / 2 


\Pht 


y/ 2 n 


1-2 , 

e z f dt = 1 


proving the result. 



6 

Algebra 


6.1 Examples of Groups and General Theory 


Solution to 6.1.1: 1. The set G is the set of all invertible 2x2 real matrices. If 
A, B € G, then \AB\ = |A||5| ^ 0 and thus AB € G. Matrix multiplication 
is associative. The identity matrix I has determinant one, and thus belongs to G. 
Finally if A € G then A is invertible, with | A”" 1 1 = 1/J A j ^ 0, and thus G is 
closed to inverses. This proves that G is a multiplicative group. 

2. Let 

A =(" 5)- b =(J ?)• 

Then 

«-(: :::) “-(*r b v\ 

The matrices B and C belong to G. If A commutes with B and with C then c = 0, 
a — d, b = 0 and A = a I is a scalar matrix. On the other hand any scalar matrix 
commutes with every element of G. We conclude that the center of G is the set of 
all real 2x2 matrices al with a ^ 0. 

3. If A, B are orthogonal then (AB)(AB) 1 = ABB 1 A 1 = /, so O is closed under 
multiplication. The identity matrix is orthogonal. Finally, if A is orthogonal then 
A" 1 = A 1 and A~ l (A- 1 )' = A 1 A = /, thus O is a subgroup of G. 



If x = ( J j ) and y = ( j q ) then x is in G, y is in 0 and 

:)(? {)(: r)-(J -.) 


is not orthogonal. This proves that O is not a normal subgroup of G. 
4. M* = R \ {0} is an abelian multiplicative group. The map det : G 
group homomorphism which is clearly surjective* and nontrivial. 


M* is a 


Solution to 6.12: 1. The set G is a subset of the multiplicative group GLj(W) of 
nonsingular matrices. It is easy to verify that the product of two elements of G has 
ones on the diagonal, and zeros below the diagonal. Moreover the identity matrix 
belongs to G. To verify closure to inverses, let A e G. Then the characteristic 
polynomial of A is (x — l) 3 . By Cayley-Hamilton’s Theorem [HK61, p. 194], 
(A— I) 3 — 0, therefore A~ 1 = A 2 — 3 A +3 1. From the closure property, A 2 € G, 
and it is easy to see that A 2 — 3 A 4* 3/ has ones on the diagonal, and zeros below 
the diagonal, so A~ l e G. Thus G is a group. 


2. Let A 


1 a 
0 1 
0 0 


b \ 

c I be in the center of G , so that A commutes with every 
1/ 


member of G. Then the products 


( 1 a b\ /I 1 0\ (\ 

0 1 c 0 1 0 = 0 

0 0 1 / \0 0 1 / \0 

(l 1 0\ (l a b\ (\ 

0 1 0 0 I c I = I 0 

\0 0 \) \0 0 \) 

show that c = 0. And the products 

/I a b\ f 1 0 0\ /I a a + b\ 

0 1 cO 1 1=0 1 1+c I 

\0 0 1 / \0 0 1 / \0 0 1 / 

/I 0 0\ /I a b\ /la b \ 

. 0 1 10 1 C = 0 1 1+C ) 

\0 0 1 / \0 0 1 / \0 0 1 / 

show that a = 0. Finally the products 


1 +a 
1 

0 

1 +a 
1 
0 



(l a b\ (l 0 x\ /l 0 

0 1 c I I 0 1 o| = |0 1 

\0 0 1/ \0 0 \) \o 0 

/I o x\(\ a b\ (\ a 

0 1 0 0 1 c ] = [ 0 1 

Vo o \) \o o \) Vo 0 




show that the center of G is the set of all matrices 



x e M. 


Solution to 6.13: 1 . 1S3 is a nonabelian group. 

2. The Klein four group V = Z2 x Z2 is a finite abelian group that is not cyclic. 

3. Z is an infinite additive group; the subgroup 5Z is a subgroup of index 5 in Z. 

4. Z4 and Z2 x Z2 are nonisomorphic finite groups of order 4. 

5. S3 has a subgroup H = (a), where a is any transposition in S3, which is not 
normal in S3. 

6. The alternating group A 5 is nonabelian and has no normal subgroups other than 
the full group and the identity. 

7. The additive group Z has a normal subgroup H = 3Z; the factor group Z/3Z 
has order 3, and is not isomorphic to any subgroup of Z. 

8. The left (also right) cosets of H in G form a partition of G, and for any g € G, 
gH = H iff g € H. Let H have index 2 in G. Then there are two left cosets H 
and G\H, and these are also the two right cosets of H in G. Fix x e G. If x e H 
then x H = H — Hx. If x £ H then xH = G\H = Hx. This proves that H is 
normal in G. 

Solution to 6.1.4: 1. If x t y € G{R) have inverses x', y f e R respectively, then 
xy(y'x') = (y'x')xy = 1 proving that xy has an inverse. The identity 1 has 
itself as an inverse . If x has inverse x', then x' has inverse x. Associativity of 
multiplication is given. Therefore G{R) is a multiplicative group. 

2. Let x = a -f ib have inverse y — u + iv, with a , b, u , v integers. Then xy = 1, 
and taking moduli |x||yl = 1 and |x| 2 |y| 2 = 1. Since a y b t u and v are integers, 
\x \ 2 = a 2 + b 2 = 1, giving a = ±1, b = 0ora = 0, b — ±1. The units are 
1, i, — 1, — i. This group is cyclic, generated by 1, and so isomorphic to Z4. 

Solution to 6.13: Let G be the group of symmetries of the network and let D be 
the triangle with vertices Po» ^d P3. 

Let a and be 180° degree rotations about the midpoints of the segments P 0 P 3 
and PoP \ , respectively, and let z be a reflection in the line extending the segment 
P 0 P 2 . Let x be a point in the plane. With this notation, it is easy to see that: 

af}(x) = x + (0, 1) 
azaz(x) — x + (2, 0). 

Claim 1: a , /?, r generate the group G. 

Proof: Note that the four triangles Z>, a(D) y ar (Z>), and aza(D) tile a one-by- 
two rectangle. Applying the symmetries af and arar we may tile the plane with 
copies of this rectangle. Finally, any element of G which fixes D setwise must be 
the identity. 



Note also that a, p, and r satisfy the relations: 

a 2 = £ 2 = r 2 = 1 


[ap, t] = 1 

the second relation holds because the line of reflection of x is parallel to the trans- 
lation given by a/1. 

We will show that the abstract group G' with presentation 

G' =< a,p,t \a 2 = p 2 = t 2 — 1, [aP, t) = 1 > 

is isomorphic to G. We first prove that G‘ surjects onto G via the natural map by 
finding a single preimage for every element of G. 



Claim 2: The set of elements N = {(aP) p (ax) 2q Z] in G\ where p and q are 
integers and where Z = 1, a, at, or ara, injects and surjects onto the elements 
of G. 

Proof: Surjectivity follows from Claim 1. Injectivity is also clear as there is a 
bijection between N and the triangles of the network. We will refer elements of 
N as being in normal form. 

Claim 3: Any word in a, p, and r can be put in normal form using the relations 
of G'. 

Proof ; To do this we first apply the recursive algorithm below. Note that the rela- 
tion [ap, r] = 1 can be rewritten to obtain rp = Pax a and xaP = afr. We are 
given a word of the form (ap) r W (a, p, x): 



Step 1 : Move all 0’s in W to the left: 


r/8 = f3ctzct 
aft — use step 2. 

Step 2: Move all qj^’s in the new word to the left using: 

uctfi — delete the act and go back to step 1. 
raft = afiz 

Pafi — go back to step one and move the £ which is on the left. 

This procedure can be shown to terminate by applying induction to the correct 
lexicographic order. Thus we have shown that any word can be put in the form 
(ctf3>) p W(a, t), where W is a word in a and r only. But, since a 2 = r 2 = 1, we 
may assume that W (a, r) = (az) r Q , where Q — 1, a, or r. It is straightforward 
to place W in the desired normal form by considering the possible values of r and 
Q. It follows that G' is isomorphic to G. This group is isomorphic to the pmg 
group of [CM57, p. 45]. 

Solution to 6.1.6: If a, b e G, then a > 0 and b ^ 1, so e G. Therefore, 
the operation * is well defined. 

Identity. The constant e is the identity since a * e = a l0&€ = a} = a and 
e *a = e * oga = a. 

Associativity. We have 

(a*b)*c = c ,0 ^ ,OBfllOEfc > = = « lo g(^ ,OEMo8c ) =a*(b*c). 

lnvertibility. Since a ^ 1, e l / loga exists and is an element of G. A calculation 
shows that a * e l ^ l0&a = *a — e. 

Solution 2. The map log : G -> R\ {0} is a bijection that transforms the operation 
* into multiplication; that is, log(o * b) — (logfl)(log£>). Since R \ {0} forms a 
group with respect to multiplication, G is a group with respect to *. 

Solution to 6.1.7: 1, Let a e G. Hie centralizer C a = {x e G \ xax~ } = a] of a 
is a subgroup of G. 

We have, 

xax~ l = yay~ l y~ l xa = ay~ l x y -1 ^ e C a xC a = yC a , 

which shows that two conjugates xax~K yay~ l of a are equal if and only if the 
left cosets xC a , yC a are equal. Therefore the number of distinct conjugates of a 
is equal to the number of distinct cosets of C a in G. Thus \C(a)\ divides |G|. 

2. Each element a € S n can be written as a product of disjoint cycles 
a = o\ . . . cr* ; this representation is unique apart from the ordering of the cycles. 
Include the cycles of length 1 , and denote the length of a/ by n , which we assume 



are in increasing order. The cycle pattern of a is then the sequence {rj , . . . , r*}. 
Thus the elements of 

S 3 = {(1)<2)<3), (1)(2 3), (2)(1 3), (3)(1 2), (1 2 3), (1 3 2)} 

have cycle patterns {1, 1, 1}, {1,2), (1,2), (1,2), {3}, (3). In S n two permuta- 
tions are conjugate if and only if they have the same cycle pattern. The conjugacy 
classes in S 3 are therefore the classes {e} f {(1 2), (1 3), (2 3)) and {(1 2 3), (1 3 2)}. 
This shows that conjugacy classes do not all have the same number of elements. 
3. Denote the order of G by n. The conjugacy class of the identity has one element, 
namely the identity. The second conjugacy class then has n — 1 elements, and thus 
n — 1 divides n. We deduce that n — 2. 

Solution to 6.1.8: Fix an element a e G different from the identity, and consider 
the map <p : G \ {e} -> G \ [e] defined by <p(c) = c~ l ac. The map is onto, so, 
since G is finite, it is one-to-one. As <p(a) = a and a~ 2 aa 2 — a, it must be that 
a 2 = e. Thus, all elements of G, other than the identity, have order 2. Then, if a 
and b are in G, we have 

ab = a{ab) 2 b — a 2 (ba)b 2 = ba 

in other words, G is commutative, and it follows that G has order 2. 

Solution 2. Since G is finite, it has an element of prime order p. Hence, every 
element of G, other than the identity, has order p. Since G is a p-group, it has a 
nontrivial central element. Therefore, all elements are central; in other words, G 
is abelian. Hence, G has order 2. 

Solution 3. By our hypothesis, any two nonidentity elements are conjugate. Hence, 
there are two conjugacy classes: The class containing the identity and the class 
containing all the other elements of G. Letting n be the order of G, we see that the 
second conjugacy class must contain n — 1 elements. But, by the class equation, 
we know that the order of any conjugacy class divides the order of the group, so 
(n — 1)|*. Solving for n> 0, we see that the only possible solution is n = 2. 

Solution to 6.1.9: Since G is finite, every element of G has finite order. Since any 
two elements of G \ [e] are related by an automorphism of G, all such elements 
have the same order, say q. Since all powers of an element of G \ {e} have order q 
or 1, q is prime. By Sylow’s Theorems [Her75, p. 91], the order of G is a power of 
q. Therefore the center Z of G contains an element other than e. Since the center 
of G is invariant under all automorphisms, Z is the whole of G, i.e. G is abelian. 

Solution to 6.1.11: Consider the group G' = [a n b m |0 ^ n ^ r — 1, 0 ^ 
m ^ s — 1). As the order of any element of G' divides the order of G', we have 
\G'\ = rs. This shows that ( ab) k is never the identity for 0 < k < rs. Clearly we 
have (ab) rs = a r b s = e, so the order of ab is rs. 

Solution to 6.1.12: 1 . Suppose X c Y . If z € C{Y) then zy = yz for all y e K, 
and thus zx — xz for all x € X, so z € C(X). 



2. Let x € X. If z € C(X) then zx = x^; thus x commutes with each member of 
C(X), that is, x 6 C(C(X)>. 

3. Replace X by C(X) in (2): we get that C{X) c C(C(C(X»). Further, using 
(2) in (1), we conclude that C(C(C(X») c C(X). 

Solution to 6.1.13: Let g, h e H and let* € D \ H. Then 

h~ X g~ X - xhx~ 1 xgx~ X - xhgx~ X — (hg)~ ] — g~ X h~ X 

and we can conclude immediately from this that H is abelian. 

Let x € D\H. We have [D:H]= 2 , sox 2 e H. By hypothesis, xx 2 x~ 1 = x~ 2 
or x 4 = 1 . Therefore, x has order 1, 2, or 4. But n is odd, so 4 does not divide the 
order of £>, so, by Lagrange’s Theorem [Her75, p. 41], x cannot have order 4 . By 
our choice of x, x ^ 1 , so x cannot have order 1 . Hence, x has order 2 . 


6.2 Homomorphisms and Subgroups 


Solution to 6.2.1: Let /: Z 2 x Z 2 -> S 3 be a homomorphism. Then 
(Z 2 x Z 2 )/ker/ ~ imf. Denote 1 ker/| by Jc t and |im/| by Z. Then k — 1 , 2 or 
4, and l = 1, 2 , 3 or 6 . Therefore 4/k = Z. The only solutions are k =■ 4, Z = 1 
and k = 2, Z = 2. The first case is realized by the map which sends each element 
of Z 2 x Z 2 to the identity of S3. Now 

Z 2 x Z 2 = {( 0 , 0 ), ( 0 , 1 ), ( 1 , 0 ), ( 1 , 1 )}, 

S 3 = {e, (1 2 ), (1 3), (2 3), (1 2 3), (1 3 2)). 

Each element of Z 2 x Z 2 , not the identity, has order 2; denote these by z\ , z 2 , Z 3 . 
The cycles in S3 of length 2 have order 2; denote these by y\ , yz, y3- We therefore 
consider the map / given by 

/( 0 , 0 ) = f(z\ ) = e , /(z 2 ) = /(z 3 ) = y\ . 

It is routine to verify that / is a homomorphism. By 'varying* the zs and the ys we 
find nine such homomorphisms. Thus there are ten homomorphisms from Z 2 x Z 2 
to S3. 

Solution to 6.2.2: 1. Let C g denote the conjugacy class of g and Z g the central- 
izer of g. Using the Orbit Stabilizer Theorem [Fra99, Thm. 16.16], [Lan94, Prop. 
1.5.1], \Z g \ • |C g | = |G| for every element g. Hence ]Cg e c \ z g\ ~ l G l ^ or ever y 
conjugacy class C, and |X| = Ylg&G \ z g\ = 

2 . In this case G — S 5 , so |G| = 5! = 120. The number of conjugacy classes 
is the number of partitions of 5, namely 7. So there are 7 • 120 = 840 pairs of 
commuting permutations. 

Solution to 6 . 2 . 3 : A matrix A is a solution of x 3 = x 2 , or equivalently x 2 (x— 1 ) = 
0, if and only if all its Jordan blocks are solution to the same equation. So each 



Jordan block must have eigenvalues 0 and 1, and the possibilities are (0), (1), 
(oo)- 

The conjugacy type of a matrix is determined by the multiplicity of the Jordan 
blocks. Let a, b, c be the multiplicities of the blocks above, respectively. Then the 
answer is the number of nonnegative integer solutions of a + b + 2c = 5. For 
fixed c € {0, 1 , 2), there are 6 - 2c solutions to a 4- b = 5 - 2c. Thus the answer 

is 

(6 - 2 • 0) + (6 - 2 • 1 ) + (6 - 2 • 2) = 12 . 

Solution to 6.2.4: Let n == [C* : H]. By Lagrange’s Theorem [Her75, p. 41], the 
order of any element of C*/// divides n. So x n € H for all x € C*. Therefore, 
(€*)" = C C H. 

Solution to 6.2.5: 1 . The number of conjugates of H in G is \G : N(H ; G)1 where 
N(H ; G) = {g e G j g~ l Hg = H } is the normalizer of H. As H C N(H; G), 
we have |G : H | ^ |G : N{H\ G)|. 

2. By Problem 6.4.19, there is a normal subgroup of G, N , contained in H t such 
that G/N is finite. By Part 1 we can find a coset Ng € G/N such that Ng is not 
contained in any conjugate y~ l Hy/N of H/N in G/N. Then g & y~ l Hy for 
any y € G. 

Solution to 6.2.6: We will prove a more general result. Let G = (g), |G| = n, and 
d € Aut G. As a (g) also generates G, we have a(g) = g k for some 1 ^ k < n, 
( k , n) = 1. Conversely, x i-> x k is an automorphism of G for (&, 1) = 1. Let Z„ 
be the multiplicative group of residue classes modulo n relatively prime to n. If k 
denotes the residue class containing k, we can define <1> : Aut G -* Z rt by 

4>(a) = k iff ct(g) = g k . 

It is clear that <t> is an isomorphism. As Z„ is an abelian group of order <p(n) 
{ip is Euler’s totient function [Sta89, p. 77], [Her75, p. 43]), so is Aut G. When n 
is prime, these groups are also cyclic. 

Solution to 6.2.7: 1. If g~ l <p(g) = h~ l (p{h) for some g, h € G, then 
<p(g)<p(h)~ x = ghT l % so, by hypothesis, gh~ l = 1 and g = h. Thus, there 
are |G| elements of that form, so they must constitute all of G. 

2. Using Part 1, we have, for z = V(g) € G, 

<p(z) = <p(g~ l )<p 2 (g) = <p{g- x )g = z~ l 

so g h* g~ l is an automorphism of G, which implies that G is abelian. For any 
z € G, z ^ 1, we have z -1 = <p(z) # z, so G has no element of order 2, and |G) 
is odd. 

Solution to 6.2.8: Let G be the group. If G is not abelian and a is an element not in 
the center, then the map x cT l xa is the desired automorphism. If G is cyclic, 
say of order m, and n is an integer larger than 1 and relatively prime to m, then 



the map x t-» x n is the desired automorphism. If G is any finite abelian group, 
then, by the Structure Theorem [Her75, p. 109], it is a direct product of cyclic 
groups. If one of the factors has order at least 3, we get the desired automorphism 
by using the preceding one in that factor and the identity in the other factors. If 
every factor has order 2 , we get the desired automorphism by permuting any two 
of the factors. 

Solution to 6.2.9: We show that u is an isomorphism from ker / onto kerg. Let 
y € ker /. We have 

gMy)) = u(y ) - u(v(u(y))) - u(y - v(«(y))) = w(/(y)) = «( 0 ) = 0 . 
Hence, u maps ker / into kerg. Let y € ker / with w(y) = 0; then 

0 = f(y) = y- v(u(y )) = y. 

Thus, u is injective. Let* € kerg. Then 0 = g(*) = x—u(v ( *)), so m(u(jc)) = *. 
Therefore, u is onto if v{x) e ker /. However, an argument identical to the first 
one shows that this is the case, so we are done. 

Solution to 6.2.10: Given an element p e G, by the suijectivity of h, there is an 
element y e G such that 

y - u(v(y)) = u(P) 

now build a = + v(y), for this element 

/(a) = P 4- v(y) - v(u(P + v(y))) 

= P + v(y) - v(u(p) + u(v(y))) 

= P + v(y) - v(y) 

= P 

showing that / is suqective. 

Solution to 6.2.12: 1. Suppose this is not the case, then there exists h\ € H\ \ H 2 
and h'l e Hz \ H\. Since they both belong to the group H\ U 172 , the ele- 
ment h\hz e H\ U Hz. In both cases, if h\hz e H\ we get a contradiction 
with hz = h~ l {h\hz) e Hi or if h\hz e Hz we get the contradiction with 

h\ ~ ( h\hz)h^ ^ ^ Hz. 

2 . Consider the product group G — , and the subgroups 

Hi = {(* 1 , . . . , *„-i) G G\xi = 0). 

Then 17i U • • • U H n -\ =G\{(1,1 l)}.Let//„ = {(* 1 , ...,*«-i) € G|*i + 

* 2 = 0 ). Then ( 1 , 1 , . . . , 1 ) G H n , so Hi U H 2 * • • H n = G, no 17/ is contained in 
any other, since they are distinct groups of the same order. 

Solution to 6.2.13: 1. The statement is false. Let G = S 3 = {a> b | a 3 = b 2 = 
1, ba — a 2 b) and H = (1, b }, so that JG : H | = 3. Let * = ab € G. Then 
x 3 =ab £ H. 



2. The statement is true. The n + 1 cosets H y Ha , Ha 2 , ...,Ha n are not all 
distinct. There are integers 0 < * < j ^ n such that Ha 1 — Ha } . This means 
that a*~ l € H y proving the result. 

Solution to 6.2.14: For each nonzero rational s> the map f:Q -+ Q given by 
x f-> sx is a bijection and satisfies /( x + y) = /(x) 4- / iy)- Thus / is an 
automorphism of Q. 

Conversely, let / be an automorphism of Q. Then /(0) = 0, and s = /(l) is 
a nonzero rational. The inductive step fin + 1) = fin) 4- /(l) = ns 4- s proves 
that fin) = ns for n ^ 1. Further as 0 = fin + i-n)) = fin) 4- /(-n) we see 
that /(— n) = —fin) = —ns for n > 1. Thus fin) — ns for n e Z. Now let 
x = m/n where n > 0 and m € Z. Then ms = /(m) = / inx) = n/ (x). Thus 

/(*) = 5JC. 

Solution to 6.2.15: If the origin were a limit point of T then T would be dense 
in E, since F contains all integer multiples of its elements. But then F would 
equal E, since it is closed, which is impossible because T is countable as a set 
T = {ma -f nf) \ m, n € Z}. Hence the origin is not a limit point of T. 

Therefore T contains a smallest positive number y. If x is in T and n is the 
largest integer such that ny < jc, then x — ny is in F, and 0 < x — ny < y, 
implying that x—ny =0. Therefore V — yZ, from which the desired conclusion 
is immediate. 

Solution to 6.2.16: Suppose H is a proper subgroup of G of finite index. Let 
N = G/H, so that N is a finite non trivial abelian group. Let p be a prime 
dividing the order of N> and n e N an element of order p. Suppose n is the image 
of the class of a/b in G. Let nu be the image of the class of a/ p k b. Then nk has 
order p k+l , because p k nk = n, so p k+l nk = 0 and dnk does not equal zero for 
any proper divisor d of p k+l . This is not possible since every element of N has 
order dividing \N |. 

Solution to 6.2.17: The only homomorphism is the trivial one. Suppose <p is a 
nontrivial homomorphism. Then <pia) — m 5^ 1 for some a,m eQ. We have 


a a a a a 
a ~2 + 2 = 3 + 3 + 3 + 


but m is not the n th power of a rational number for every positive n. For example 
3/5 = 1/5 + 1/5 + 1/5 but f§ i Q+. 

Solution to 6.2.18: For 1 = 1, 2 let St denote the set of right cosets of H it G/Hi . 
Then G acts on 5/ on the left. Hence G acts on S\ x S2, and the stabilizer of the 
trivial pair iH \ , H 2 ) of cosets is H\ O H 2 Hence [G : Hi fl H 2 ] is the size of the 
G-orbit of iH \ , H 2 ) € Si x S 2> so [G : H\ fl H 2 ] ^ 9. On the other hand, H\ and 
H 2 are distinct subgroups of the same index, so H\ is not contained in H 2> and 
[G : H\ H H 2 ] is a proper multiple of [G : H\] = 3. Thus it equals 6 or 9. 



Both are possible. The index is 6 if H { = {1, (12)} and H 2 = {1, (13)} in the 
symmetric group G = S 3 . The index is 9 if //j and H 2 are distinct subgroups of 
order 3 in G = Z/3 x Z/3. 

Solution to 6.2.19: By assumption, // has only finitely many right cosets, say 

whose union is G. Hence, K is the union of the sets 
K fl H,K D x \ D x n H , some of which may be empty, say 
K = (K fl H) U (K fl xi H) U • • • U (K D x m H) (the notation being so cho- 
sen that K H XjH = 0 if and only if j > m). If K fl XjH ^ 0, then we may 
assume Xj \sin K (since y is in xH if and only if yH = xH). After making this 
assumption, we have K = XjK, so that K fl XjH =XjK O XjH — Xj(K fl H), 
whence 

K = (K n H) U x\ (K fl H) U • • • U x m {K O H) . 

This shows K fl H has only finitely many right cosets in K, the desired conclusion. 

Solution to 6.2.20: For each g € G, let S g = {a e G | ag = ga). Each S g is a 
nontrivial subgroup of G, because g e S g and S e = G. The intersection of all S g , 
g 6 G, is the center of G. So H is a subset of the center of G. 

Solution to 6.2.21: Let N = 6*. Let G,* = C l 6 x S^~ l for 0 ^ i ^ k. These groups 
are not isomorphic because the center of G/ is CJ. 

Solution 2. Let N = l 2k . Let G,- = C 2 i x C 2 ^-/ for 0 ^ i ^ k. These groups are 
not isomorphic because the exponent of Q is 2 Lk ~ l . 

Solution to 6.2.22: Since G is finitely generated, Hom(G, Sk) is finite (bounded 
by (&!)"), where Sk denotes the symmetric group on k numbers 1,2,...,/:. Fbr 
any subgroup H of index k in G, we can identify G/H with this set of symbols, 
sending the coset H to 1 . Then the left action of GonG/H determines an element 
of Hom(G, Sk) such that H is the stabilizer of 1. Thus, the number of such H’s 
is, at most, (A:!)". 


6.3 Cyclic Groups 


Solution to 63.1: 1. Let G be the subgroup of Q generated by the nonzero 
numbers a\, ... ,a r , and let q be a common multiple of the denominators of 
a\, ...,a r . Then each a/ has the form Pj/q with pj € Z, and, accordingly, 

G = £Go, where Go is the subgroup of Z generated by pi, . . . , p r . Since all 
subgroups of Z are cyclic, it follows that G is cyclic, that is, G = ^Z, where p is 
a generator of Go. 

2. Let it : Q Q/Z be the quotient map. Suppose G is a finitely generated 
subgroup of Q/Z, say with generators b\, ... ,b r . Let Gi be the subgroup of Q 
generated by 1, n~ l {b\), ...» Jt ~ l (b r ). Then 7 t(Gj) = G, and Gj is cyclic by 
Part 1 . Hence, G is cyclic. 



Solution to 6.3.2: The subgroup of Q /Z generated by the coset of 1// is a cyclic 
subgroup of order t, Ho say. Let H be any cyclic subgroup of order and r be 
one of its generators, where 0 < r < 1. Then tr — p is an integer, and r = p/t. 
This implies that the coset of r is in Ho, hence that H is a subset of Ho. Since H 
and Ho both have order t, we have H — Hq, as desired. 

Solution to 633: Suppose G = {0, gi, g 2 , • • is countable, and, for each 
n e N, {gi, • • . , gn) is contained in an infinite cyclic subgroup of G. Then the 
subgroup generated by {gi, . . . , g«}, H n , is infinite cyclic, and H n C H n + j. 
Let H n be generated by h n . We have h n = h q n n +l for some nonzero q n € 1. 
Let r n = q\qi- -q n -u and let <p n : H n -> Q be the morphism verifying 
(p n Qi n ) = \/r n . Then we have 


tyn+lifon) — <Pn + 1 (^n-f-1 ) — 


On 

r/i+1 



— *PnQin) • 


Since h n generates H n , (p n = <p n +\\ Hn . Thus there is a unique homomorphism 
<p : G Q such that cp n = <p\ Hn for all n € N. As each <p„ is injective and the 
subgroups H n cover G, (p is an isomorphism from G onto a subgroup of Q . The 
converse is clear. 

Solution to 6.3.4: 1. Let G = (c). We have a = c r and b = c s for some positive 
odd integers r and s, so ab — c r+ * with r+s even, and ab is a square. 

2. Let G = Q*, the multiplicative group of the rational numbers, a — 2, and 
b = 3. Then ab = 6, and none of these is a square in G. 

Solution to 6.3.6: Let e be the identity in G, and let N = {e, a } be the normal 
subgroup of order 2. If x e G, then e N and certainly does not equal 

e, so it equals a. Thus, xa — ax for all x € G. The quotient group G/N has 
order p and so is cyclic. Let x be any element not in N. Then the coset of x in 
G/N has order p, so, in particular, the order of x itself is not 2. But the order 
of x divides 2p, so it must be p or 2 p. In the latter case, G is the cyclic group 
generated by x. In the former case, since xa — ax , we have (xa) p = x p a p = a , 
so ( xa) 2p = a 2 — e t and xa has order 2p, which means G is the cyclic group 
generated by xa. 

Solution to 6.3.8: It follows that every Sylow subgroup is normal. From this it 
follows that if a and b are in distinct Sylow subgroups a and b commute. Indeed 
aba~ l b~ l lies in the intersection of the two groups which is trivial. Hence, it 
suffices to establish the result when G has order p n for a prime p. Let a € G 
be an element of largest order, say p k . Let H = (a). If b e G and b has order 
p l ^ p k , then b e H because |(fe)j = p l and H contains the unique subgroup 
of G of order p l . Thus if c & H then c has order strictly bigger than p k which 
contradicts the maximally of the order of a. Thus H — G and G is cyclic. 



6.4 Normality, Quotients, and Homomorphisms 


Solution to 6.4.1: 1 . For each x € G the map h »-» xh is a bijection between 
H and the left coset xH . Thus, \H\ — \xH\. Further, the left cosets of H form 
a partition of G, arising from the equivalence relation on G given by x ~ y iff 
x~ l y e H. Thus, the number of left cosets of H in G is given by |G|/|H|. The 
same holds for right cosets: here the partition of G is given by the relation x ~ y 
iff xy~* e H. This proves the result. 

2. The group of symmetries of the square is the dihedral group D4 of order 8. Take 
the square with vertices P4 — {1, i, —1, — i} in the complex plane. Let r denote 
the rotation of the about the origin through the angle n/2. Then (1 , r, r 2 , r 3 } is a 
normal subgroup of D4. Let s be the reflection in the real axis. The elements of 
£>4 are 

1 , r, r 2 , r 3 , s, rs , r 2 s , r 3 s. 

Further, s 2 = 1, and rs is also a reflection, so (rs) 2 = 1 or sr = r~ l s = r 3 s. We 
obtain the presentation 

D4 = (r, s j r 4 = 1 = s 2 , sr = r~ l s ). 

Let H = {1, 5}. Then rH = {r, rs } ^ Hr — {r, sr). 

Solution to 6.43: The subgroup H is normal only if aHa~ ] = H or aH = Ha 
for all a € G. Since H has only one left coset different from itself, it will suffice 
to show that this is true for a fixed a which is a representative element of this 
coset. Since H has the same number of right and left cosets, there exists a b such 
that H and bH form a partition of G. Since cosets are either disjoint or equal and 
H (1 aH = 0, we must have that aH = Hb. But then a e Hb> so Hb — Ha. 

Solution to 6.43: The number of Sylow 2-groups is odd, and divides 112, there- 
fore it divides 7, thus, it is 1 or 7. If there is only one Sylow 2-group, it*s normal, 
so we may assume otherwise. 

Let G act on the set of seven 2-groups by conjugation, so it maps into S-j. This 
is a nontrivial map, since the action is transitive. If it is not an injection, then the 
kernel is a nontrivial normal subgroup, so we may assume it is an injection. 

Since 16 divides |G| and does not divide IA7I, the image of G is not entirely 
inside Aq . Therefore the composite of G -> S7 -> £7 / Aq — Z2 is onto, and its 
kernel is a normal subgroup (of index 2). 

Solution to 6.4.6: The groups of order ^ 6 are {1}, Z2, Z3, Z4, Z2 x Z2, Z5, 
Z6, and the symmetric group S3. Suppose that G is a group with the mentioned 
property. Let S be a Sylow-2 subgroup of G. Some Sylow-2 subgroup of G must 
contain (a subgroup isomorphic to) Z4, and all Sylow 2-subgroups are conjugate, 
so S contains Z4. Similarly S contains Z2 x Z2. Thus S cannot equal either, so 
8 divides the order of S, which divides the order of G. On the other hand, G has 
subgroups of orders 3 and 5, so 3 and 5 also divide |G|. Since 8, 3 ,5 are pairwise 
relatively prime, their product 120 divides |G|. Thus ]G| > 120. 



On the other hand, the group G = Z4 x Z5 x S3 of order 120 has the property: 
Z 2 is isomorphic to a subgroup of Z4, and Z2 and Z 3 are isomoiphic to subgroups 
of S3, so Z2 x Z2 and Z(, = Z2 x Z3 are isomoiphic to subgroups of G. The other 
desired inclusions are obvious. 

Solution to 6.4.7: Denote by hi H (and h K) a coset of H (and K) and suppose 


G = hiH U • • • U h r H U k\ K U • • • U kg K. 


Since all of the cosets of K are equal or disjoint and since the index of K in G is 
infinite, there is a ke K such that 

kK ChiHU-'-VhrH. 


Therefore, for 1 ^ i ^ s, 

kK C kk~ l hiH U • • - U kk~ l h r H. 

Ibis implies that G can be written as the union of a finite number of cosets of 
H , contradicting the fact that the index of H in G is infinite. Hence, G cannot be 
written as the finite union of cosets of H and K. 

Solution to 6 . 4 . 8 : 1 . First, note that the multiplication rule in G reads 

(a b \ ( a\ b\ \ _ ( aa\ ab\ 

\0 a -1 /\0 0 ) 

which gives (g ) _1 = ( a 0 ' This makes it clear that TV is a subgroup, and 
if(if) is in N , then 

fa b VV 1 P\( a b \-( a ~ l ~ b \( a b + fia~ l \ 

\0 a- 1 ) \0 \)\0 a~ l )~\ 0 a )\ 0 a~ l ) 



proving that N is normal. 

By the first equation, the map from G ontoM + (the group of positive reals under 
multiplication) given by (q a -\ ) h> a is a homomoiphism whose kernel is N 
(which by itself proves that N is a normal subgroup). Hence, G/N is isomoiphic 
to M+, which is isomoiphic to the additive group M. 

2 . To obtain the desired normal subgroup majorizing N, we can take the inverse 
image under the homomoiphism above of any nontrivial proper subgroup of M + . 
If we take the inverse image of Q + , the group of positive rationals, we get the 
proper normal subgroup 


*'={(0 «-‘) |aeQ+ l 



of G, which contains N properly. 

» 

Solution to 6.4.9: H\ — { m( 1, 2 ) + n( 4, 1) | m,n e Z }. By inspection, we see 
that a transversal for the quotient group Gj, a set containing one representative 
of each coset, consists of the lattice points inside the parallelogram with edges 
connecting (0, 0), (1, 2), (5, 3) and the origin. A glance at the figure shows that 

Gi = {(0, 0), (1, 1), (2, 1), (3, 1), (2, 2), (3, 2), (4, 2)} 

where we have abbreviated ( a , b) — H\ 4- (a, b). Thus G\ is an abelian group of 
order 7, isomorphic to the cyclic group Z 7 . In the same way we see that 

G 2 = {(0, 0), (1, 1), (1,2), (2, 2), (2, 3), (3, 3), (3, 4)), 

so that G 2 is isomorphic to the cyclic group Z 7 . Thus Gi ~ G 2 . 




Solution to 6.4.10: Let H = {1, b) be a normal subgroup of order 2. The group 
G contains an element of order 10, or G contains an element of order 5, or all 
elements (not 1) of G have order 2. If G has an element of order 10, or if x 2 = 1 
for all x e G, then G is abelian. When G has an element of order 5, a, let K — 
{ 1 , a, a 2 , a 3 , a 4 }. Since \H\, \K\ are coprime, we have n £ = 1. Thus b £ K 
and G = K U Kb = {l,a,a 2 , a 3 , a 4 , b t ab, a 2 b, a 3 b, a A b). Now { a,ab ) = 
aH = Ha = {a, fca) whence a fc = ba. It is now easy to see that G is abelian, for 
each element of G has the form a l b^ and a l b J a k b l = a l+k bi +l = a k b l a i y . 

Solution to 6.4.11: Let x e N\ and y e N 2 , since N\ is normal, x{yx~ l y~ x ) e 
Ni and by the same token C xyx~ l )y~* € iV 2 . So xyx~ l y~ 1 € Ni D iV 2 = {e} 
and xy — yx. A similar argument works for the other pairs of subgroups, showing 
that elements of Ni commutes with elements of Nj for all i £ j. Now suppose 
that x, y e N\. Since Ni is normal in N2N3 — G, there exist x 2 € iV 2 and 
X3 e N3 such that x = X2X3. By the previous remarks, y commutes with * 2 and 
X3 so xy = X2X3 y — yx2X 3 = yx, and we can now see that the elements of Ni 
commutes will all elements of Nj for all i and j, since G = Nj JV 2 , G is abelian. 




Applying the Second Isomorphism Theorem [Fra99, §3.1], we obtain, 



N2 _ N2 
{e} ~ Nifl Jh 




N1N2 

N 1 


G 



The other two isomorphisms Ni — /V 3 and Ni — N 2 are obtained in the same 
way. 

Solution to 6.4.13: Let {a\ H, a 2 H an. H) be the set of distinct cosets of H . 

G acts on on this set by left multiplication and any g 6 G permutes these n/ m 
cosets. This group action defines a map 


<p : G So. 

T m 

from G to the permutation group on n/m objects. There are two cases to consider 
depending on (p being injective or not. 

If (p is not injective, then ker <p is a normal subgroup K ^ [e}\ and K ^ G, as 
well, because if g & //, gH ^ H\ so g is not a trivial permutation. 

If <p is injective, then \ip(G)\ = n, and <p(G) is a subgroup of Sn.. But 


[s* : <p(G)} = |Sa | / \<p(G)\ = (£)l/» < 2 


So : ^(G)J = 1, that is, G is isomorphic to Sn . , and in that case, Ail is a 
nontrivial normal subgroup. 

Solution to 6.4.14: Let H be a subgroup of G of index 3. G acts by left multiplica- 
tion on the left cosets {gH} of the subgroup H. This gives a homomorphism of G 
into the symmetric group of degree 3, the group of permutations of these cosets. 
The subgroup H is the stabilizer of one element of this set of cosets, namely 
the coset 1 H. This homomorphism cannot map onto the entire symmetric group, 
since this symmetric group has a subgroup of index 2 , which would pull back to 
a subgroup of G of index 2. Thus, it must map onto the cyclic subgroup of order 
3, and the group H is then the kernel of this homomorphism. 

Solution to 6.4.15: For each element g e G consider the inner automorphism 
ir g (h) = ghg~ l . Defined in this way the map g h>- defines a homomorphism 
G -> A. It is nontrivial because G is not abelian, and injective since G is simple. 
Let B be its image, so G ~ B. If a e A and g,heG, we have 

aWg(h)) = a(ghg~ l ) = a(g)a(h)a(g)~ l = , 

so a o ^ = t/r a( g) o a in A. Thus, a o y}r g o or 1 = and B is normal in A. 

Solution to 6.4.16: 1. The cycles of k g are the right cosets {g)x of the subgroup 
( g ) in G, so the lengths of each one is the order of g, and the number of cycles is 
IG : {*)]. 



If the order of g is odd, then each cycle has odd length, so each cycle is even, 
and so is X g . If the order of g is even, then each cycle is of even length and, 
therefore, odd. Also, 


[G : i g >] • \(g)\ = |GJ 


is odd. As [G : ( g )] is the number of cycles, X g is odd. 

2. Let (p : G -> {— l,l}be defined by g h> <p{g) = sign of X g . <p is a morphism 
and, by Part 1, its kernel is N . So N is a normal subgroup of G with index 1 or 2. 
By Cauchy’s Theorem [Her75, p. 61], G has an element of order 2, which is not 
in AT, so N has order 2. 

Solution to 6.4.17: Let g = xyx~ l y~ l be a commutator. It suffices to show that 
conjugation by g fixes every element of N. As N is cyclic, Aut(N) is abelian, and, 
because N is normal, conjugation by any element of G is an automorphism of N. 
Let <p x be the automorphism of conjugation by x. We have <p x <Py = <Py<Px- Hence, 
for n e N, gng ~ 1 ~(p x o(p y o (p~ x o <p~ l (w) = n. 

Solution to 6.4.18: We will show that if the index of N in G is not finite and equal 
to a prime number, then there is a subgroup H properly between N and G. Since 
any nontrivial proper subgroup of G/N is the image of such a subgroup, we need 
only look at subgroups of G/N. 

Suppose first that the index of N in G is infinite, and let g be an element of 
G/N. If g is a generator of G/N, then G/N is isomorphic to Z, and the element 
g 2 generates a proper nontrivial subgroup of G/N. Otherwise, g generates such a 
subgroup. 

Suppose that the index of N in G is finite but not a prime number. Let p be 
any prime divisor of the index. By Cauchy’s Theorem [MH87, p. 152], there is an 
element of order p in G/N. This element cannot generate the whole group, so it 
generates a nontrivial proper subgroup of G/N. 

Solution to 6.4.19: Let the index of A in G be n. G acts by left multiplication on 
the cosets gA, and this gives a homomorphism into the group of permutations of 
the cosets, which has order nl. The kernel, N, of this homomorphism is contained 
in A, so the index of N in G is, at most, nl. 

Solution to 6.4.20: 1. False. Consider the integers Z and the subgroup of the 
multiples of n > 1, then the quotient H cz Z„ is finite cyclic butGgkHxK 
because the product has torsion and Z is free abelian. 

2. False. If H is a countable direct product of infinite cyclic groups and G is a free 
abelian group mapping onto H with kernel K, G is not isomorphic to the direct 
product of H and K. For if G were isomorphic to Hx K,H would be isomorphic 
to a subgroup of G. All subgroups of G are free abelian groups, but H is not. 



6.5 Syi 9 ••• 


Solution to 6.5.1: The matrix X = ("£) is in G if and only if 

\A\ — ad — be — l.Ifa = 1 then d = 1 + be and X is one of 

(i ?)•(! ?)•(! 0 0 0- 

If a = 0 then be —\ and X is one of 

(? 0 0 0 - 

Hence |G| = 6. 

Let , , , . 

-(? !)•*-(? 0 - 

It is easily veribed that A 3 = / = B 2 , B A = A 2 B. The subgroup (A ) has index 
2 in G. Moreover, B (A) since B has order 2 and elements of (A > have order 
1 or 3. Therefore we have the coset decomposition 

G = (A > U (A )B = {/, A, A 2 , By AB t A 2 B). 

The relations A 3 = / = B 2 , BA — A 2 B completely determine the multiplica- 
tion in G. 

Now S3 has an element a — (1 2 3) of order 3, and an element ft — (1 2) of 
order 2. Moreover fict = a 2 p. As above 

S3 = {l,a, a 2 , jB.ajB. a 2 0} 

= ( a, £ | a 3 = 1 = j8 2 , = a 2 ft ) 

Thus the correspondence A 1 B J +> a 1 ft is an isomorphism between G and S3. 

Solution to 6.5.2: Think of S4 as permuting the set {1, 2, 3, 4}. For 1 < 1 < 4, 
let Gi c S 4 be the set of all permutations which fix i. Clearly, G/ is a subgroup 
of S4; since the elements of G/ may freely permute the three elements of the set 
{1, 2, 3, 4} \ {i)y it follows that Gi is isomorphic to S3. Thus, the G,-’s are the 
desired four subgroups isomorphic to S3. 

Similarly, for i, j e [ 1, 2, 3, 4}, i ^ j, let Hij be the set of permutations which 
fix i and j. Again Hij is a subgroup of S4, and since its elements can freely 
permute the other two elements, each must be isomorphic to S2. Since for each 
pair i and j we must get a distinct subgroup, this gives us six such subgroups. 

Finally, note that S2 is of order 2 and so is isomorphic to Z2. Therefore, any 
subgroup of S4 which contains the identity and an element of order 2 is isomorphic 
to $2. Consider the following three subgroups: {1,(1 2)(3 4)}, {1,(1 3)(2 4)}, and 
{1, (1 4)(23». None of these three groups fix any of the elements of {1, 2, 3, 4}, 



so they are not isomorphic to any of the Hy. Thus, we have found the final three 
desired subgroups. 

Solution to 6.5.3: Let a be a 5-cycle and t a 2-cycle. By renaming the elements 
of the set, we may assume a = (1 2 3 4 5) and x — (a b). Recall that if 
(i’l 1*2 • * * in) is a cycle and a is any permutation, then 

a(ii 1*2 • • • i«)or -1 = (<7(ij) <7(1*2) • • * or(i„)) . 

Letting <7 act repeatedly on r as above, we get the five transpositions (a+i b+i), 
1 ^ i ^ 5, where we interpret a + i to be a + i — 5 if a + * >5. Fixing i such that 
a + i —5 = 1 and letting c = b+i, we see that G contains the five transpositions 
(1 c), (2 c + 1), . . . , (5 c + 4). Since a ^ b,c ^ \. 

Let d — c — 1 . Since d does not equal 0 or 5, these five transpositions can be 
written as (c + nd c + (n + 1 )d), 0 ^ n ^ 4. By the Induction Principle [MH93, 
p. 7] the equation above shows that G contains the four transpositions 

(1 c + nd) = (lc + (n- l)d)(c + (n — 1 )d c + nd)( 1 c + (n — 1 )d) % 


1 ^ n ^ 4. Since they are distinct, it follows that G contains the four transpo- 
sitions (1 2), (1 3), (1 4), and (1 5). Applying the equation a third time, we see 
that (i j) = (1 i')(l j)( 1 0 is an element of G for all i and j, 1 ^ U j ^ 5. 
Hence, G contains all of the 2-cycles. Since every element in S n can be written as 
the product of 2-cycles, we see that G is all of S n . 


Solution to 6.5.5: We use the notation l ai 2“ 2 . . . to denote the cycle pattern of 
a permutation in disjoint cycles form; this means that the permutation is a prod- 
uct of aj cycles of length 1, «2 cycles of length 2,. . . . (Thus the pattern of, say, 
(8)(3 4)(5 6)(2 7 1) € S$ is denoted by l l 2 2 3 1 .) The order of a permutation in 
disjoint cycles form is the least common multiple of the orders of its factors. The 
order of a cycle of length r is r. The possible cycle patterns of elements of S7 are 


1 


7 


l 5 2 l 

l 4 3 l 

1 3 4* 

1 2 5* 

l'6 l 

7 1 . 


1 3 2 2 l 1 ! 3 ; 

\ 2 2 l 3'; 2 2 3 l ; 1*3 2 ; 

l 1 2 i 4 1 ; 3 ] 4 l 

2 1 5 1 ; 


We see that possible orders of elements of S7 are 1, 2, 3, 4, 5, 6, 7, 10, 12. 

Solution to 6.5.6: 1. a = (1234) (56789) has order lcm{4, 5} = 20. 

2. If a — o\ • • • ex* is written as a product of disjoint cycles cr/ of length 77, then 
the order of a is lcmfrj In order that this 1cm is 18, some n must have 

a factor 3 2 , and some r; a factor 2. As 1 < r f - ^ 9 and r\ + f - r& ^9 this is 

impossible. 



Solution to 6.5.7: The order of a fc-cycle is k, so the smallest m which simulta- 
neously annihilates all 9-cycles, 8-cycles, 7-cycles, and 5-cycles is 2 3 • 3 2 • 5 • 7 = 
2520. Any n-cycle, n < 9, raised to this power is annihilated, so n = 2520. 

To compute n for Ag, note that an 8-cycle is an odd permutation, so no 8-cycles 
are in Ag. Therefore, n need only annihilate 4-cycles (since a 4-cycle times a 
transposition is in Ag), 9-cycles, 7-cycles, and 5-cycles. Thus, n — 2520/2 = 
1260. 

Solution to 6.5.8: We have 1111 = 11 x 101, the product of two primes. So G 
is cyclic, say G = (a). From 1111 > 999, it follows that a, when written as a 
product of disjoint cycles, has no cycles of length 1111. Therefore, all cycles of a 
have lengths 1 , 1 1 , and 101 . Let there be x, y , and z cycles of lengths, respectively, 
1,11, and 101 . If x >0, then a has a fixed point, and this is then the desired fixed 
point for all of G. So assume that x = 0. Then \\x 4* 101z = 999. It follows 
that 2z s 9 (mod 1 1), so z = 10 (mod 1 1), and, therefore, z ^ 10. But then 
999 = lly + 10U ^ 1010, a contradiction. 

Solution to 6.5.9: For a in S n , let e a == 0 if a is even and s a = 1 if o is odd. Let 
t denote the cycle (n+\ n +2) in S n + 2 , and regard the elements of S n as elements 
of S n + 2 in the obvious way. The map of S n into S n + 2 defined by <7 ax €a is 
then an isomorphism of S n onto its range, and the range lies in A n+ 2- 

Solution to 6.5.10: Call 1 and j € {1,2,..., n} equivalent if there exists creG 
with cr(i) = j. (This is clearly an equivalence relation.) For each t, the set 
Gi = [a e G | <r(i) = i) is a subgroup of G, and the map G {1, 2, . . . , n), 
a h* a(i), induces a bijection from the coset space G/Gi to the equivalence class 
of 1 . Hence, for each 1 , the size of its equivalence class equals [ G : G/], which is 
a power of p. Choosing one i from each equivalence class and summing over i, 
one finds that all these powers of p add up to n, since p does not divide n, one 
of these powers has to be p° = 1 . This corresponds to an equivalence class that 
contains a single element i, and this i satisfies a{i) — i for all a e G. 

Solution to 6.5.13: To determine the center of 

D n — {a,b\a n = b 2 — 1, ba = a~ l b) 

(a is a rotation by 2n/n and Ms a flip), it suffices to find those elements which 
commute with the generators a and b. Since n ^ 3, a~ l ^ a. Therefore, 

a r+l b = a(a r b) ~ ( a r b)a = a r ~ l b 

so a 2 = 1, a contradiction; thus, no element of the form a r b is in the center. 
Similarly, if for 1 ^ 5 < n, a s b = ba s = a~ s b, then a 25 = 1, which is possible 
only if 2s — n. Hence, a s commutes with b if and only ifn = Is. So, if n = 2s , 
the center of D n is {1, a s )\ if n is odd the center is { 1 ). 

Solution to 6.5.14: The number of Sylow 2-subgroups of D n is odd and divides 
n. Each Sylow 2-subgroup is cyclic of order 2, since 2 1 is the largest power of 2 



dividing the order of the group. By considering the elements of D n as symmetries 
of a regular n-gon, we see that there are n reflections through axes dividing the 
n-gon in half, and each of these generates a different subgroup of order 2 . Thus, 
the answer is that there are exactly n Sylow 2 -subgroups in D n when n is odd. 


6.6 Direct Products 


Solution to 6 * 63 : Suppose Q was the direct sum of two nontrivial subgroups A 
and B. Fix a ^ 0 in A and b ^ 0 in B. We can write a = flo/fli and b = &o/^i» 
where the a- t ’s and bi ’s are nonzero integers. Since A and B are subgroups, nae A 
and nb e B for all integers n. In particular, (a\bo)a e A and (biao)b e B. But 

(aibo)a = (a\bo)ao/ai = aoh = (b\ao)bo/bi = (b\ao)b. 

Hence, A and B have a nontrivial intersection, a contradiction. 

Solution to 6 . 6 . 4 : Let C m denote the cyclic group of order m for m e N. By 
the Structure Theorem for abelian groups [Her 75 , p. 109 ], if G is a finite abelian 
group, there exist unique nonnegative integers n p r(G) for each prime number p 
and each nonnegative integer r such that G is isomoiphic to 

nn<r° 

P r 

If H is another abelian group, G x H is isomoiphic to 

n n c "/ <G) x n n c 7 <H) - n n <flMv <H) - 

p r p r p r 

Hence, n p r(G x H) — n p r(G ) + npr(H ). Now this and the fact that A x B is 
isomorphic to A x C yield the identities n p r (B) — n p r (C) for all primes p and 
all nonnegative integers r. We conclude B and C are isomorphic. 

Solution to 6 . 6 . 5 : Let : A -* G\ x G2 be the natural projection map. We 
have ker 7 T 3 = {( 1 , 1 , gj) e A). Let N3 = {g3 j ( 1 , 1 , g3> € ker 713). Since ker 7 T 3 
is a normal subgroup of A, N3 is normal in G3. Let A' = G\ x G2 x G3/N3. 
Since 713 is onto, for any (gi, g2) 6 G\ x G2, there exists g3 e G3 such that 
(^1 , g2, gi) € A, and, thus, (g1.g2.I3) € A'. _ 

Define the map (p : G\ x G2 -+ G3/N3 by <p(gi> gi) — g 3 > where g3 is such 
that (g1.g2.g3) € A. This is well defined, for if (g1.g2.g3) and (g1.g2.A3) 
are both in A, then ( 1 , l.fiAJ 1 ) € A, so g 3 ^3 1 € N3, which, in turn, im- 
plies that gj = J13. The map <p is clearly a homomorphism. Furthermore, since 
7t\ : A -► G2 x G3 is onto, if g3 e G3, there exist gi 6 Gi and g2 € G2 such 
that (gi , g2» g 3 ) € A. Thus, <^(gi, gi) = g 3 so ^ is onto. 



Therefore, (p(G\ x { 1 }) and <p({l} x G2) are subgroups of G3/N3 which com- 
mute with each other. If these two subgroups were equal to one another and to 
G3/N3, then G3/N3 would be abelian. As G3 is generated by its commutator 
subgroup, this would imply G3/N3 to be trivial or, equivalently, G3 = N3, which 
we assumed not to be the case. So we may assume that ^({ 1 } x G2) # G3/N3. 
Pick g3 6 G3/N3 \ ^({ 1 } x G2). Since 7t2 : A -> Gi x G3 is onto, there exists 
a g 2 € G2 such that ( 1 , £2, £3) e A. Hence, <p(l, £2) = £3, contradicting our 
choice of £3 . 

Therefore, we must have that N3 — G3, so { 1 } x { 1 } x G3 C A. Similar 
aiguments show that { 1 } x G2 x { 1 } and G\ x { 1 } x { 1 } are contained in A and, 
thus, A = G. 

Solution to 6.6.6: Yes, we will show that there exist a Y C C such that C — A4-K. 
Choose Y = X O C, then Af)YGADX = 0 . Now to see the decomposition, 
observe that for all c e C c B, there exist an a e A and x e X such that 
c — a +*, but* = c — a eC so x e CDX — Y> thus showing that for all c e C 
there exist an a € A and x e Y such that c = a 4 - x. 

Solution to 6.6.7: The obvious isomorphism F: Aut(G) x Aut (H) -» Aut(G x H) 
is defined by 

F(ocG,ocH)(g>h ) = (occ(g)yCiH(h)). 

Since a c and an are automoiphisms of G and H, it is clear that F(ac, &h) is an 
automoiphism of G x H . Let us prove now that F is an isomoiphism. 

• F is injective: Let F(ac, ecu) = id gxH> Then a c = ido and an = id// 
by definition of F. Hence, ker F is trivial so F is injective. 

• F is surjective: Choose a e Aut(G x H). Define ac> cch by 

< *G(g ) = n G {a{gi id//)) and a hQi) = 7 T//(a(ido, h )) 

where nc and jih are the quotient maps. Thus, 

a(g, h) = (a dg)> cchQi)) = F(ac , «//)(£, h). 

Since the situation is symmetric between G and H\ and G is finite, we 
need only show that a G is injective. Let a G (g) ~ id G . Then a (g, id//) = 
(id G , h) for some h e H. Suppose n — |G|. Then 

(ido, h n ) = a (g, id H ) n = a(g n , id//) = (id G , id//). 

Hence, h n = id//, so the order of h divides \G\. But, by Lagrange’s The- 
orem [Hei 75 , p. 41 ], the order of h also divides |//|, which is relatively 
prime to |Gj, so the order of h is one and h — id//. 

Solution to 6.6.8: We only have to determine where the automorphism send its 
generators (1,0) and (0, 1), and these can be mapped into (a, b) and (c, d), re- 
spectively, if and only if, 

a i pi, I p 2 Z, c e p’Ljpt-'L and d^ 0 eZ p 



If ^ is an automorphism that takes (1, 0) to (a, b) and (0, 1) to (c, d), then the 
(a, b ) must not be killed by p, so a & pZ/p 2 Z and (c, d ) must be killed by p, 
so c € pZ/p 2 Z. Moreover (c, d) should not be multiple of p(a, fr) = (pa, 0), so 
d 0. 

On the other hand, if (a, £) and (c, d) satisfy the conditions, then it is easy to 
find an automorphism, mapping the generators there, since (a, b) is killed by p 2 
and (c, d) is killed by p. The condition on a implies that (a, b) has order p 2 . 
If (c, d) were a a multiple of (a, &), then since c € pZ/p 2 Z, the element (c, d) 
would be a multiple of p(a, b) = (pa, 0), which is impossible, since / 0e Z p . 
This makes the #i^(G) > p 2 and by the Lagrange’s Theorem the number has to 
be p 3 . Thus if is surjective, but G is finite, so then if is injective and then an 
automorphism. 

We need now to count all possibilities for a, b, c and d that satisfy the condi- 
tions. First there are p 2 — p choices for a, p total for b t p for c and p — 1 choices 
for d, and these are all independent, so in total there are p 3 (p— l) 2 automorphisms 
of G. 


6.7 Free Groups, Generators, and Relations 


Solution to 6.7.2: Suppose Q is finitely generated, with generators 

CL\j fi \ , . . . , &k/ file Olf , fii 6 Z . 

Then any element of Q can be written as nia j fii, where the n, ’s are integers. 
This sum can be written as a single fraction with denominator s — fi\ • • • fik- 
Consider a prime p which does not divide s. Then we have 1/p = r/s for some 
integer r, or pr = 5 , contradicting the fact that p does not divide s. Hence, Q 
cannot be finitely generated. 

Solution 2. Suppose Q is finitely generated, then using the solution to Part 1 of 
Problem 6.3.1, Q is cyclic, which is a contradiction. 

Solution to 6.7.3: Let A be the matrix 

( 15 3 0\ 

3 7 4 

18 14 8/ 

that represents the relations of the group G, following [Hun96, p. 343] we perform 
elementary row and column operations on A, to bring it into diagonal form. 

/ 15 3 0\ / 15 3 0\ / 3 3 0\ / 3 3 0\ 

3 7 4 L 3 7 4 J v | 3 7 4 - 0 4 4 

\18 14 8 / V 12 0 °/ \ 12 0 °/ V 12 0 °/ 



/ 3 3 0\ /O 3 0\ / 12 0 0\ 

-► I 0 0 4 I I 0 0 4 I — > I 0 3 01 

\12 0 0/ \12 0 0/ \0 0 4/ 

that is, G cx Z 12 x Z 3 x Z 4 . 

1 . G is then the direct product of two cyclic groups Z 12 x Z 12 . 

2. G is also the direct product of the cyclic groups of prime power orders, namely 

Z 3 X Z 3 X Z 4 X Z 4 . 

3. Using the decomposition G — Z 12 x Z 12 , we can see that for any element 
(p, q) of order 2 of G, p and q have to be either 0 or 6 , so it has three elements 

of order 2 , which are ( 6 , 0 ), ( 0 , 6 ) and ( 6 , 6 ). 

Solution to 6.7.4: x 5 y 3 — x 8 y 5 implies x 3 y 2 = 1. Then x 5 y 3 = x 3 y 2 and 
x 2 y = 1. Hence, x 3 y 2 = x 2 y t so xy = 1. But then xy = x 2 y , so we have that 
x = 1. This implies that y = 1 also, and G is trivial. 

Solution to 6.7.5: We start with the given relations 

a~ x b 2 a = b 3 and b~ x a 2 b = a 3 

that we will call first and second, respectively. From the first one, we get 
a~ x b 4 a = b 6 and 

a~ 2 b 4 a 2 = a~ x b 6 a = (< a~ l b 2 )b 4 a = b 3 {a~ l b 4 a) — b 3 b 6 = 
using the relation just obtained and the second one, we get 

fc 9 = {a~ 2 )b 4 a 2 = ba~ 3 b~ l b 4 {a 2 ) = ba~ 3 b~ l b 4 ba 3 b~ x = ba~ 3 b 4 a 3 b~ l 


and we conclude that 

a~ 3 b 4 c? =b 9 = a~ 2 b 4 a 2 

from which we obtain afc 4 = This, combined with the square of the first 
relation, (a~ l b 4 a = b 6 ), gives fc 2 = 1 and substitution back into the first shows 
that b — 1; then, substituting that into the second relation, we see that a = 1, so 
the group is trivial. 

Solution 2. Using the same labels for the first and second relations, as above, we 
can conjugate the first one by a 2 to obtain the new relation ab 2 a~ x = a 2 b 3 a~ 2 . 
At the same time multiplying the second relation by b on the left and a~ 2 on the 
right, we get a 2 ba~ 2 — ba and multiplying three copies of it back to back we get 
a 2 b 3 a~ 2 = (ba) 3 . Getting these two last relations together we see that 

ab 2 a~ x = (ba) 3 * 

and similarly we can show that 

ba 2 b~ l = (ab) 3 * 



Now consider this last relation (★): 

ba 2 b~ l = C ab ) 3 

= a{ba) 2 b 

= a{ab 2 a~ 2 b~ x )b using (*) 

= a 2 b 2 a~ 2 
= (< a 2 b)ba~ 2 

O A 

— (ba )ba using second relation 

= ba(a 2 ba~ 2 ) 

= baba using second relation 

= {baf 

so ab~ l — ba and similarly we can show that ba~ l = ab. These two together 
combined show that a 2 = b~ 2 > and substituting back into the second relation, we 
see that a — 1 and the group is trivial. 

Solution 3. We have 

a~ 2 b~ 2 a 2 = a~ l b~ 3 a = a~ l b~ l (b~ 2 a) = a~ l b~ l ab~ 3 
= a~ l b~ 3 a = {a- l b~ 2 )b~ l a = b-*cT x b~ l a 
b~ 2 a~~ 2 b 2 — b~ l a~ 3 b — b~ l a~ l (a~ 2 b) = b~ l a~ l ba~ 3 
= b~ l a~ 3 b = (b~ } a~ 2 )a~ l b = a~ 3 b~ X a~ l b 
a~ 2 b 2 a 2 = a~ l b 3 a — a~ l b{b 2 a) = a~ l bab 3 
= a~ l b 3 a = (a~ l b 2 )ba = b 3 a~ l ba 
b~ 2 a 2 b 2 = b~ l a 3 b = b~ l a(a 2 b) = b~ l aba 3 
= = (b~ l a 2 )ab = a V 1 ** 

so we get 

a~ 2 b~ 2 a 2 b 2 = (a~ 2 b~ 2 a 2 )b 2 — a~ l b~ l ab~ 3 b 2 = a~ l b~ l ab~ 1 

= a~ 2 (b~ 2 a 2 b 2 ) = a~ 2 a 3 b~ l ab = ab~ l ab 
b~ 2 a~ 2 b 2 a 2 — (b~ 2 a~ 2 b 2 )a 2 = b~ l a~ l ba~ 3 a 2 — b~ l a~ l ba~ l 

— b~ 2 {a~ 2 b 2 a 2 ) = b~ 2 b 3 a~ 1 ba = ba~ 1 ba 

therefore, ba~ l ba = baba~ l or a~ l ba = aba~ l and a~ 2 ba 2 b~ l = 1. Thus, 
= a 2 b so the original relations give b 2 = b 3 , a 2 = a 3 so a = b = \ and the 
group is trivial. 

Solution 4. By induction we show that 

a-n b 2”m a n = b Vm 

in particular a~ 3 b s a 3 = Z? 27 , and then substituting the second relation in, we get 
b~ l a 2 b*a 2 b = b 21 , but we know from the general relation obtained by induction 



that a~ 2 b 4 ' 2 a~ 2 = £ 18 , so b ls = b 21 or b 9 = 1. Similarly we obtain a 9 = 1, now 
using the general relation again for n = 9 and m = 1 we get 

b 29 = o" W 9 = i. 3 ’ 

but since 3 9 - 2 9 s 1 (mod 9), we have b — 1 and the group is trivial. 

Solution 5. In this one we will go further and show that the group 

(a, | a = [a m , b n ], b = [b p , a g ] } 

is trivial for all m,n,p,q€ Z. Here [x,y]= x~'y~'xy, and for m - p = 2 and 
H = q = 1 , we have our original group. 

The two relations can be written as 

a~«Ka« = b p+l 

b~"a m b n = a m+1 

By induction and raising the first relation to the ft'* -power shows that 

a~ q b kp a q = b k(p+i) k€ Z 


and we can write 

b -k(p+l) a l b k(p+l) _ a - q b- kp a l b kp a q k,le Z 
and in the same fashion we can obtain from the second relation 

b~ rn a m 'b rn = a (ra+1) ' r > 1 t 

Now taking k = n, l = m p+1 and r = p + 1 in the two equations above and 
equating the right-hand sides we get 

fo-np a m<P + U ynp = fl (ro+l) ( * +1 > 


and the relation t by itself is 

fr-np a m p tftp _ a (m+\)P 

so raising this last relation to m + 1 and equating with the left-hand side of the 
previous one we aid up with 

fl/n (P+D _ a mP( m +\) _ a mlP+» a mP 

which shows that 

a mP = 1 t 

Now a mP = (a m ) mP ' so substituting back into the first relation we see that 

fl (m+l) m p-l _ j 



that is, 


a mP a mP ~' = 1 

and using $ again 


continuing in this way we eventually get to a m ° = 1, that is a = 1 and the group 
is trivial. 

Solution to 6.7.6: Since a 2 = b 2 — 1, every element of G can be expressed 
in (at least) one of the forms ab . . . ab , ba . . . ba, ab ... aba , ba . . . bab. But 
ab . . . ab = ( ab) n for some n ^ 0,ba...ba = (ba) n = (< ab)~ n , ab... aba = 
(ab) n a, and fca . . . = (ab)~ n baa — (ab) l ~ n a. Let H be the cyclic subgroup 

of G generated by ab. Then G == H U Ha, so either H is a cyclic subgroup of 
index 2 in G or G = is itself cyclic. In the latter case, G is either infinite cyclic 
or finite cyclic of even order, so G has a cyclic subgroup of index 2. 

Solution to 6.7.8: We use the Induction Principle [MH93, p. 7]. For n — 1, the 
result is obvious. 

Suppose g \ , . . . , g n generate the group G and let H be a subgroup of G. If 
H C {g2, ...» gn)> by the induction hypothesis, H is generated by n — 1 elements 
or fewer. Otherwise let 

y = gV'"tf n zH 

be such that \m\ \ is minimal but nonzero. We can assume, without loss of gener- 
ality, that mi > 0. For any z € H , 


z = g\' 

there are integers q and r such that k\ = qm\ 4- r and 0 ^ r < mi. Then the 
exponent of g\ in zy~ q is r, and, by the choice of mi, we obtain r = 0. Hence, 

H = (y, K) where K — H C) (g2» • • • » gn )• 

By the induction hypothesis, K is generated by, at most, n - 1 elements, and the 
result follows. 

Solution to 6.7.10: By the Structure Theorem for finite abelian groups [Her75, 
p. 109], there are integers mi, ... , m*, mj\mj+i for 1 < j < fc — 1, such that A 
is isomorphic to Z mi © • * • © We identify A with this direct sum. Clearly 
m = mjt. Therefore, S must contain the elements of the form (0, 0, ... , 1) and 
(0, . . . , 0, 1, 0, . . . , 1), where the middle 1 is in the j th position, 1 < j ^ k - 1. 
Hence, using elements in S, we can generate all the elements of A which are zero 
everywhere except in the j th position. These, in turn, clearly generate A, so S 
generates A as well. 



6.8 Finite Groups 


Solution to 6.8.1: Any group with one element must be the trivial group. 

By Lagrange's Theorem [Her75, p. 41], any group with prime order is cyclic 
and so abelian. Therefore, by the Structure Theorem for abelian groups [Her75, p. 
109], every group of orders 2, 3, or 5 is isomorphic to Z 2 , Z 3 , or Z 5 , respectively. 

If a group G has order 4 , it is either cyclic, and so abelian, or each of its ele- 
ments has order 2. In this case, we must have 1 = (ab) 2 — abab or ba = ab, so 
the group is abelian. Then, again by the Structure Theorem for abelian groups, a 
group of order 4 must be isomorphic to Z 4 or Z 2 x Z 2 . These two groups of order 

4 are not isomorphic since only one of them has an element of order 4. 

Since groups of different orders can not be isomorphic, it follows that all of the 
groups on this list are distinct. 

Solution to 6 . 8 . 2 : By the Solution to the Problem 6.8.1 all groups of order up to 

5 are abelian and the group of symmetries of the triangle, £> 3 , has 6 elements and 
is nonabelian. 

Solution to 6.83: Let G be a group of order 6 . By Cauchy's Theorem there exist 
an element a of order 3, and an element b of order 2. H — (a) is a subgroup of G 
and, since b has order 2 and 2 does not divide |//|, b ft H . Therefore 

G = H U Hb — {1, a, a 2 , b , ab, a 2 b } . 


The multiplication of G is determined if we know which of the six elements of G 
is equal to ba. We find that 


ba £ 1 

else 

a — b 

ba ^ a 

else 

b=l. 

ba / a 2 

else 

b = a. 

ba ^b 

else 

a — 1 . 


Two cases remain. 

Suppose ba = ab. Then (ab) n — a n b n for all n ^ 1 . The order of ab is 2, 3 
or 6 . Now (ab) 2 = a 2 b 2 — a 2 5 ^ 1, and (ab) 3 = a 3 b 3 — b ^ 1 . Hence ab has 
order 6 . Thus G is cyclic, and G ~ TL^. 

Suppose ba = a 2 b. In this case G ~ S 3 . For S 3 has an element a = (1 2 3) of 
order 3, and an element £ = ( 12 ) of order 2 which satisfy pa = a 2 p. Since (a) 
has index 2 in S 3 and £ & (a), it follows that 

S 3 = {l,or, a 2 , £,«£, a 2 £). 

Then the correspondence a l b ] ** a l p j is an isomorphism between G and S 3 . 

Solution to 6.8.4: 1. The Klein four-group V = Z 2 x Z 2 is a noncyclic group 
of order 4, by the arguments of the Solution to Problem 6 . 8.1 this is the only 



one of order 4. Alternatively to show uniqueness up to isomorphism, let G be a 
noncyclic group of order 4. Then the order of any non-identity element is equal 
to 2, whence g = g -1 for all g e G. Thus G is abelian. For if x,y e G then 
xy = x^y " 1 = (yx )" 1 = yx. 

Let G = {1 , a, b, c], and consider ab. We see that 

ab ^ 1 else b — a -1 = a, 
ab ^ a else b — 1 , 
ab ^b else a — 1 . 

Hence ab — c. The multiplication of G is then completely determined using the 
fact that each element of G appears exactly once in any row or column in the 
multiplication table. This completes the proof of uniqueness. 

2. Let G = {\,a,b,c} be the noncyclic group of order 4. If (p e Aut(G), then 
<p(l) = 1 and (p, the restriction of (p to X — {a, b, c}, is a permutation of X, i.e., 
<p 6 S 3 . Moreover, for cp,ty e Aut(G), <pijf — Thus the map / : tp (p is a 
group homomorphism Aut(G) -» S 3 . 

If <p ^ e Aut(G), then ^( 1 ) = ^( 1 ) and <p , \}r differ on X, so / is injective. 

To show that / is surjective, let cr be a permutation of X, and let a be the 
extension of cr to G given by a(l) = 1. Then a is a bijection G — > G. It is left to 
show that a is a homomorphism. 

Let x, y € G. If x = 1 or y = 1 then cr(xy) — o(x)o(y), since o(l) = 1 . If 
x = y, then <r(xy) = a(x 2 ) = o(l) = (o(x )) 2 = a(x)o(y), since g 2 = 1 for all 
g e G. Finally for the case when x, y are distinct elements of X we note that the 
product of two of a % b, c is the third, i.e., 


ab = ba — c, be — cb — a, ca — ac — b. 

Hence &{a)& (b) = <r(c) = a{ab). The other cases are similar. Thus the map 
/ : Aut(G) -» S 3 is an isomorphism. 

Solution to 6.8.5: By the Structure Theorem for finitely generated abelian groups 
[Her75, p. 109], there are three: Zs, Z 2 x Z 4 , and Z 2 x Z 2 x Z 2 . 

1. (Z 15 )* = {1,2, 4, 7, 8, 11, 13, 14} . By inspection, we see that every ele- 
ment is of order 2 or 4. Hence, (Z 15 )* ~ Z 2 x Z 4 

2. (Z 17 )* = {1,2,..., 16} = {±1,±2, ..., ± 8 }, passing to the quotient 
(Zi 7 )*/{±1} = {1, 2, .... 8 } which is generated by 3, so (Z 17 )* Zg. 

3. The roots form a cyclic group of order 8 isomorphic to Zg. 

4. F 8 is a field of characteristic 2, so every element added to itself is 0. Hence, 

z 2 x z 2 x z 2 . 


5. (Zie )* = {1 , 3, 5, 7, 9, 11, 13, 15} ~ Z2 x Z 4 . 



Solution to 6.8.6: Order 24 : The groups S4 and S3 x Z4 are nonabelian of order 
24 . They are not isomorphic since S4 does not contain any element of order 24 
but S3 x Z4 does. 

Order 30 : The groups D3 x Z5 and D5 x Z3 have different numbers of Sylow 
2 -subgroups, namely 3 and 5 , respectively. 

Order 40 : There are two examples where the Sylow 2-subgroup is normal: The 
direct product of Z5 with a nonabelian group of order 8. Such order 8 groups 
are the dihedral group of symmetries of the square (which has only two elements 
of order 4), and the group of the quaternions {±1, =h\ ± j, ±k} (which has six 
elements of order 4 ). There are also several other examples where the Sylow 2 - 
subgroup is not normal. 

Solution to 6 . 8 . 7 : Consider the following eight groups of order 36 : 

Zj x Z3 , Z2 x Z9 , Z4 x Z3 , Z4 x Z9 , Z6 x S3 , S3 x S3 , Z2 x D2.9 , Z3 x A\ . 

The first four are abelian and pairwise nonisomoiphic because each pair has either 
distinct 2 -Sylow subgroups or distinct 3 -Sylow subgroups. They are not isomor- 
phic to the last four, since the latter are not abelian. 

Of the last four, only Z2 x £>2.9 has a cyclic 3 -Sylow subgroup, only Z3 x A\ 
has a normal 2 -Sylow subgroup, and only S3 x S3 has trivial center. Thus the last 
four are pairwise nonisomorphic. 

Solution to 6.8.8: Let G be a group of order p 2 . The conjugacy classes of G 
form a partition of G, as the ones associated with the equivalence relation x ~ y 
iff there is z such that y = zxz~ l . Let Z denote the center of G. Then x € Z 
iff C(x ) — {*}, where C(x) denotes a conjugacy class. Thus |Z| is the number 
of singleton conjugacy classes. Now |C(g)| is a divisor of |G|, for each g € G. 
Denote the non-singleton conjugacy classes by C \ , . . . , C* , where k ^ 0 . Then 

|G| = |Z| 4* jCi| H 1- |C*|. If |Z| = 1 we obtain the contradiction that p 

divides l.Thus |Z| > 1 . 

If G is cyclic then G is abelian. So we suppose that G is not cyclic. Therefore, 
each element of G, except 1 , has order p. Select * 5M in Z, and y $ {x). Then 
l(*)l = p = \(y)\ and thus, by Lagrange’s theorem, (x) fl <y) = (1). We deduce 
that the elements x l y* , (1 < i, j ^ p) are distinct, and therefore (x)(y) = G. As 
{x) c Z we see that each element of {x) commutes with each element of (y). 

Write H = {x), K = (y); H x K is the direct product group. We define a 
bijection f.HxK -+G given by /(/i, k) = hk. This map is an isomorphism as 

fl(h t k)(h\k!)) = nhti,kk?) 

= hh'kk! 

— hkh'k' (m € H commutes with v € K) 

= f(h, k)f(h'kf). 

Now H and K are both isomorphic to the cyclic group Z p of order p. Hence G 
is isomorphic to the abelian group Z p x Z p , which proves that G is abelian. (In 
fact, this proves that a group of order p 2 is either Z p 2 or Z p x Z p .) 



Solution to 6.8.9: The number of Sylow 3-subgroups is congruent to 1 mod 3 
and divides 5; hence, there is exactly one such subgroup, which is normal in the 
group. It is an abelian group of order 9. The abelian groups of this order are the 
cyclic group of order 9 and the direct product of two cyclic groups of order 3. 

The number of Sylow 5-subgroups is congruent to 1 mod 5 and divides 9; 
hence, there is exactly one such subgroup, which is the (normal) cyclic group of 
order 5. The Sylow 3-subgroup and the Sylow 5 -subgroup intersect trivially so 
their direct product is contained in the whole group, and a computation of the 
order shows that the whole group is exactly this direct product. Therefore, there 
are, up to isomorphism, two possibilities 

Z 9 x Z 5 , Z 3 x Z 3 x Z 5 . 


Solution to 6.8.10: Every element of G of order 7 generates a Sylow 7-subgroup. 
Therefore G contains more than one Sylow 7-subgroup. The number of Sylow 
7-subgroups of G is congruent to 1 modulo 7, and any two of them have a trivial 
intersection. Hence the number must be 8 (since G, with 56 elements, is too small 
to accommodate 15 or more Sylow 7-subgroups). Thus G has 8 x 6 = 48 elements 
of order 7. 

If P is a Sylow 2-subgroup of G, then P is contained in the complement of 
the set of elements of order 7, and that complement has cardinality 56 — 48 = 8 . 
Therefore G has only one Sylow 2 -subgroup. 

Since G has a unique Sylow 2 -subgroup P, the subgroup P is normal in G. Let 
g be an element of G of order 7, and let g act on P by conjugation: h ghg~ ] 
(h e P). If this automorphism were the identity, then P would commute with the 
subgroup generated by g, and it would follow that G is the direct product of P 
and the subgroup generated by g. In that case G would have only 6 elements of 
order 7, a contradiction. Hence the automorphism of P induced by g is not the 
identity. That automorphism therefore has order 7 . Being a permutation of the 
7-element set P\{ 1 ), it must be a cyclic permutation of that set. It follows that all 
elements of P\{1) have the same order. Since P contains an element of order 2 , 
all of its nonidentity elements must have order 2 . 

Solution to 6.8.11: The prime factorization of the order is 80 = 2 4 • 5 1 . Since 
there are five partitions of 4 and one of 1, by the Structure Theorem for finite 
abelian groups [Her75, p. 109], there are five non-isomorphic groups of order 80, 
which are: 


Z 2 x Z 2 x Z 2 x Z 2 x Z 5 
Z 2 X Z 2 x Z 4 x Z 5 
Z 2 x Z8 x Z 5 
Z 4 X Z 4 X Z 5 
Z 16 x Z 5 



Solution to 6.8.12: If p = 2, then the group is either cyclic and so isomorphic to 
Z4, or every element has order 2 and so is abelian and isomorphic to Z2 © Z2; for 
details see the Solution to Problem 6.8.1. 

Now suppose p > 2 and let G have order 2 p. By Sylow’s Theorems [Her75, p. 
91], the p-Sylow subgroup of G must be normal, since the number of such sub- 
groups must divide 2 p and be congruent to 1 mod p. Since the p-Sylow subgroup 
has order p, it is cyclic; let it be generated by g. A similar argument shows that 
the number of 2-Sylow subgroups is odd and divides 2p\ hence, there is a unique, 
normal 2-Sylow subgroup, or there are p conjugate 2-Sylow subgroups. Let one 
of the 2-Sylow subgroups be generated by h. 

In the first case, the element ghg~ l h~ l is in the intersection of the 2-Sylow 
and the p-Sylow subgroups since they are both normal; these are cyclic groups of 
different orders, so it follows that ghg~ l h~ l = 1, or hg — gh. Since g and h must 
generate G, we see that G is abelian and isomorphic to Z2 0 Z p . 

In the second case, a counting argument shows that all the elements of G can 
be written in the form g l h* , 0 ^ i < p, 0 ^ j < 2. Since all the elements of 
the form g l have order p, it follows that all the 2-Sylow subgroups are generated 
by the elements g l h. Hence, all of these elements are of order 2; in particular, 
ghgh — 1, or hg — g~ l h. Thus, G = (g, h \ g p — h 2 = 1, hg — g~ l h) and so 
G is the dihedral group D n . 

Solution to 6.8.13: By Cayley’s Theorem [Her75, p. 71], every group of order n 
is isomorphic to a subgroup of S n , so it is enough to show that S n is isomorphic 
to a subgroup of 0(n). For each a e S n , consider the matrix A a — (ay ), where 
a a {i)i = 1 and all other entries are zero. Let (p be defined by a h* (pip) = A 0 . 
The matrix A 0 has exactly one 1 in each row and column. Hence, both the rows 
and columns form an orthonormal basis of R n , so A a is orthogonal. <p maps S n 
into G(n). Let A„ = (ay) and B x — (by). Then 

A a B x = (< cy ) = ^2 aikbl ^ * 

An element of this matrix is 1 if and only if 1 = o{k) and k — r (j) for some k ; 
equivalently, if and only if i = Hence, c a ( X {i))i = 1 and all the other 

entries are 0. Therefore, (cy) — A a . x , so <p is a homomorphism. 

If A a equals the identity matrix, then a(i) = i for 1 < i ^ n, so a is the 
identity permutation. Thus, <p has trivial kernel and is one-to-one hence an iso- 
morphism. 

Solution to 6.8.14: Suppose P and Q are Sylow subgroups corresponding to 
different primes. If x € P and y e Q then xyx" 1 e Q (since Q is normal), 
therefore [x, y] = xyx~ l y~ l e Q. Similarly, using the normality of P, [*, y] e 
P. But P fl Q — {1 } since P and Q have coprime orders, so xy = yx. The union 
of the Sylow subgroups generate a subgroup of G, H say, whose order is divisible 
by the order of each Sylow subgroup, therefore by the order of G, and we get 
G = H. Since G is generated by a set of commuting elements, it is abelian. 



Solution to 6.8.15: Any counterexample is clearly nonabelian. In the symmetric 
group S3 we have S = A3, a subgroup. But if G = S4, then S contains the squares 
of all 4-cycles, hence all transpositions. But the transpositions generate S4, so if 
S were a subgroup it would equal S4. However 4-cycles are not in S since S has 
no elements of order 8. 

Solution 2. Let G be any simple nonabelian group of even order. Since S is obvi- 
ously invariant under conjugation (a~ l Sa — S for all a)> if it were a subgroup it 
would be either {1) or G. If S = {1} then abab = aabb for all <2, b, implying that 
G is abelian, a contradiction. If S = G then the squaring map is suijective, hence 
injective (since G is finite), contradicting the fact that a group of even order has 
elements of order 2. Hence S is not a subgroup. 

Solution to 6.8.16: For each element x e X, G x = {g € G | gx = x) is a 
subgroup of G of index |AT|, by transitivity. Since the identity is in each G Xi 
UxeX G x contains at most 

|X|(|G|/m-l) + l = |Gl-|X| + l 

elements. Therefore at least |X| — 1 elements of G fix no elements of X. 

Solution to 6.8.17: Suppose b e G is not in the center of G. Let P = {gbg~ 1 }. 
Then G clearly acts transitively on P. The cardinality of P equals \G\/\C(b)\ 
where C(b) is the centralizer of b. Since {e, b) C C(b), b e and C(b) 7^ G, 
the result follows. 

Solution 2. Since G is non-Abelian its order is not prime, so it has a nontriv- 
ial proper subgroup H (for example, a subgroup of prime order, obtained either 
from a Sylow Theorem [Her75, p. 91], or as a subgroup of the cyclic subgroup 
generated by a nonidentity element of G). Thai G acts transitively by left multi- 
plication on the left cosets of H. 

Solution to 6.8.18: 1 . For any set X let Sx be the group of bijections 0 : X X. 
If X is a finite set with n elements then Sx is isomorphic to *S„, the group of all 
permutations of {1, 2, ...» n). 

For any group G and any element g € G, define a mapping <p g : G G by 
<p g (x) = gx for all x € G. For any g, h,x e G, (<p g • <ph)(x ) = <p g ((ph(x » = 
(p g ihx) = g(hx) = igh)x = <p g h(x). This shows that cp g h = <Pg ■ (Ph- 
il follows that, for each g e G t <p g : G G is a bijection, with inverse <p g - 1 . 
In other words <p g e Sc for all g € G, defining a map <p : G Sc- Since 
(p gh = <p g . <p h% <p : G Sg is a group homomorphism. If <p g = <Ph for two 
elements g,h € G then g = <p g ( 1) = (pn( 1) = showing that (p : G -»• Sg is 

injective. Therefore, G is isomorphic to the subgroup <p(G) of Sg . 

2. Since any group of order n embeds in S nt it suffices to embed S n into the group 
of even permutations of n 4* 2 objects. Let s : S n Z2 be the homomoiphism 
that maps even permutations to 0 and odd permutations to 1. 

Define 6 : S n ~+ S n + 2 by 0(a) = a • (n 4- 1, n+2) e(o) . Since the transposition 
(n + 1 , n 4*2) commutes with each element a € S n , 0 is a homomorphism, clearly 



injective. Since o and (n + 1, n -f 2) e(cr) have the same parity, their product 6(cr ) 
is even. 

m • 

Solution to 6.8.19: Case 1. Suppose a and b commute. Then the elements a l b J , 
0 ^ i < p, 0 < j < p are distinct, have order p (if i, j are not both zero). 

* ^ 4 t • • | 

Case 2. Suppose a y b do not commute. Then the p l — 1 elements a l b J a~ l and a K , 
0 < i < p, 0 < j < p,Q < k < p are distinct and have order p. Indeed, if 
a 1 WcT 1 = b* then we would have a homomorphism from («) into Aut{b). Since 
the first group has order p and the second has order p — 1 this moiphism must be 
trivial, which is impossible since a and b do not commute. We have a l b^a~ l a k 
because (a) and (b) are distinct groups. 

Solution to 6.8.20: Suppose G contains an element whose order is not 2. Then the 
map gn- ~g is an automorphism of G of order 2, and it follows by Lagrange’s 
Theorem [Her75, p. 41] that Aut(G) has even order. By the Structure Theorem 
for finite abelian groups [Her75, p. 109], it only remains to consider the groups 
G = (Z 2 > r (r = 1,2,...), plus the trivial group. If G is trivial or r = 1, then 
Aut(G) is trivial. If r ^ 2, then G has the automoiphism 

(^1 , X2t %3t %4t • • • * I ^ C*2> ^1* ^3» ^4* • • • » ^r) 

of order 2, so Lagrange’s Theorem again shows that Aut(G) has even order. 

So Aut(G) has odd order if and only if G is trivial or G ~ Z 2 . In both cases 
Aut(G) is trivial. Observe that it is not necessarily true that Aut(G x H) = 
Aut(G) x Aut {H) even if G and H are cyclic of orders equal to distinct pow- 
ers of a prime. 

Solution to 6.8.21: Let p be a prime dividing n and <p(n).The expression for (pin) 
shows that either p 2 \n or there is a different prime number q such that q\n and 
p\{q — 1). If p 2 \n, then Z p x Z p x % n / p 2 is a noncyclic group of order n. In 

the second case, let G be the subgroup of GL(¥ q ) of matrices of the form (jj j ) 
where a p = 1. Since F* is cyclic of order q — 1, there are p solutions to a p = 1 

in . Therefore |G| = pq. If * = 1 and a * 1, then, (« °)(»lV(J!) (S ?)> 
so G is not abelian. Therefore, G x Z n / pq has order n and is not abelian, so it is 
not cyclic either. 


6.9 Rings and Their Homomorphisms 


Solution to 6.9.2: 1 . Let W = ]). If A, B e R, then (A+B)N = AN + BN = 

NA + NB- N(A + B), so A + B e R. If A, B e R then (AB)N = A(BN) = 
A(N B ) = ( AN)B — ( N A)B — N (AB), so AB € R. And it is trivial to verify 
that the matrix, — / also commutes with N, so it belongs to the /?, implying that 
R is a subring. 



2. A simple calculation shows that the matrix A = (cd) belongs to R iff a = 
a + c, = b + d, c + d — d> that is, iff A has the form (jj b a ). Define 

a Q-algebra homomorphism \jr : Q[x] -> R by mapping x to (qo)* Clearly 
i/r(x 2 ) = (oo) 2 = 0, so \fr Induces a homomorphism Q[x]/ (x 2 ) -> /?. Since 
^(a+fo) = ( 0 fl ), this homomorphism is an isomorphism, and the result follows. 

Solution to 6.9.4: Let (p : C" -> C be a ring homomorphism and 
e\ = (1 , 0, 0, . . . , 0), £2 = (0, 1, 0, . . . , 0), . . . , e n — (0, 0, 0, ... , 1), then 
eiej = 0 for all i £ j and if (p{e\) = • • • = <p(e n ) = 0, 

<p(x l, • • • » *n) = 0, . . . , 0)(p{e\) + h <p( 0, 0, . . . , *„)?>(*?*) = 0 

that is, (p is identically zero. 

Suppose now that (p is a nontrivial homomorphism, then (p(e x ) ^ 0 for some i 
and in this case <p(ei) = (p{e x ei) — <p(ei)<p(ei) and <p(e x ) = 1. At the same time 
0 = (p{eiej) = <p(ei)<p(ej) we conclude that <p(ej) = 0 for all j i, and <p is 
determined by its value on the i lh coordinate. 

1 * • • • * * • • • * ^n) = ^(0* * * * , X/ , . . . , O)^^/) 

= ^(0,...,x, *,..., 0)1 
— tf>(0, ...» x x , . . . , 0) 

So for every homomorphism cr : € -> C we can create n such homomorphisms 
from C n to C by composing <p(x i, . . . , x n ) = a (jt,* (jcj , ... , x n )) where m is 
the projection on the i th coordinate, and the argument above shows that all arise 
in this way. We observe here that is probably the best that can be done, since 
homomorphims from C toC cannot be easily classified. 

Solution to 6.9.5: Let R contain k elements (k < oo) and consider the ring 

S=/?x/?x---x/? 

V V ' 

k copies 

Let R = {n, ... ,r*} and a = (n, . . . , n) € S. Now consider the collec- 
tion of elements a, a 2 , a 3 , . . .. Since S is also a finite ring, by the Pigeonhole 
Principle [Her75, p. 127], there exist n and m sufficiently large with a n = a m . 
Coordinatewise, this means that if = rj” for 1 < i < k, and we are done. 

Solution to 6.9.6: If ax = 0 (or xa — 0) with a ^ 0, then ax a — Oa or aO = 0. 
If b is as in the text, then a(b + x)a = a, so, by uniqueness ofb,b — b+xzn& 
x = 0. Thus, there are no zero divisors. 

Fix a and b such that aba = a. If x € /?, then xaba = xa and, as there are 
no zero divisors, xab = x, so ab is a right identity. Similarly, abax = ax implies 
bax = x and ba is a left identity. Since any right identity is equal to any right 
identity, we get ab = ba — 1. Since b = a -1 , R is a division ring. 



Solution to 6.9.7: Since (R, +) is a finite abelian group with p 2 elements, by the 
Structure Theorem for finite abelian groups [Her75, p. 109], it is isomorphic to 
either Z p 2 or Z p xZ p . In the first case, there is an element x e R such that every 

element of R can be written as nx, for 1 < n ^ p 2 . Since all elements of this 
form commute, it follows that R is abelian. 

In the second case, every nonzero element must have additive order p. Let 
x € R be any element not in the additive subgroup generated by 1. Then it too 
must have additive order p. Thus, a counting argument shows that every element 
of R can be written in the form n+kx, l^n^p,l^k^p. Since all elements 
of this form commute, it follows that R is commutative. 

Solution to 6.9.8: Assume R is not the zero ring, and let A be the center of R. 
Then 0, 1 are distinct elements of A. Hence #A ^ 2. The quotient of additive 
groups R/A has less than 8/2 = 4 elements, so it must be cyclic. Thus there 
exists x e R such that R — {a+mx\a e A,m € Z). Such expressions commute 
(so in fact A = R). 

The result is the best possible, the ring of upper triangular 2x2 matrices over 
the field of two elements is an example of a noncommutative ring of order 8, since 

(j s) (: i) - (Si) ( j :) > * 

Solution to 6.9.9: R is trivially an additive subgroup and closed under multipli- 
cation and since C is a field, any subring is an integral domain, finishing the first 
part. Now consider two factorizations of the integer 10 in R y 10 = 2 • 5 and 
10 = (1 4- 30 • (1 — 30. The norm \z\ 2 — a 2 = 9 b 2 of any z € R is an integer, 
and if \z\ 2 < 9 then b = 0, so z is a real integer. This implies, in particular, that 
2 has no non-trivial factorizations in R. If R were a unique factorization domain, 
then 2 would divide 1+ 3/ or 1 — 3 1 , but can’t since (1 dr 30/2 are not in R. 

Solution to 6.9.10: One can embed R in the field of quotients of R\ then the finite 
subgroup of R* is a finite subgroup of the multiplicative group of the field; it is a 
finite abelian group, and so can be written as a direct product of Z p n for various 
primes p. If there are two such factors for the same p, then there are at least p 
elements of the field satisfying the equation x p — 1 =0. However, in a field, 
due to the uniqueness of factorization in the polynomial ring, there are, at most, 
n solutions to any rt th degree polynomial equation in one variable. Thus, in the 
factorization of our group, each prime p occurs at most once, therefore, any such 
group is cyclic. 

Solution to 6.9.11: Consider the map a : R -+ R defined by a(x) — ax. If 
a(x) = a(y) then ax = ay , so a{x - y) = 0. Since a is not a left zero divisor 
this implies x - y. Therefore a : R -> R is one-to-one. Since R is finite, a is 
also onto, so there is an element b e R such that ab — 1. 

Similarly, using the fact that a is not a right zero divisor, there is an element 
c€ R such that ca - 1. Therefore b = (ca)b = c(ab) = c satisfies ab~ba-\. 



Solution to 6.9.12: 1 =* 2 : There exist v\ ^ t >2 such that uv\ = uv 2 = 1; thus, 
u(vi — V 2 ) = 0 and m is a zero divisor. 

2 => 3 : Suppose that m is a unit with inverse v. If the uv = 0 then 
u; = (vu)w = v(uw) = i>0 = 0 and, therefore, u is not a left zero divisor. 

3 => 1 : Let u be a right inverse for w, that is, uv = 1. Since u is not a unit 
vu ^ 1 implying dm - 1 ^ 0. Now consider the element 1/ = u 4- (vu — 1) ^ v, 
and we have 


mu' = uv 4* u(vu — 1) 

= 1 — (uv)u — u 

= 1+11 — M = 1 

showing that u has more than one right inverse. 

Solution to 6.9.13: The identity element of such a ring would belong to the ad- 
ditive group of the ring, which is a torsion group; thus there is some finite n such 
that if you add the identity element, 1, to itself n times, you get 0. In other words, 
the ring would have some finite characteristic n. But this implies that the additive 
order of every element of the ring divides n, and this is false, for example, for the 
element 1 /{n + 1). 

Solution to 6.9.14: Consider separately the cases: a > 1, a — 1, a < 1. 

• If a > 1 then a — 1 >0; multiplying this by a (which is > 0) we get 
a 2 — a >0. Adding 1, we get a 2 — a -M > 1 >0. 

• If a = 1 then a 2 — a + 1 = 1 >0. 

• If a < 1, then 1 — a > 0. If a 76 0, then a 2 > 0; the sum of positives is 
positive, so a 2 — a + 1 > 0. If a = 0 then a 2 — a + 1 = 1 >0. 

Solution to 6.9.15: The degree 2 polynomial x 2 + y 2 — 1 does not factor into 
the product of two linear ones (since the circle x 2 + y 2 = 1 is not a union of 
two lines). This implies that the ideal (x 2 + y 2 — 1) is prime and, thus, the ring 
R = Q [x, y]/{x 2 + y 2 — 1) is an integral domain. 

Consider now the stereographic projection (x, y) »-> (1, y/(x 4- 1)) (at half 
of the speed of the standard one, in order to make the expressions simpler) of 
the circle from the point (-1,0) to the line (1, /). It provides a homomorphism 
/ = y/(x + 1) of Q (/) to the field of fractions of R. The inverse homomorphism 
is given by the formulas x — (1 — t 2 )/ (1 + 1 2 ) and y = 2 tj (1 + 1 2 ). 

Solution to 6.9.16: For any set S of primes, let Rs be the set of rational numbers 
of the form a /h where a , b are integers and b is a product of powers of primes in 
S. It is clear that Rs contains 0 and 1, and is closed under addition, multiplication, 
and additive inverses. Hence Rs is a subring. If S and T are distinct sets of primes, 
say with p 6 S \ T, then 1/p e Rs but 1/p i Rt, so Rs ± Rt • Since there are 
infinitely many primes, we obtain at least 2**° subrings in this way. 



On the other hand, as Q is countable, its number of subsets is 2**°, therefore 
the set of subrings of Q has cardinality 2 K °. 


6.10 Ideals 

Solution to 6.10.1: For two matrices in A we have 

( a /cri b\ \ _ / aa\ ab\ + bc\ \ 

0 c/ VO c\ ) ~ V 0 cci / ’ 

therefore the sets of matrices of any of the forms (q q), (o o)» 211(1 (o c) m ^ eals 
in A. Call these ideals 3u 32, ^ 3 , respectively. We’ll show that, together with {0} 
and A, these are the only ideals in A. 

Consider any ideal 3 ^ {0}. As A contains all scalar multiples of the identity 
matrix, 3 is closed under scalar multiplication. From the equalities 

(\ 0\ / a b\( 0 0\_{0 b\ 

\0 0/^0 c ) V° 1/ V° °/’ 

(a b\/0 l\_/0 a\ /0 l\/a _ / 0 c\ 

\o c/vo o/“vo o/’vo o/vo c/“vo o/’ 

it follows that 3 contains a nonzero matrix in 3 1 , hence that 3 contains 3\ . Suppose 
3 ^3\. Every matrix in 3 is the sum of a diagonal matrix and a matrix in Jj. 
There are three cases: 

• All diagonal matrices in 3 have the form (JJ jj). Then 3 contains all such ma- 
trices, since it contains a nonzero one, and we conclude that 

3 = 3 2 . 

• All diagonal matrices in 3 have the form ( q ® ) . Then, by a similar argument, 
3 = 0 r 3 . 

• 3 contains a matrix of the form (J ®) with a ^ 0 ^ c. Since 

(\ 0 \(a 0 \_(a 0\ (0 0 \(a 0\ /0 0\ 

Vo o/Vo c)~\0 0 /’V° VV° c )~ V° c )' 

we conclude in this case that 3 contains both 32 and 3s, hence that 3 = A. 

Solution to 6.10.2: Assume that 3 is a nontrivial ideal. Let Mij be the n x n 
matrix with 1 in the (i, j) lh position and zeros elsewhere. Choose A e 3 such 
that a = aij jz 0. Then, for 1 ^ n, MkiAMjk is a matrix which has a in the 

(k, k) th entry and 0 elsewhere. Since 3 is an ideal, MkiAMjk e 3. The sum of 
these matrices is al and so this matrix is also in 3. However, since F is a field, a 
is invertible, so 3 = M n (F). 



Solution to 6.103: We have see in the Solution to Problem 6.10.2 that M nxn (. F) 
has no nontrivial proper ideals. M nxn (F) is an F-vector field, and if we identify F 
with {fl3 1 a e FJ, we see that any ring homomorphism induces a vector space ho- 
momorphism. Hence, if M nxn ( F) and A/( rt +i) X (n+i)(F) are isomorphic as rings, 
they are isomorphic as vector spaces. However, they have different dimensions n 2 
and (n -f- 1) 2 , respectively, so this is impossible. 

Solution to 6.10.4: Since the kernel of h is a two sided ideal in R, it suffices to 
show that every ideal 3 in R is either trivial {h is injective) or all of R {h is zero). 

Assume 3 is a non-trivial two sided ideal in R. Suppose A € 3 with fly ^ 0 
for some 0 < i, j ^ n. If we multiply A on the left by the elementary matrix Ey t 
we get the matrix B = EjiA which has only one nonzero entry (Z?y = ay). If we 
multiply B on the left by (1/fly)/, we get Ey , therefore Ey e 3- Multiplying Ey 
on the left and on the right by elementary matrices, we produce all elementary 
matrices, so these are in 3- As they generate R we have 3 — E. 

Solution to 6.103: Each element of F induces a constant function on X, and we 
identify the function with the element of F. In particular, the function 1 is the unit 
element in R(X, F). 

Let 3 be a proper ideal of R(X, F). We will prove that there is a nonempty 
subset Y of X such that 3 = {/ € R{X, F) | f(x) = 0 for all x € Y) — 3 r . 
Suppose not. Then either 3 C 3y for some set Y or, for every point x £ X, there 
is a function f x in 3 such that f x (x ) = a ^ 0. In the latter case, since 3 is an ideal 
and F is a field, we can replace f x by the function a~ l f x , so we may assume that 
f x (x) = 1. Multiplying f x by the function g x , which maps x to 1 and all other 
points of X to 0, we see that 3 contains g x for all points x e X. But then, since X 
is finite, 3 contains £ g x = 1» which implies that 3 is not a proper ideal. 

Hence, there is a nonempty set Y such that 3 C 3y. Let Y be the largest such 
set. As for every x & Y , there is an f x 6 3 such that f x (x) ^ 0 (otherwise we 
would have 3 C 3yu{jc}) by an argument similar to the above, 3 contains all the 
functions g x , x & Y. But, from these, we can construct any function in 3y, so 
3r C 3. 

Let 3 and 3 be two ideals, and the associated sets be Y and Z. Then 3 C 3 if 
and only if Z c Y. Therefore, an ideal is maximal if and only if its associated 
set is as small as possible without being empty. Hence, the maximal ideals are 
precisely those ideals consisting of functions which vanish at one point of X. 

Solution to 6.10.6: If /, g £ E(U , W ) then so is the homomorphism f + g since 
its image on U is contained in fU +gU. If Y is a subspace and h € E( W, Y), then 
ho f € E(C/, Y) since fU C W + X for some finite dimensional subspace X 
and h{f{U)) c h(W) + h(X). Thus E(W, Y)E{U 1 W) c E(U , Y). From this 
we see that E(U y U ) is a ring with left ideal E(V, U) and right ideal E(U , 0). 
Also, E(U y U ) c E(V, V) = E(0, 0) so these latter two sets are also right and 
left ideals. The conclusion follows. 



Solution to 6.10.7: Let 3 = ( a n -ha m - 1) and 3 = {a d - 1). For n = r d 

the polynomial x n — 1 factors into — l){x r ( d ~^ + x r ^ d ~ 2 ^ H H x r + 1). 

Therefore, in R, a n - 1 = (a d - l)(a rW_1) + a r(rf “ 2) + • • • + a r 4- 1). A similar 
identity holds for a m - 1 . Hence, the two generators of 3 are in 3* so 3 C 3- 
Since d = gcd{«, m}, there exist positive integers x y y such that xn-ym — d. 
A calculation gives 

a d -l = a d -l-a d+ y m +a xn 
= - a d (a ym -l) + a xn -l 
= - a d (a m - lXa yim ~ l) + • • • + + 1) 

+(a n -l)(a x < n - l) + -‘-+a x + l). 

Hence, a d — 1 is in 3, so 3 C 3 and the two ideals are equal. 

Solution to 6.10.8: 1. If there is an ideal 3 ^ R of index, at most, 4, then 
there is also a maximal ideal of index, at most, 4, VJl, say. Then R/VJl is a field 
of cardinality less than 5 containing an element a with a 3 = a + 1 , namely 
a = a + SOT. By direct inspection, we see that none of the fields F2 , F3 » F4 
contains such an element. Therefore, 3 = R. 

2. Let R = Z5, a = 2 (mod 5), and 3 — {0}. 

Solution 2. Since R/3 has order less than 5, two of the elements 0, 1, a, a 2 , a 3 
have the same image in R/3. Then 3 contains one of their differences, that is, one 
of 


1 , a , a 2 , a 3 , a — 1 , a 2 — 1 , a 3 — 1 , a(a — a ) , a(a 2 — 1) , a 2 (a — 1). 
But all these elements are units, since 

a(a-l)(a + l) = a(a 2 -l) = 1, a 3 -l =a. 

Therefore, 3 contains a unit, so 3 = R. 

Solution to 6.10.9: Let 3 be such an ideal. Consider (p : R R/3, the quotient 
map. Since R/3 is a three element ring with 1, it must be isomorphic to Z3. If 
u e R* is a unit then so is <p(u). Hence, <p(u) = ±1, and <p(u 2 ) = I. As the 
squares of the units generate the additive group of R, this uniquely determines cp 
so there is, at most, one such 3. 

Solution to 6.10.10: Let VJl be the maximal ideal, so in particular 2 3X1. If 

0 6 1 + 9X1, then a so the ideal ( a ) of R is not contained in any maximal 
ideal, so (a) = (1), and a is a unit. By assumption, R* is trivial, so 1+ 971 has at 
most one element, and 3X1 has at most one element. Thus 3X1 = {0}, and R is a 
field. Hence 1 = #(/?*) = #R — 1, and #R = 2. Therefore R is the field of two 
elements, Z2, which can easily be verified to satisfy the condition. 

Solution to 6.10.11: It suffices to show that if ab — ba is any generator of 3 and if 
c is any element of R , then abc-bac is in 3. By the definition of 3,a(bc) - ( bc)a 



is an element of 3. Further, since 3 is a left ideal, b(ca — ac) — bca — bac is an 
element of 3. Therefore, abc — bac — abc — bca 4- bca — bac is in 3, and we are 
done. 

Solution to 6.10.12: Using the direct sum decomposition, there are elements 
Ui € 3/ such that 

1 = u\ 4* M2 H \-u n . 

If a\ € 3\ then 

fli — fli • 1 = (mi 4- U 2 4 H u n ) = a\u\ 4- «2«2 H — *4- Cln^n • 

Therefore (a\u\ —a\) 4- fl2«2 H h a n u n = 0 . Since the ith summand is in 3/ 

and R = 3j ©32 ® • • *©3„, each summand is zero, i.e., a\u\ = ai and a\Uj = 0 
for ; ^ 1. Similarly we get awi = a/ and a x u j = 0 for jf 5^ i. 

Solution to 6.10.13: The fact that this map is a ring homomorphism follows from 
the fact that the inclusion map R -> S is a ring homomorphism mapping mR into 
mS. Let 1 = an+bm> with integers a, b. Let r € R be in the kernel. Then r — ms 
for some s € S, so r = (am 4- bri)r — m(ar + bns ). Since R has index n in S , 
we have ns € R and so r e mR. This shows that the map is an injection. Now 
suppose s € S. Then s = (am 4- bn)s = b(ns) mod mS. As ns € R, the map is a 
surjection. 

Solution to 6.10.15: We have 3 = ( 1 ) and 3 = (/)> for some 1 , j e R. Suppose 
first that 3+3 = R. Then 1 € 3 +3, so 1 = ri +sj for some r,s e R. Therefore, 
the greatest common divisor of i and j is 1. Now 33 and 3 n 3 are both ideals 
and, clearly, have generators i j and k, respectively, where k is the least common 
multiple of i and j . But the greatest common divisor of i and j is 1, so ij = k, and 
33 = 3 fl 3- Since every implication in the previous argument can be reversed, if 
33 = 3 H 3» then 3 4-3 = /? and we are done. 


6.11 Polynomials 


Solution to 6.11.1: If P(z ) is a polynomial of degree n with a as a root, then 
z n P(1 /z) is a polynomial of degree at most n with 1/a as a root, multiplying by 
an appropriate term z k , we have a polynomial of degree n. 

Solution to 6.11.2: We have 

x 3 4- 2x 2 + lx + 1 = (x - ai)(x - a2)(* - «3> • 

Equating coefficients we get 

a\ + C 12 4- <X3 = —2 
aw + was + ascii = 7. 



Therefore 


a] 4 a\ 4 a] = (ai 4 a 2 4 « 3 > 2 - 2 (ociOf 2 4 a 2 a 3 4 a3«l) 

= - 10 . 


Fort = 1,2,3 

a? 4 2 a 2 4- 7a/ 4* 1 = 0. 

Adding these equations we get 

(oif + + a|) + 2 (a? + of + «?) + 7 («l + "2 + <*3) + 3 = ° , 


hence. 


aj 4a| 4 a 3 = 31 . 


Solution to 6.113: Since f is a primitive seventh root of unity, we have 

4- 4 * — F £ 4* 1 =0. 

Dividing this by £ 3 , we get 

(£ 3 4 r 3 ) + (£ 2 4 £~ 2 ) 4 (£ 4 £ _1 ) 41 = 0 . 

As (£ 4 C') 2 = (£ 2 4 r 2 ) 4 2 and ft 4 £“ ! ) 3 = (£ 3 4 C" 3 ) 4 3(£ 4 r *). 
the above equation becomes, letting a = (£ 4 £ ! ), 

a 3 4 a 2 — 2a — 1 =0. 

Solution to 6.11.4: 1. Let x — J5 4 \/7. Squaring and rearranging successively, 
we get 


x- V5 = 
x 2 -2V5x+5 = 7 

x 2 — 2 = 2V5* 
x 4 — 24jt 2 +4 = 0 

This calculation shows that V5 + -\/7 is a root of f(x) — jc 4 — 24x 2 + 4. 

2. If / had a linear factor, then it would have a rational root, but a calculation 
shows that none of ±1, ±2 is such a root (if p/q in lowest terms is a root of 
a n x n 4 Mo then, p\ao and q\a n ). Suppose now that for some a, b,c,d e Z, 

/(x) = (x 2 +ax + b)( x 2 4 ex 4 d). 

Since the coefficient of x 3 in / is zero, c = —a, so we have 

/ (x) = (x 2 4 ax 4 b){x 2 -ax 4 d). 



As the coefficient of x in / is zero, we get ad — ab = 0. If a — 0, then f(x) — 
( x 2 +b)(x 2 +d) — x 4 + (b -\-d)x 2 +bd, but the equations bd — 4, b+d — —24 
have no integer solutions. If b = d, then f(x) = (x 2 4- ax + b)(x 2 — ax 4- b) = 
x 4 4* (2b — a 2 )x 2 4- b 2 y so b 2 = 4 and 2 b — a 2 = —24, which also have no 
solutions in Z. 

Solution to 6.11.5: It is easy to see that V24- is a zero of a monic polynomial 
p e Z[x] (use the process described on Problem 6.11.4.) If it were a rational 
number, it would have to be an integer, since its denominator would divide the 
leading coefficient of p. As V2 4- ^3 is strictly between 2 and 3, it must be 
irrational. 

Solution 2. Suppose V2 + i/l e Q. Then Q (V 2 ) = Q (v^). However, this 

contradicts the fact that the fields Q (V2 ^ and Q (f/3 ^ have degrees 2 and 3 over 

Q, respectively, since by Eisenstein Criterion [Her75, p. 160], the polynomials 
x 2 — 2 and x 3 — 3 are irreducible over Q. 

Solution to 6.11.6: Suppose that ft) is a primitive k th root of unity and that 

ft)/ = ft>' for 1 ^ i ^ k. Let P(z) — fto 4- a\z 4 1- ajz j (j < k)\ we 

have 


i= 1 


i=l r=0 


r=0 i= 1 


Since co k = 1, we have co rk — 1=0 for 1 ^ r ^ /.Factoring and replacing 1 by 


c o rk , we get 


0 = (ft) r - 1 )(</* 4- ft/ ( *“ ,} 4 F ft/)* 


Since r < k and ft) is a primitive root of unity, ft/ ^ 1. Therefore, 

ft/* 4* ft) r (^~i) 4* • • • 4* ft/ = 0* 
Substituting this into the above equality gives 


i £ /vo = J = *o = m. 


i= 1 


i=l 


Solution to 6.11.7: By the Euclidean Algorithm, the vector space V = Q [x]/{f) 
has dimension d — deg (/). Therefore, the infinitely many equivalence classes 

—2 —3 —5 
X ,X ,X t ... 

are linearly dependent in V, so we can let qi be a finite collection of rational 
numbers not all zero and satisfying 

q 2 X 2 4- qv? 4- qsx 5 4 = 0. 



This means that 


qix 2 4- #3* 3 4- Q5* 5 + • • • = f{x)g{x) 
for some nonzero g € Q [x]. 

Solution to 6.11.8: First, note that each polynomial p(x) in Z[x] is congruent 
modulo x — 1 to a unique integer, namely the remainder one obtains by using the 
division algorithm to divide x —1 into p(x). (Only integer coefficients arise in the 
process, because the coefficient of x in x — 7 is 1.) If p(x) lies in 3, then so does 
the preceding remainder. However, the only members of 3D Z are the integers that 
are divisible by 15. In fact, if k is in 3 D Z, say k — (x — l)q(x) 4* 15r(x), then 
k = 15r(7). Hence, we get a well defined map from Z[x]/3 into Z15 by sending 
p(x) 4- 3 to k 4- 15Z, where k is the remainder one gets when dividing p(x) by 
x — 7. The map is clearly a homomorphism. If p(x) is not a unit in 3, then the 
remainder is clearly not divisible by 15, from which we conclude that the map is 
one-to-one. The map is obviously surjective. It is, thus, the required isomorphism. 

Solution 2. The map <p : Z[x] -» Z[x] defined by (p (p(x)) = p{x 4- 7) is a ring 
automorphism and it maps 3 onto the ideal generated by x and 15. The quotient 
ring Z[x] /<p(3) is isomorphic to Z15 under the map p(x) h* p(0)4-15Z, implying 
the desired conclusion. 

Solution to 6.11.9: 3 is prime. To show this we will prove that the quotient ring 
Z[x]/3 is a field. Since 5 e 3, this quotient ring is isomorphic to 
Zs[x]/ {x 3 4- x 4- 1 ). So it suffices to show that x 3 4- x 4- 1 is irreducible (mod 5). 
If it were reducible, it would have a linear factor, and, hence, a zero. But we can 
evaluate this polynomial for each x € Z5 as follows: 


X 

x 3 4- x 4- 1 

0 

1 

1 

3 

2 

1 

3 

1 

4 

4 


Since there is no zero, the polynomial is irreducible, and the quotient ring 

ZsM 

(x 3 4- * 4- 1) 

is a field. 

Solution to 6.11.12: Case 1: p = 2. In this case, define a map of F 2 [x] into itself 
by <p(\) = 1 and <p(x) = * 4- 1, and extend it in the obvious way. Since constants 
are fixed and <p(x 4- 1) = x, it is clear that this is a ring isomorphism. Further, 
<p(x — 2) = (x — 1) — 2 = x 2 4- 1 = x 2 — 3; we see that <p maps the ideal 



(* 2 — 2) onto the ideal {x 2 — 3). It follows immediately from this that the two 
rings F2O]/ {x 2 — 2) and F2M/O* 2 — 3) are isomorphic. 

Case 2: p = 5. By checking all the elements of F5, we see that x 2 — 2 and x 2 — 3 
are both irreducible polynomials in Fs[x]. Therefore, the ideals they generate are 
maximal and the quotient rings Fs[x]/(x 2 — 2) and Fs[x]/(x 2 — 3) are fields. 
The Euclidean Algorithm [Her75, p. 1 55] shows that each is a finite field with 25 
elements. Since finite fields of the same order are isomorphic, the quotient rings 
in this case are isomorphic. 

Case 3: p — 1 1. In this case, checking all the elements of Fn shows that x 2 — 2 
is irreducible, but x 2 — 3 = (x — 5)(x + 5) is not. Hence, the quotient ring 
Fn[x]/(x 2 — 2) is a field, whereas Fij[x]/{x 2 — 3) is not, so the two quotient 
rings are not isomorphic in this case. 

Solution to 6.11.13: Since x — 3 is a monic, given any polynomial r(x) in Z[x], 
there exist polynomials t(x) and s(x) such that r(x) = f (x)(x — 3) + s(x) and 
degs(x) < deg(x — 3) = 1. Hence, s(x) is a constant, and so it is congruent 
modulo 7 to some a, 0 < a < 6. Hence, r(x) — a = r (x)(x — 3) 4- ($(*) — a), 
and the right-hand term is clearly an element of 3. 

In the special case where r(x) = x 250 + 15x 14 + x 2 + 5, we have, by the 
Euclidean Algorithm [Her75, p. 155], r(x) = t(x)(x —3) -fa. Substituting* = 3, 
we get r(3) = a. Since we only need to know a modulo 7, we reduce r(3) mod 
7 using the fact that n 1 = n (mod 7), getting r(3) = 3 4 + 3 2 + 3 2 + 5 s 6 
(mod 7). Hence, a = 6 is the desired value. 

Solution to 6.11.14: Let (p : Z[x] Z 13 be the unique ring homomorphism 
such that <p(x) — 4. A polynomial a(x) e Z[x] is in the kernel of <p if and only 
if a (4) =5 0 (mod 13). This occurs if and only if a(x) s (x — 4)f3(x) (mod 13) 
for some /?(*) e Z[x], i.e., exactly when a{x) = (x — 4 )fi(x) + 13y (x) for some 
y (x) e Z[x], in other words if and only if a(x) e 3. 

Set /(x) = (* 26 -f x + l) 73 e Z[x]; then /(x) - m e 3 if and only if 
<P(f(x) — m) = 0, which holds if and only if /( 4) = m (mod 13). 

By Fermat’s Little Theorem [Sta89, p. 80], [Her75, p. 44], if a € Z is not 
divisible by the prime p then a p ~ l = 1 (mod p). This gives (4 26 + 4+ 1) = 
(4 2 + 5) s 8 (mod 13), and /( 4) = 8 73 = 8 (mod 13). So m = 8 is the unique 
integer in the range 0 < m < 12 such that (x 26 + x + l) 73 — m e 3. 

Solution to 6.11.15: Let /(*) = x 3 - 2, and denote by i/l the real cube root of 
2. Then Q ^^2^ is an algebraic extension of Q generated by a root of /, hence 

isomorphic to K = Q [x ]/(jc 3 - 2). Since Q c R, and jc 3 - 2 has only 

one real root, x 3 — 2 does not factor completely over K. 

Solution to 6.11.16: 1. Let K be the set of / e R[x] for which /( 2) = /'( 2) = 
/"( 2) = 0. K is an ideal in the ring R[x] if 

(i) K is closed under addition and negation, and 0 € K, 



(ii) gf and fg belong to K whenever g e Mj>] and f e K. 

Condition (i) is easily verified. For condition (ii), let g € K[*], / € K. Then 
(gf)' = g'f 4- gf, ( gf )" = g"f + 2g'f 4- gf". We see that (g/)(2) = 
{gf)' {2) = (gf)"(2) = 0, so that gf, and also fg, belongs to K. Thus K is 

an ideal of R[x]. 

If K is an (nonzero) ideal of R - R[jc], let a be a nonzero element of K of 
lowest degree. If b e K then there exist#, r e R such that b — aq+r with r — 0 
or deg(r) < deg (a). Now r = b — aq € K, so deg(r) ^ deg (a). That is, r = 0 
and b = aq. We conclude that K = aR is generated by a. Two generators of K 
are associates and there is a unique monic generator. Expand in powers of (pc —2): 

a = ao 4* a\ (x — 2) 4- a 2 (* — 2) 2 4* a$(x — 2) 3 H H a«(* — 2) n . 

Then ao = 0(2) = 0, ai = a' (2) = 0, a 2 = a"(2)/2! = 0. The monic generator 
is (x — 2) 3 . 

2. The function f(x)=x 2 —6x 4-8 satisfies /(2) = 0 = /'( 3). If ^(jr) = x then 
(gf)'@) 0. Thus the stated condition does not define an ideal. 

Solution to 6.11.17: Let <p : Z[x] -> Z[jc] be any automorphism. Since <p is 
determined by the value of x, every element of Z[x] must be a polynomial in 
<p{ x). In order to get x in the image of cp, we see that <p(x) must be of the form 
±x 4* a for some constant a. 

Solution to 6.11.19: The multiplicative group of units Z* has p — 1 elements. 

Therefore, a p ~ l = 1 for each a e Z p , whence a p — a = 0 for all a e Z p . The 
polynomial x p — x has p distinct roots, thus factorizes as 

x p —x — x(x — 1) ... (x — (p — 1)). 

If /(*) = 11 pT • • • P% k , where u is a unit and pi are distinct monic irreducible 
polynomials, dien we see that the gcd of / and g is equal to the product of the 
distinct linear factors of /. 

Solution to 6.11.20: Let p = u\a . . . a“*, q = uza ^ 1 . . . a^ k where a,- are 
monic irreducible in F[x], and a,-, > 0, «/ units of F. If y,- = min{a/ , fy) then 

h = ap ... a™ is the gcd of p and q over F. 

The units of F[jc] are the nonzero constants, and remain units in K[x]. If a/ = 
I“I y b*j J is the irreducible factorization of cq over K then p — u\ f]/ fl b“ ij is 
the irreducible factorization of p over K, by uniqueness of factorization. We thus 
obtain the irreducible factorizations of p and q over K by further factorizing the 
a,- over K. 

If a and b are distinct irreducible polynomials over F then their gcd over F is 
1. There exist polynomials s, t over F with sa + tb= 1. Thus, ifd e K[x] is the 

gcd of a and b over K, then d\\, and so d is a unit of K[x], and d = 1 as d is 
chosen monic. 



Let h, h' be the gcds of p and q over F, K respectively. Then h divides h! . By 
the above we cannot get any extra factors over K in h'. Thus the gcd of p and q 
over K is the same as their gcd over F. 

Solution to 6.11.21: If the fraction p/q in lowest terms is a zero of x 10 4 x 9 +jt 8 4 

bx 4 1 , then p\ 1 and q 1 1 , so the possible rational zeros are dr 1 . A calculation 

shows that neither of these is a zero, so the given polynomial is irreducible over 
Q . Now —1 is a zero of the second polynomial, so it is reducible over Q . 

Solution to 6.11.22: Note that 539 = 7 2 • 11, 511 = 7 * 23, and 847 = 7 • ll 2 . 
Thus, all the coefficients except the leading one are divisible by 7, but the constant 
term is not divisible by 7 2 . Since 7 is a prime, by Eisenstein Criterion [Her75, p. 
160], the polynomial is irreducible in Z[x]. 

Solution to 6.11.23: By the Gauss Lemma [BML97, p. 85], an integral polyno- 
mial that can be factored over rationals can be factored into polynomials of the 
same degree over the integers. Since ±1 are not roots (and they are the only ones 
possible because ao = a n — 1 ), there are no linear terms and the only possible 
factorizations are in polynomials of degree 2 . 

• (x 2 4 * ax + l)(x 2 4 bx 4 1 ) 

4 

• (x 2 4 ax — l)(x 2 + bx — 1 ) 

In the first, case we get x 4 4 (a 4 b)x 3 4 (2 4 ab)x 2 4 - (a 4 b)x 4 1 , which implies 
that the coefficients of the terms of degree 1 and 3, are the same, a contradiction. 
The other case is analogous, showing that the polynomial is irreducible over <Q> . 

Solution to 6.11.24: We will use Eisenstein Criterion [Her75, p. 160]. Let 
x = y 4- 1. We have 

x p ~ l 4 x p 2 4" • • • 4" 1 — (y 4" 1)^ * 4“ (y 4“ 1)^ ^ 4* • • • 4* 1 

_ (y 4 l) p - 1 
(y 41)-1 

_ k=0 v 7 

~ y 

-i(0 A ' 

k=l v 7 

— 4 . pyP ~ 2 4 1 - p. 

Since the prime p divides all the coefficients except the first and p 2 does not 
divide the last, it follows that the polynomial is irreducible in Q[x]. Therefore, the 
given polynomial must also be irreducible, since if it were not, the same change 
of variables would give a factorization of the new polynomial. 



Solution to 6.11.25: Put x = y + 1 to get 




jc-1 


+ 5 * = 


(y + 1) 5 - 1 

y 


+ 5y + 5. 


The coefficients of y 3 , y 2 , y, and 1 are integers divisible by p — 5 and the constant 
term is 10, which is not divisible by p 2 . Thus, by Eisenstein Criterion [Her75, p. 
160], / is irreducible over Q . 

Solution to 6.11.26: By the Gauss Lemma [BML97, p. 85], it is enough to show 
that fix) is irreducible over the integers. Suppose / ix) = g(x)h(x), where gix) 
and h( jc) have positive degrees and integer coefficients, say 

g(x) = bjX j +bj-ix J -' +... + bo, h(x) = c k x k + c k -ix k ~ l + . . . + c 0 . 

The we can see that boco — 25, which can only happens in two ways, either 
bo = 25, co = 1 or bo = 5, cq = 5. 

Case 1: bo = 25, co = 1. 

Then 75 = b\co + c\bo = b\ + 25cj, so 25 divides b\. Hence —100 = b^co + 
b\c\ + boc 2 = b 2 4* b\c\ + 25cj, so 25 divides b 2 . Continuing in this way, we 
find that 25 also divides £3 and £4. However 16, the leading coefficient of fix), 
is given by 

16 = b^c\ -f &3C2 + bici + b\C4 (*) 

(since j < 5, k < 5), and 25 does not divide 16. Therefore Case 1 is impossible. 
Case 2: bo = 5, co = 5. 

Then 75 = 5 b\ + 5cj, -100 = 5Z?2 + b\c\ + 5c2. The first of these equalities 
tells us that if either b\ or c\ is divisible by 5 then both are divisible by 5. By the 
second equality, 5 divides b\ c\ . Hence 5 divides both b\ and c\ . 

Similarly, we have 50 = 5b$ -f t> 2 C\ -\-b\c 2 4* 5c3 and — 125 = 5b^ -f b?>c\ + 
b 2 C 2 + b\C 2 4- 5Z74. Exactly the same reasoning as before shows that 5 divides b 2 
and C2, again a contradiction with (*), since 5 does not divide 16. 

Solution to 6.11.27: Let fix) = x 3 + x -f 2. A calculation shows that 2 is 
a zero of f(x) over Z3, but 0 and 1 are not. Hence, we get the factorization 
f(x) = ix — 2 )ix 2 + 2x -f 2) = (jc — 2)g(jt). Clearly, 0 and 1 are not roots of 
gix) since they are not roots of fix)\ another calculation shows that 2 is not a 
root of gix). Hence, gix) is irreducible, and the above factorization is the desired 
one. 


Solution to 6.11.28: Let / = x 4 + x 3 4- x + 3. A calculation shows that / has 
no zeros in Z5, so it contains no linear factors. Consider a product of two monic 
quadratics. Now 3 = 3 • 1 = 2 - 4. If / = ix 2 + ax + 1 )ix 2 +bx + 3), then, 
equating coefficients of powers of jc, we get a+b = 1, 4+ab = 0 and 3a+b = 1. 
This equation has no solutions in Z5. If / = (jc 2 + ax 4* 2)(jc 2 + bx -f- 4), then 
a + b — l,l+fl& = 0 and 4cz + 2b = 1. This equation has no solutions in Z5. 
Thus x 4 4- x 3 + x + 3 is irreducible in Z$[x]. 



Solution to 6.11.29: 1 . There are five distinct monic irreducible polynomials of 
degree 1: x, x 4* 1, x 4- 2, x 4* 3, x 4* 4. Multiplying these in pairs we obtain 
reducible monic polynomials of type p 2 or type p\p 2 with p\ p 2 - There are 
5 4- (2) = 15 distinct reducible monic polynomials of degree 2. The number of 
monic polynomials x 2 4- ax 4- b is 25. Therefore there are 10 monic irreducible 
polynomials of degree 2. 

2. There are 5 monic irreducible polynomials of degree 1 denoted p, and 10 of 
degree 2 denoted q. A reducible polynomial of degree 3 has the form p 3 (5 of 
these), or p 2 p2 (5 x 4 = 20 of these), or P1P2P3 ((3) = 10 of these), or pq 
(5 x 10 = 50 of these). There are 5 3 = 125 monic polynomials* 3 +ax 2 +bx+c 
of degree 3. Thus there are 125 — 85 = 40 monic irreducible polynomials of 
degree 3. 

Solution to 6.1130: * 4 4- 1 = (* 2 +l) 2 — 2x 2 = (* 2 — V2*4* l)(x 2 +\/2*+l). 
Thus, x 4 4- 1 is reducible over the real numbers. 

The above expression is the irreducible factorization of x 4 4* 1 over R. The 
irreducible factorization over Q can be obtained from this by suitably grouping 
factors and can only be x 4 4* 1 itself. Thus x 4 4- 1 is irreducible over the rationals. 

The field F16 has characteristic 2; that is, 1 + 1 = 0. Thus x 4 4* 1 = (x + l) 4 
is reducible over Fi6- 

Solution to 6.1131: In this solution we use the fact that a polynomial of degree 
2 or 3 is reducible over a field iff it has a root there. 

Decomposing x 4 — 4: 

• over R, we have 

x 4 -4 = (x- V2)(x + V2)C* 2 + 2), 

where at 2 + 2 is irreducible. 

• over Z, we have 

x 2 — 4 = (x 2 — 2)(* 2 4* 2) 
where both x 2 — 2 and x 2 4- 2 are irreducible. 

• over Z3, we have 

x 4 — 4 = x 4 — 1 = (* — 1)(* 3 4* x 2 4- x 4- 1) = {x — 1)(* 4- 1)(* 2 4* 1) 

and x 2 4- 1 is irreducible. 

Decomposing x 3 — 2: 

• over R, we have 

x 3 — 2 = (* - y/2)(x 2 4* V2x 4- 3ft) 
and x 2 4- 3/2 x 4- 3ft is irreducible. 



• over Z, x 3 — 2 has no roots, and is irreducible. 

• over Z3, we have 

x 3 -2 = x 3 + 1 = (x + 1)(x 2 -x + 1) = (x+1)(x + 1)(x + 1) = (x + 1) 3 . 


Solution to 6.11.32: Suppose, to the contrary, that x p - a has nontrivial fac- 
tors fix ) and g(x) in F[jt]. Let K be a splitting field of x p — a. Then, in K, 
there are elements a\, ... ,a p such that x p — a = (x — a\) • • * (x — a p ). We 
may assume without loss of generality that f(x) = (x — fli) • • • (x — fl*) and 
g(x) = (x - ak+\) • • •(* - a p ). Therefore, A = fli • • -fljt = ±/(0) and 
B — a/c+i • • -a p = dbg (0) are both elements of F. Further, since the fly’s are 
zoos of x p —a, a ? = a for all j. Hence, A p — a k and B p = a p ~ k . Since k and 
p are relatively prime, there exist integers x and y such that kx + py = L Let 
r = — y and s = x + y. Then A y /B r is an element of F and 



a kxArpy = am 


Hence, a is a p th power, contradicting our assumptions. Therefore, x p — a must 
be irreducible over F. 


Solution to 6.11.33: Suppose g ( jc) (or h(x)) is not irreducible. Then x 4 + 1 has 
a linear factor and, hence, a zero. In other words, there is an element a eZ p with 
a 4 = —1. It follows that a 8 = 1, and since a 4 / 1 (p is odd), a has order 8 in the 
multiplicative group Z* of the field with p elements. But Z* is a group of order 
p — 1 s 2 (mod 4), so 8 cannot divide p — 1, and we have a contradiction. 

Solution to 6.11.34: Let deg f — n. Then the collection of all real polynomials 
of deg < n — 1 is an m-dimensional vector space. Hence, any collection of n + 1 
polynomials of degree O - 1 is linearly dependent. By the Euclidean Algorithm 
[Her75, p. 155], we have 

x 2 ° = qo(x)f(x) + ro(x) with deg ro < n 

x 21 = q\ (x)f(x) + r\(x) with deg r\ <n 

— q, j (x) fix) + r n {x) with deg r n < n. 

The polynomials ro, . . . , r n are linearly dependent, so, for some at e M, we have 

Y^Uinix) =0. 


Therefore, 


and f(x)\p(x). 


p(x) = = /Cx)£«i®(x) 



Solution to 6.11.35: Fix f e R \ F of least degree n, say. Choose polynomials 
/l , fit • . . . fn - 1 in R such that deg fj == j (mod n) and such that each fj is 
of least degree with this property, 1 <7 < n — 1 , if such a polynomial exists, 
otherwise take fj = 0. Let /„ = /. We will prove that R = F[/i , / 2 , . . . , /„]. 
Suppose not, and fix g € R \ F[/i , fz t . . . , / w ] of least degree, and suppose 
de g 8 — j (mod n). For some k ^ 0, deg g — deg (f„fj). Hence, g - af*fj is 
of lower degree than g for some a € F, and, by the minimality of g, must lie in 
F(/i , f2, ■■■, fn)- However, this implies that g e F[/i , / 2 , as well. 


6.12 Fields and Their Extensions 


Solution to 6.12.1: Since the 2 x 2 matrices over a field form a ring, to show that 
R is a commutative ring with 1 it suffices to show that it is closed under addition 
and multiplication, commutative with respect to multiplication, and contains /. 
The first and the last are obvious, and the second follows almost as quickly from 

( a —b\fc —d\_/ac — bd —ad — bc\ _(c —d\(a — b\ 

b a ) y/ c) + be ac — bd)~\d c a ) ' 

The inverse of a nonzero element in R is given by 


a 2 +b 2 \-b a) 

which lies in R provided that a 2 + b 2 ^ 0. If F = Q , then a 2 + b 2 > 0 for a and 
b not both equal to 0; hence, every nonzero element of R has an inverse, so R is a 
field. If F = C , then the matrix 



has no inverse since i 2 + 1 2 = 0. Therefore, in this case, R is not a field. Similarly, 
if F = Z 5 , we have that 2 2 + l 2 = 0, so there exists a noninvertible matrix in 
R and so R is not a field. Finally, if F = Z 7 , the equation a 2 + b 2 = 0 has no 
nonzero solutions, so every nonzero element of R has an inverse and R is a field. 

Solution to 6.12.2: Let R be a finite integral domain. Let 0 ^ b e R and enumer- 
ate the elements of R by c \ , C 2 . . . , c n . Since R, has no zero divisors, cancellation 
shows that the elements bci are distinct. Since there are n of them, it follows that 
there is an element c , 0 such that ba 0 = 1. Hence, c , 0 is the inverse of b and we 
are done. 

Solution to 6.12.3: Since a and b are algebraic over F, there exist integers n 
and m such that [F(a) : F] = n and [F(fr) : F] = m. Because b is algebraic 



over F, it must also be algebraic over T = F (a) of degree, at most, m. Hence, 
[T(6) : F(a)] < m, which implies 

[T (b) : F] = [T(6) : F(a)][F(a) : FJ < nm. 

Therefore, T {b) is a finite extension of F. T (b) contains a + b and so contains 
F (a +b)\ the latter must, therefore, be a finite extension ofF, soa+b is algebraic 

over F. 

Solution to 6.12.4: From the fact that the group is finite, we can see that all ele- 
ments are in the unit circle, otherwise consecutive powers would make an infinite 
sequence. 

All elements of the group are roots of unity (maybe of different degrees), since 
a high enough power will end up in 1 (the order of an element always divides 
the order of the group). We will prove that they are all roots of unity of the same 
degree. Let a be the element with smallest positive argument (arga € (0, 27 t)). 
We will show that this element generates the whole group. Suppose that there is 
an element (5 that is not in the group generated by a. There is a p € N such that 

arga p < arg£ < aiga p+1 


therefore. 


aigOfo* p ) < arga 

which contradicts the minimality of arga. We conclude then that the group is 
generated by a. See also the Solution to Problem 6.12.5. 


Solution to 6.12.5: Let G be a finite subgroup of F* of order n. By the Structure 
Theorem for finite abelian groups [Her75, p. 109), there are integers 
m\ \m 2 \ • * • \rrik such that G is isomorphic to Z mi x • • • x Z mk . To show that G is 
cyclic, it suffices to show that m* = n. Suppose that m* < n. From the structure 
of G we know that g mk = 1 for every g € G. Hence, the polynomial x mk — 1 
has n roots, contradicting the fact that a polynomial over a field has no more roots 
than its degree. Hence, m* = n and G is cyclic. 


Solution to 6.12.6: Let K+ denote the additive group of K. By the Structure 
Theorem on finitely generated abelian groups (Her75, p. 109], K + = Z" ® f, 
where n ^ 0 and T is a finite abelian group. Then 2K+ = (2Z) n 0 (2 T). If 
n > 0, then 2K is an ideal of K not equal to (0) or K, but this contradicts the 
assumption that K is a field. Thus n = 0, and K = T is finite. 

Solution to 6.12.7: Since jc 3 — 2 is irreducible over Q [jc], (x 3 - 2) is a maximal 
ideal in <Q> [x\, so F = Q (*)/ (x 3 — 2) is a field. Using the relationship x 3 = 2, 
we get that every element of F can be written in the form a + bx + cx 2 , where 
a,b,c eQ. Further, such a representation is unique, since otherwise we could 
find a, b, c e Q , not all 0, with a + bx cx 2 = 0. On pulling back to Q [*], we 
find that x 3 - 2 divides a +bx+ cx 2 , a contradiction. 



Consider the map ip : F -* F given by (p{a) = a if a e Q , and <p{?/ 2) = x. 
Since (y/2) 3 — 2 and x 3 — 2 this extends to a ring epimorphism in the obvious 
way. It is also one-to-one, since if p(a+b\/2+cffi) = Othen a+bx +cx 2 = 0, 
so a — b = c = 0. Hence, F is the isomorphic image of a field, and it is field. 

Further, by the isomorphism we see that every element can be expressed 
uniquely in the desired form. In particular, (1 — Z/2)(— 1 — yfl — tyA) = 1. 

Solution to 6.12.8: Consider the ring homomorphism <p : Z — ► F that satisfies 
<p( 1) = 1. Since F is finite, ker (p ^ 0. Since F is a field, it has characteristic p, 
where p is a prime number. Hence, ker <p contains the ideal (p), which is maximal. 
Therefore, ker <p = (p), and the image of Z is a subfield of F isomorphic to Z p . 
Identify Z p with this subfield. Then F is a vector space over Z p , and it must be 
of finite dimension since F is finite. Let dimF = r. A counting argument shows 
that F has p r elements. 

Solution to 6.12.9: Let a be any element of K. Then L contains a 2 and (« a + l) 2 , 
hence it contains 

(a + l) 2 — a 2 — 1 = 2a . 


Since 2 ^ 0, L contains a. 

If K is the finite field of order 2 n , then the multiplicative group of K is cyclic 
of order 2 n — 1, an odd number. The homomorphism a h-* a 2 on this group has 
a trivial kernel, hence it is surjective, therefore, every element of K is a square. In 
this case, then, L = K. 

To obtain a field of characteristic 2 in which the equality L = K can fail, 
consider K = F 2 (jc), the field of rational functions with coefficients in F 2 , the 
field of order 2. For r(x) in F 2 (jc) we have r(x) 2 = r(x 2 ), so that the subfield 
L = {r(jc 2 > 1 r(x) € K} is the desired counterexample. 

Solution to 6.12.10: Since F has characteristic p, it contains a subfield isomorphic 
to Z p , which we identify with Z p . For j e Z p , ce+j is an element of F(a). Using 
the identity ( a -f j) p = a p 4- j p , we get 

f(ct + j) = aP-a + 3 + j*-j=0. 

Therefore, / has p roots in F(a), which are clearly distinct. 

Solution to 6.12.11: The polynomial x 10 -2 is irreducible over Q , by Eisenstein’s 
Criterion. Hence 

Q (v^) = Q [x]/(x 10 - 2) 

has degree 10 over Q . 

Let ip be an automorphism of K. It is well known that ip acts like the identity 
on Q . Let a — %/2. Then a and —a are the only roots of* 10 — 2 in M and hence 
in K. Therefore, either tp(a) = a or tp(a) = -a. In the first case ip is the identity. 
It is easy to see that p(a) p(-a) (p € Q [*]) defines an automorphism of K. 
Thus, K has exactly two automorphisms. 



Solution to 6.12.12: Notice that Q [x] is an Euclidean domain, so the ideal (/, g) 
is generated by a single polynomial, h say. / and g have a common root if and 
only if that root is also a root of h. We can use the Euclidean Algorithm to find 
h — x 2 + 3x -f 1 , which has roots —3/2 dt V5/2. Therefore, / and g have exactly 
two common roots, both in Q (V5 ). 

Solution to 6.12.13: Let x be an element of F that is not in Q . Then x satisfies an 
equation ax 2 4- bx 4- c = 0 with a, b, and c e Q . Completing the square, we see 

that (x 4* §) 2 € Q , whereas (x 4- § ) £ Q . Let % — (x 4- f ). As £ 2 € Q , we can 

write it as ^m, where c, d, m € Z and m is square free (i.e., m has no multiple 

prime factors). As F = Q (£) = Q (f£)* we S et 311 isomorphism F — ► Q (^/m) 

by sending r 4- s ) to r 4- Sy/m. The uniqueness of m follows from the fact 
that the elements of F that are not in Q but whose squares are in Q are those of 
the form k% for some nonzero k eQ. 

Solution to 6.12.14: Let pj = 2, p 2 = 3, ...» be the prime numbers and 
F i = Q (y/pi). Claim: The fields Fj are pairwise nonisomorphic. Indeed, if F,- 
were isomorphic to F ), then there would exist r e Ky such that r 2 = p t . Write 
such an r in the form 


r = a 4- by/p] a, b 6 Q . 

Then 

= a 2 4- b 2 pj 4- labyfpj — p- t 

if and only if ab — 0. Therefore, either pi — c 2 or pj = c 2 for some c € Q , 
which contradicts the primality of pi and pj . 

Solution to 6.12.15: 


/ 0 ^ . . 0Y 
I cos - -f i sm - ) 
V 3 3 ) 


cos sin 0 


6 6 

=> 3 sin - — 4sin 3 - = sin 0 
=>• Eq D Fq 


All the possibilities can occur. For example 


dim^ E e = 1 if 0 = - 

2 

dim/?* E$ = 2 if 0 = n 

dim Fe E e = 3 if 0 = — 

6 

Ita the last example, 4x 3 - 3x + 1/2 or 8* 3 - 6x + lis irreducible because ±1, 
rtl/2, il/4, and ±1/8 are not roots of the above polynomial. 



Solution to 6.12.16: We first prove, using the Induction Principle [MH93, p. 7], 
that there are n algebraically independent ([BML97, p. 73]) real numbers. The 
case n = 1 is obvious. Suppose a i , . . . , a n -\ are algebraically independent. Then 
Q(ori , . . . , cxn-i) is countable, and so is the the set of numbers algebraic over it. 

Let a n be transcendent over Q(«i a n _i). Then clearly a \ , . . . , a n -\ , a n are 

independent too. 

Let ^ : Q(fi , . . . , t n ) -> R be defined by 

p(t \ , . . . , tn) ^ i • * • * of/?) 

q (ti» • • « • f/i) q (n?i , • . . , cin) 

yjr is clearly a homomorphism. If 

pi (ai , . . . , an) _ p2(ofi....,« n ) 

q\(ci\ a n ) qiioci a „ ) 

then (p\q2 — qip\)(au ...» oc n ) = 0 and the independence of the a’s gives 
Pl/qi = Pl/qi, so yjf is injective, therefore it is an isomorphism over its range. 

Solution to 6.12.18: WeTl show that K[f fl , t b ] is a unique factorization domain, 
UFD for short, if and only if one of a and b divides the other. Let d = gcd(a, b), 
a! = aid and b' = b/d. Then K[r fl , t b ] is the image of K [u a \ u b> ] under the 
injective K-algebra homomorphism K[m] -> K[f ] mapping u to t d , so we may 
reduce to the case that gcd(a, b) = 1. If a = 1 or b = 1, then K[t a , t b ] = K[I] is a 
UFD. It remains to show that if a, b > 1 and gcd(a, b) — 1, then K[/°, t b ] is not 
a UFD. 

First we show that t a is an irreducible element of K[f°, t b ]. Since t is an irre- 
ducible element of the UFD K[f] with unit group K*, the only ways to factor t a 
into non units of K[f ] are as t a ~ m ) for some c € K* and 0 < m < a. But 

m and a— m cannot both be nonnegative integer combinations of a and b (they 
would have to be positive multiples of b, and their sum then could not be a ), so 
ct m and c~ l t a ~ m cannot both lie in K[f°, t b ). Thus t a is irreducible in K[f°, t b ]. 
Similarly t b is irreducible in K[/°, t b ]. Moreover t a and t b are not associate in 
K[r°, t b ] because even in K[/] it is not true that each of them divides the other. 
Now t ab can be factored in K[r°, t b ] either as (t a ) b or as (t b ) a , violating unique 
factorization. 

As an alternative to the argument in the previous paragraph, one could note that 
since gcd (a , b) = 1 , there exist r, s € Z with ra -f sb = 1 , so the fraction field 
of K[t a , t b ] (viewed as a subfield of K(/)) contains t — (t a ) r (t b ) s , even though 
K[t a , t b ] obviously does not contain t if a, b > 1. But t is integral over K[r°, t b ] 
because it satisfies the polynomial equation x a — t a = 0. Hence K[/°, t b ] is not 
integrally closed (in its fraction field). UFD’s are integrally closed, so K[f°, t b ] is 
not a UFD. 

Solution to 6.12.19: 1. A 2 x 2 matrix over F is invertible if and only if the 
first column is nonzero and the second is not a F-multiple of the first. This gives 
|F| 2 — 1 = p 2n — 1 possibilities for the first column of an invertible matrix, and, 



given the first column, |F| 2 — |F| — p 2n —p n for the second, hence the result. See 
also Problem 7.1.3 for a more general solution. 

2. The map F -> G sending a to “ ) is easily checked to be an injective group 
homomorphism. Its image is a subgroup S of G that is isomorphic to the additive 
group of F and that, consequently, has order p n . By 1., this is the largest power of 
p dividing the order of G. Hence, S is, in fact, a p-S ylow subgroup of G. Since all 
p-Sylow subgroups of a finite group are conjugate (and hence isomorphic), this 
implies the result. 

Solution to 6.12.20: Assume g e GL n (¥ p ) has order p k , and let m(x) be the 

minimal polynomial of g — 1. By Fermat’s Little Theorem [Sta89, p. 80), [Her75, 

£ £ 

p. 44), ( x — l) p =x p — l (mod p), and iteration gives (x — l) p = x p — 1 (mod 
p) for all positive integers 1. Since g pk — 1=0, also (g — l)^ = 0, so m(x) 

divides ( x — l)* 7 *. By the same token, m(x) does not divide (x — l) p * _1 . Therefore 
m{x) = (x — 1 y with p k ~ x < y < p k . But j = deg m(x) < n, so the desired 
inequality follows. 

For the other direction, assume first p k ~ l < n < p k . Let g be the n x n matrix 
with 1 in each position on the main diagonal and immediately above the main 
diagonal, 0 elsewhere. Then g — 1 is nilpotent of index n, so 

0=(g-l/=g^-l, 

It follows that the order of g divides p k but does not divide p k ~ l , so it must equal 

p k . 

Finally, if n > p k y we can get a g of order p k by taking the direct sum of the 
preceding g (corresponding to n = p k ) and an identity matrix of size (n ~ p k ) x 
(n - p k ). 


Solution to 6.12.21: 1 . We can write down the general commutator: 


( 


a 

0 


b\(c d\(a - 1 -b\(c~' -d\ 

a / \0 c 1 ) y 0 o j \ 0 c ) 

_ (ac ad + bc~ l \ ( a~ l c~ l -a~ l d-bc 
\ 0 a~ x c~ x ) \ ( 

-c 


0 

= ( 1 -cd - abc 2 + a 2 cd *f ab\ 
0 1 ) 


) 


The upper-right entry can be rewritten as ab( 1 - c 2 ) - cd{\ - a 2 ). This is 0 if 
F is the field of two or the field of three elements. Otherwise we can take d = 0 
and c such that 1 —c 2 ^0. Then, by suitably choosing a and b, we can make 
the upper-right entry equal any element of F. Conclusion: the commutators are 
the matrices ( 0 J) with x in F, except in case F is the field of two or the field of 
three elements, in which case the identity is the only commutator. In either case, 
the commutators form a group, which is the commutator subgroup. 



2. Except in the trivial cases p = 2 or 3, k = 1, the commutator subgroup is 
isomorphic to the additive group of F, which is a vector space of dimension k 
over the field of p elements. The fewest number of generators is thus k. 

Solution to 6.12.22: The zero element of F p obviously has a unique square root 
and a unique cube root. Let F* denote the multiplicative group of nonzero ele- 
ments of F p . It is a cyclic group of order p — 1. Since p — 1 is even, the homo- 
morphism x — ► x 2 of F* into itself has a kernel of order 2, which means that its 
range has order (p - l)/2. There are, thus, 1 + (/? - l)/2 elements of F p with 
square roots. 

If p — 1 is not divisible by 3, the homomoiphism x x 3 of F£ into itself has 
a trivial kernel, and so every element of F p has a cube root. If 3 divides p — 1 , 
then the preceding homomorphism has a kernel of order 3, so its range has order 
{p — l)/3. In this case, there are 1 -f (/? — l)/3 elements of F p with cube roots. 

Solution to 6.12.23: All functions are polynomials. A polynomial with the value 
1 at 0 and 0 elsewhere is p(x) = 1 — x q ~ l ; from this one, we can construct any 
function by considering sums £ fi • p(x — x,*). Thus, there are q q such functions, 
and that many polynomials. Another way is to observe that all polynomials of 
degree, at most, q ~ l define nonzero functions unless the polynomial is the zero 
polynomial. 

Solution to 6.12.24: Let K be that subfield. The homomorphism of multiplicative 
groups F* K* sending x to x 3 has a kernel of order, at most, 3, so |K*| ^ 
|F*|/3, that is, (|F| — 1)/(|K| — 1) < 3. Also, if the extension degree [F : K] 
equals n, then n ^ 2, so |F| = JK| n ^ |K| 2 , and (|F| - 1)/(|K| - 1) ^ |K| + 1, 
with equality if and only if n = 2. Thus, 3 ^ |K| -f 1, which gives |Kj = 2, n = 2, 
and |F| = 2 2 = 4. 

Solution to 6.12.25: As A has dimension at least 2 as a vector space over € , 
it contains an element a which is not in the subspace spanned by the identity 
element 1 e A. Since A has finite dimension over C , there exists a complex 
number A. such that ( a — Xl)x = 0 for some nonzero x e A. Let 3 be the ideal 
generated by b = a — A.1, and 3 = {x e A | bx = 0} the annihilator of b. We have 
302 — {0} since all the elements of 303 have zero square. As the dimensions of 
3 and 3 add up to the dimension of A we must have A = 3 © 3 as vector spaces 
over C . Since 3 and 3 are ideals in A, A = 3 © 3 as rings. Let 1 = e -f / with 
e € 3 and f e 3- Then e 2 = e, f 2 = f and neither of them is zero or 1 . 

Solution to 6.12.26: Suppose that A* has order 5. We have —1 = 1 in A, 
since otherwise A* would have even order. Hence we have a homomoiphism 
<p : F2M -► A sending x to a generator of A*. The kernel of <p is generated 
by a polynomial dividing x 5 — 1 in F2M, but not dividing x — 1, since the image 
ofx is not l.Nowx 5 — 1 = (x—l)(x 4 -fx 3 -fx 2 +x+l), and the latter is irreducible 
over F2, since otherwise it would have a factor of degree ^ 2, and F2 or F4 would 
contain a nontrivial fifth root of unity. Hence ker (p equals (x 4 -F x 3 + x 2 + x + 1 ) 



or ((* _ i )(* 4 + x 3 + x 2 + x _j_ i)) and ^ contains a subring B = F 2 [x]/ker 0 > 
isomorphic to F 24 or F 2 x F 24 . In either case, |B*| = 15, a contradiction. 

Solution to 6.12.27: The relations imply ab + ba = 1 . In particular a ^ 0 £ b. 
Multiplying the equality ab + ba — X (from either side) by a gives aba = a , so 
ab 0 j=- ba. Multiplying the same equality by b gives bab — b. The three- 
equalities ab+ba - 1 , aba - a , bob = b, imply that the four elements a, b, 
ab , ba generate R as a vector space over K. It is asserted that these four elements 
are linearly independent. In fact, suppose w, v, w, x are in K and 

ua + vb + wab -f xba = 0. 

Multiplying on the right by b, we get uab + xb = 0. Multiply this on the left 
by # to get xab = 0, whence x = 0. Thus aab = 0, whence u = 0. Similarly 
v = it; =2 0. Thus ft has dimension 4 over K. 

Let T be the quotient of the noncommutative ring K[X, Y] by the two-sided 
ideal generated by X 2 , Y 2 and (X 4- Y) 2 - 1. It follows from the above that T has 
dimension 4 and maps onto ft, hence is isomorphic to ft. 

Nowlet;4=^Q ^andft=^ Then A 2 = B 2 = Oand (A-j-B) 2 = 

1 and the matrices A y B, AB, BA span A/ 2 (K). It follows from the above that 
M 2 ( K) ^T~ft. 


6.13 Elementary Number Theory 


Solution to 6.13.1: Let the six people be Aline, Ana, Laura, Lucia, Manuel, and 
Stephanie. Fix one of them, Manuel, say. The five girls form two sets: X (Manuel’s 
friends) and Y (the others). By the Pigeonhole Principle [Her75, p. 127], one of 
these sets has cardinality at least 3. Suppose it is X that contains at least three 
elements, say {Aline, Laura, Stephanie) c X. If Aline, Laura, and Stephanie are 
pairwise strangers, we are done. Otherwise, two of them are friends of each other, 
Stephanie and Aline, say. Then Manuel, Aline, and Stephanie are mutual friends. 
If the set with three or more elements is Y, a similar argument leads to the same 
conclusion. 

Solution to 6.13.2: Suppose not. Changing signs, if necessary, we may assume 
that M > 0 where M is the maximum of the u m>n 's. Define the set 

A = {(m, n ) | u m , n = M) C {2, 3, . . . , N - 1) x {2, 3, . . . , M - 1) . 

and choose (m, n) € A withm minimal. Since (m — 1 , n) & A, we have 
1 1 

^(«m-l,/i +«m,«+l) < -f* M + M + M) = M = , 


which contradicts the relation. 



Solution to 6.13.3: There are (3) possibilities for the range, so the answer is 
ION, where N is the number of surjective functions from {1 , 2, 3, 4, 5} to a given 
3-element set. The total number of functions {1, 2 , . . . , 5} -> {1, 2, 3} is 3 5 , from 
which we subtract (2) (the number of 2-element subsets of {1, 2 , 3}) times 2 5 
(the number of functions mapping into that subset), but then (according to the 
Principle of Inclusion-Exclusion) we must add back (]) (the number of functions 
mapping into a 1-element subset of {1, 2, 3}). Thus 

N = 3 5 - (2) 2 5 + 0) l 5 = 150 
and the answer is 10 N = 1500. 


Solution to 6.13.5: Let x = 0.a\a2 ... in base 3. If aj = 1 for some j, choose 
the smallest such j , and define 

x~ — 0 .cnci 2 . . . a j— 1022222 . . . , x+ = 0.fljfl2 • • . fl/—i 200000 . . . 

These are the numbers from the Cantor set closest to x. Then /(*_) = / (*+) so 
/ is constant on [x_, x+]. 

It suffices then to prove the inequality forjc = 2J a fi~ J > y = 2J bj3~ J with 
aj , bj € {0, 2). Let J* be the smallest j with aj £ bj. Then — y\ > 3~ J *. On 
the other hand, we have, 


i m - m = 



< E 2_; =2-2-^. 

)>j. 


Combining, we obtain, 

| m - f(y)\ < 2 • 2->- < 2 (3-^) <l082)/(l083> < 2|* - y|0<*WC<*3 ) . 


Solution to 6.13.6: If a = 0, the congruence has the trivial solution x = 0. For 
1 ^ a < p — 1, if x 2 s a (mod /?), we have 

( p — x) 2 — p 2 — 2xp + r 2 sfl (mod p) 

so, for a ^ 0, there are two solutions of the quadratic congruence in each com- 
plete set of residues mod p. We conclude, then, that the total number is 
l + (p-l)/2=(p + l)/2. 

Solution to 6.13.7: By Fermat’s Little Theorem [Sta89, p. 80], [Her75, p. 44], 
we have, raising both sides of the congruence — 1 = x 2 (mod p) to the power 

C P ~ DA 

(-l)V = x p -' = 1 (mod p) 
which implies that (p - l)/2 is even, and the result follows. 



Solution to 6.13.8: Let f{n) = 2 n 4 -n 2 . It suffices to show that f{n) is composite 
if n s i (mod 6) for i # 3. If n is even, then f{n) is an even number larger 
than 2, a composite. Let n = 6k 4* 1 for some integer k . We have 

f(n ) = 2 6k+1 4- 36k 2 4- 12k 4- 1 
bb (-\) 6k 2 + 1 
s 0 (mod 3) , 

so /(«), being a multiple of 3 larger than 3, is a composite. For n = 4- 5 we 

get 

/(n) = 2 6 * +5 + 36 ft 2 + 60* + 25 
s(-1) 6 ‘2 5 + 25 
= 57 

= 0 (mod 3) , 


and again f(n) is composite. 

Solution to 6.13.9: 1. See the Solution to Part 1 of Problem 6.1.4. 

2. The congruence ka s 1 (mod n) is equivalent to the equation ka — mn 4- 1 
for some integer m. As all integer linear combinations of k and n are multiples of 
gcd {k, n], the first congruence has a solution iff gcd {k, n) = 1 . 

3. Let (p be Eulers totient function [Sta89, p. 77], [Her75, p. 43]. As (p is multi- 
plicative, we have 

(p{n) = <p(p)<p(q) ~(p~ 1 ){q - 1 ). 

Solution to 6.13.10: Let p(t) = 3 1 3 4- 10 1 2 — 3/ and n/m € Q ; gcd{n, m) = 1. 
We can assume m £ ±1. If p(n/m ) = k e Q , then m\3 and n\k. Therefore, we 
have m = ±3. 

Suppose m — 3. We have 

This expression represents an integer exactly when n 2 4- 10n — n(n + 10) = 0 
(mod 9). As gcd{n, 3} = 1, this means n 4- 10 s 0 (mod 9), that is, n s 8 
(mod 9). 

A similar argument for the case m = -3 shows that the numbers n /(-3) with 
n = 1 (mod 9) produce integer values in p. 

Solution to 6.13.11: 

/l/2\ __ (|)(f-l>- (^- (n-l)) _ (-1)"- 1 • 3 • 5 • • • (2n — 1) 

V « ) n\ 


(- 1)"" 1 _‘ 2 ' 3 ‘ 4 ' 5 --' 2 ii (- l )”- 1 


2 n n\ 
2 n\ 



Solution to 6 . 13 . 12 : 

vides n \ is given by 


A counting argument shows that the power of 2 which di- 



where |*J denotes the largest integer less than or equal to x. Since c n 
to show that c n is even it suffices to show that 


(2ft)? 

(ft!) 2 ’ 



Suppose 2 r < ft < 2 r+1 . For k ^ r, there is an r*, 0 < r* < 1, such that 


ft 




+ r k 


or 


so 


2/i 

2 * 



4- 2r* 



and equality holds if and only if ft is a power of 2. For k — r 4- 1, we have that 
[ft/2 r+I J = 0 while [2ft/2 r+1 J = 1 . Finally, for k > r, the terms in both sums 
are 0. Hence, we see that the above inequality holds. Further, we see that the left 
side is 2 or more greater than the right side (i.e., c n is divisible by 4) if and only n 
is not a power of 2. 


Solution to 6.13.13: We may assume that n > 3. Converting the sum into a single 
fraction, we get 

ft !/l +ft!/2H |-ft!/ft 

ft! 

Let r be such that 2 r jft! but 2 r+l does not divide ft!, and s be such that 2 s is the 
largest power of 2 less than or equal to n. Since n > 3, r > 5 > 0. The only 
integer in 1, . . . , ft, divisible by 2 s is 2 s . Hence, for 1 ^ k ^ w, n\Jk is divisible 
by 2 r ~ s , and eveiy tom except 1 is divisible by 2 r ~ s+i . So 

ft !/l +ft!/2H hft!/ft _ 2 r ~ x (2j + 1) 2/4-1 

ft! ” 2 r k 2 s k 

for some integers j and k. The numerator is odd and the denominator is even, so 
this fraction is never an integer. 

Solution 2. Let ft ^ 4. The Bertrand’s Postulate asserts that there is at least one 
prime number in the interval (ft/2, ft], [HW79, Chap. 22]. Let p be the largest 
such prime. Converting the sum into a single fraction, as above, we get 

ft !/l 4“ ft!/ 2 4“ • • • 4" ft !/ft 



Clearly p divides the denominator and all summands in the numerator except 
n)/p, since p > nj 2. 


Solution to 6.13.14: Recall that if p \ . P 2 . • • • is the sequence of prime numbers 
and x = n pf and y = n P? • we have 


Let 


gcdli, y) = fl yl™* 6 '™ 1 1cm fy, y) = n v't 

«-n pt »-iv «-rw 


max{£/,7?/} 


we have 


gcd{a, lem [b, c}} = f[ p?" 

^max{min{a,- ,/3, } ,min{a; , y,- } } 

= 1cm {gcd{n , b }, gcd{a, <?}} . 


Solution to 6.13.15: There are nine prime numbers < 25: 

p\ = 2, P2 - 3, P3 = 5, PA- 7, P5 - 11, 

pe =13, pi — 17, p8 = 19, p9 = 23. 

By unique factorization, for each 1 ^ a ^ 25 there is an integer sequence 
v(a) = (vj(a))j =l with a = Pj j(a) - The 10 sequences € Q 9 must be 
linearly dependent, so 

10 

2>i<«>=o 

i=i 

for all j, for some rational numbers «/ which are not all 0. Multiplying by a 
common multiple of the denominators, we can assume that the nj *s are integers. 
So 

10 9 —.in 

i=i i=t 

as required. 

Solution to 6.13.16: Denote the given number by n and let n = a 13 . By counting 
digits, we see that n < 10 26 , so a < 100. As 8 13 = 7934527488, we have 
80 13 < n and a > 80. Note that n = 9 (mod 10). The integers c < 10 such that 
c k == 9 (mod 10) for some k are 3, 7 and 9. But 3 4 == 7 4 = 9 4 == 1 (mod 10) 
and 13 = 3 • 4 + 1, so c 13 = c 3 ' 4 c sc = 9 (mod 10) so c = 9. Hence, a = 89 
or a = 99. As 3 does not divide n, 3 does not divide a. Hence, a = 89. 

Solution to 6.13.17: Since 17 = 7 (mod 10), 

A = 7 17 * 7 (mod 10). 



Since (7, 10) = 1, we can apply Euler’s Theorem [Sta89, p. 80], [Her75, p. 43]: 

7 v(10) s 1 (mod 10). 

The numbers k such that 1 < k < 10 and ( k , 10) = 1 are precisely 1, 3, 7, and 9, 
so p(10) = 4. Now 17 = 1 (mod 4), so 17 17 == 1 (mod 4). Thus, 

7 17 ’ 7 = 7 i ==7 (mod 10) 
and the rightmost decimal digit of A is 7. 

Solution to 6.13.18: As 23 = 3 (mod 10), it suffices to find 3 2323 (mod 10). 
We have <p(10) = 4, where <p is the Euler’s totient function, and, by Euler’s The- 
orem [Sta89, p. 80], [Her75, p. 43], 3 r = 3 5 (mod 10) when r = s (mod 4). 

So we will find 23 2323 (mod 4). We have 23 = 3 (mod 4), so 23 2323 = 3 2323 
(mod 4). As —1 =3 (mod 4), 3 2323 = (— I ) 2323 = —1 (mod 4), because 

23 23 is odd. Hence, 23 2323 = 3 (mod 4), and 3 2323 == 3 3 = 7 (mod 10). 
Solution to 6.13.19: Let 

No = {0, 1] U {4,5,6} U {11, 12,13, 14, 15} U-.. 

Ni = {2, 3} U {7, 8, 9, 10} U {16, 17, 18, 19, 20,21} U--- 

We have 

N o nNi = 0, NoUN\=Z+ 
and, clearly, neither can contain an arithmetic progression. 

Solution to 6.13.20: Consider the ring Since a > 1, (a, a k — 1) = 1, so 

a € Z*, t_ r Further, it is clear that k is the least integer such that a k = 1 (mod 

a k — 1), so k is the order of a in Z**_ r Hence, by Lagrange’s Theorem [Her75, 

p. 41], k divides the order of the group which is <p(a k — 1). 

Solution to 6.13.21: Let N be the desired greatest common divisor. By Fermat’s 
Little Theorem [Sta89, p. 80], [Her75, p. 44], we have 

n 13 s ( n 6 ) 2 n == (n 3 ) 2 ti == n 4 = n 2 =s= n (mod 2). 

Hence, 2|(/i 13 — n) for all rt, so 2\N. An identical calculation shows that p\N 
for p e {3, 5, 7, 13}. Since these are all prime, their product, 2730, divides N. 
However, 2 13 — 2 = 8190 = 3 • 2730, so N is either 2730 or 3 • 2730. As 
3 13 — 3 = 3(3 12 — 1) is not divisible by 9, N = 2730. 


Solution to 6.13.22: Let 


« __ „kn 

n- p x p 2 ••• Pn 


be the factorization into a product of prime powers (pi < P2 < * * • < Pn) for n. 
The positive integer divisors of n are then the numbers 

P\ 1 P2 * ‘ * Pn tt 0 <7 ^ kj. 



It follows that d(n) is the number of r-tuples (71 » 72, • • • , 7r) satisfying the pre- 
ceding conditions. In other words, 

d(ri) = (&i 4- 1)02 4- 1) * * * 0« 4- 1), 

which is odd iff each &,* is even; in other words, iff n is a perfect square. 

Solution to 6.13.23: Only 2 and 8 do not have the required property. This can be 

« 

proved in four steps as follows. 

1. If the last digit of n is 0 or 5, every power of n has the same last digit, so in 
particular n n does. Hence 0 and 5 have the required property. 

2. Suppose n is even and not divisible by 5. Then n n is even and, by Fermat’s 
Little Theorem [Sta89, p. 80], [Her75, p. 44], n n mod 5 is determined by n 
mod 5 and n mod 4. By the Chinese Remainder Theorem (Sta89, p. 72] (n 
mod 5, n mod 4) can be any pair in {1 , 2, 3, 4} x {0, 2], so n n can be 1 or 

4 mod 5, and n n has last digit 6 or 4. 

3. Suppose n is odd and not divisible by 5. Then n n is odd, and n n mod 5 is 
determined by (n mod 5, n mod 4) in {1 , 2, 3, 4} x {1 , 3}. Therefore n n mod 

5 can be anything in {1 , 2, 3, 4), and n n has last digit 1, 7, 3, or 9. 

4. Finally, each of the values 0,1, 3, 4,5 ,6,7,9 occurs infinitely often, since the 
arguments above show that n n mod 10 has period 20. 

Solution 2. Let n — n mod 10 denote the last digit of n. If n = 10 m+k with 

0 < k < 9, then 

n" = W = k l0m + k . 

For fi xed k , we get a sequence as m increases. Each term is the image under 

x h* k l0 x of the previous term, so once a value in the sequence is repeated, 
we canpredict the rest of the sequence, which will be periodic. After computing 

ak = & and bk = k 10 for k up to 9, we can immediately write down, for each k , 

the sequence that starts with a k (or 10 10 if k = 0) and then iteratively multiply by 
b k and reduce modulo 10: 


10>°, 20 20 , . . . 

= 0,0,0,0,0,0,... 

S' 

II 

£ 

lMi 11 ,... 

= 1,1, 1,1, 1,1,... 

0 bi = 1) 

22, 12 12 ,... 

= 4, 6, 4, 6, 4, 6, . . . 

= 4) 

3 3 , 13 13 , ... 

= 7, 3,7, 3,7, 3,... 

(*>3 = 9) 

4 4 , 14 14 , . . . 

= 6, 6, 6, 6, 6, 6, . . . 

04 = 6) 

5 5 , 15 15 , ... 

= 5,5, 5, 5, 5, 5,... 

05 = 5) 

6 6 , 16 16 , ... 

= 6, 6, 6, 6, 6, 6, . . . 

S 5 

Os 

II 

e 



7 7 , 17 17 , . . . = 3, 7, 3, 7,3, 7,... 


07 = 9) 

08 = 4 ) 

09 = 1 ) 


8 8 , 18 18 , ... = 6, 4, 6, 4, 6,4,... 

9®, 19^, . . . = 9, 9, 9, 9, 9,9,... 

Thus 0, 1,3, 4, 5, 6, 7, 9 occur infinitely often as n n , and 2, 8 do not occur at all. 

Solution to 6.13.24: We need to count the number of solutions of x 3 = 1 in 
the ring Z/y. By the Chinese Remainder Theorem [Sta89, p. 72], Z/v is isomor- 
phic, as a ring, to n p e{2,3,5,7,li,i3} Hence the total number of solutions is 

rip€{2,3,5,7,ii,i3} n p » w h ere n p is the number of solutions of * 3 = 1 in each Z p . 
On the other hand n p is the number of elements of order dividing 3 in the multi- 
plicative group (Z p )*. Since (Z p )* is cyclic of order p — 1, we have n p = 3 if 3 
divides p — 1, and 1 otherwise. Therefore, the answer is 

«2«3rt5rt7Wlini3 = l*l-l‘3-l-3 = 9. 




7 

Linear Algebra 


7.1 Vector Spaces 


Solution to 7.1.1: 1. Is sufficient. The evaluation map that assigns to each polyno- 
mial its value at 1 is a nonzero linear functional on the linear space of polynomials 
of degree at most 4. Like all such functionals, its null space, having codimension 

1, has dimension 3. The four polynomials being in that 3 dimensional null space 
are therefore a dependent set. 

2. Is not sufficient. The four polynomials 1, 1 + x, 1 4- * 2 , 1 + x 3 form a coun- 
terexample. 

Solution to 7 . 1 . 2 : Following by induction on k, we can easily see that the function 
is a linear combination of the mn functions /MgO‘) for 0 ^ i < n, 0 ^ j < 
m, with constant coefficients. Hence, the mn 4- 1 functions . . . , F^ mn ^ are 
linearly dependent over C. 

Solution to 7.1.3: 1. Every element of V can be uniquely written in the form 

a\v\ -| b a n v n > where the i>/*s form a basis of V and the af s are elements of 

F. Since F has q elements it follows that V has q n elements. 

2. A matrix A in GL n (F) is nonsingular if and only if its columns are linearly 
independent vectors in F". Therefore, the first column A\ can be any nonzero 
vector in F K , so there are q n — 1 possibilities. Once the first column is cho- 
sen, the second column, A 2 , can be any vector which is not a multiple of the 
first, that is, A 2 5 ^ cA\, where c e F, leaving q n — q choices for A 2 . In gen- 
eral, the i th column At can be any vector which cannot be written in the form 



i t • 

d A\ -f C 2 A 2 H 1- c/_i Ai - 1 where cj € F. Hence, there are q n — q‘~ l possi- 

bilities for Ai . By multiplying these together we see that the order of GL n (F) is 
then ( q n - 1 ){q n — #)•••(#”“ q n ~ *)• 

3. The determinant clearly induces a homomorphism from GL n (F) onto the mul- 
tiplicative group F*, which has q - 1 elements. The kernel of the homomorphism 
is SL„( F), and the cosets with respect to this kernel are the elements of GL n { F) 
which have the same determinant. Since all cosets of a group must have the same 
order, it follows that the order of SL„( F) is J GL n (F)|/(# — 1). 

Solution to 7.1.4: Suppose v 6 Vis nonzero. Let S v = {A e EndV | Av = v). 
Choose w e V so that {v, iu} is a basis. With respect to this basis, S v corresponds 
to the matrices of the form (q£) with a,b € F, so #S V = q 2 . We have S v = 
if v and v' are F-multiples of each other, and otherwise S v D = {/}, since if 
an endomorphism fixes a basis, it is the identity. There are (q 2 — 1 )/{q — 1) = 
q - hi nonzero vectors in V modulo the action of F*, so the total number of 
endomorphisms fixing some nonzero vector is (q + 1 )q 2 — q, where the —q is 
there to avoid counting the identity q -f 1 times. Thus the answer is q 3 + q 2 — q. 

Solution 2. We are asked for the set of endomorphisms having 1 as an eigenvalue. 
There is a bijection between this set and the set of endomorphisms of determinant 
zero, taking A to A — /. Therefore we need to count the number of solutions to 
ad — bc = 0 with a, b,c,d e F. 

The number of solutions with a ^ 0 is (q — l)q 2 , since for each choice of 
a € F* and b,c € F, solving the equation for d yields a unique solution. The 
number of solutions with a = 0 equals q(2q — 1), since d is arbitrary, and there 
are 2q — 1 pairs {b, c) with b = 0 or c = 0 (there are q with b = 0, and q 
with c — 0, but (b, c ) = (0, 0) has been double counted). Thus the answer is 
(q - \)q 2 +q(2q - 1) = q 3 +q 2 - q. 

Solution to 7.1.5: If p is prime then the order of GL 2 (^p) is the number of 
ordered bases of a two-dimensional vector space over the field Z p> namely 
(P 2 - 1)(P 2 - P), as in the solution to Part 2 of Problem 7.1.3 above. 

A square matrix A over is invertible when det(A) is invertible modulo p n , 
which happens exactly when det(A) is not a multiple of p. Let p{A) denote the 
matrix over 7L p obtained from A by reducing all its entries modulo p. We have 
det(p(A» s det(i4) (mod p), thus 

A€GL 2 (Zpn) iff p(A) €GL 2 (Z p ), 
giving a surjective homomorphism 

p : GL 2 {Zp») GL 2 (Z p ) . 

The kernel of p is composed of the 2x2 matrices that reduce to the Identity 
modulo p so the diagonal entries come from the set {1 , p -1- 1 , 2p +1 , . . . , p n - 

P + 1) the off-diagonal are drawn from the set that reduce to 0 modulo p, 
that is, {0, p, 2p, . . . , p n — p). Both sets have cardinality p n ~ ] , so the order of 



the kernel is (p n ~ 1 ) 4 , and order of GL 2 (Z p ) is 

p 4n ~ 4 (p 2 - l)(p 2 - p) = p 4 " -3 (p - l)(/7 2 - 1). 


Solution to 7.1.6: The multiplicative group F£« of the field of p n elements is 
cyclic; let g be a generator. Then the map T : Fp* F p » sending x to gx is 
an F ^-linear map acting as a single cycle on the nonzero elements of Fpn . The 
matrix of T with respect to a basis for F p n over F p has the desired property. 

Solution to 7.1.7: Let F = {0, 1, a, b). Hie lines through the origin can have 
slopes 0, 1, a, b, or oo, so S has cardinality 5. Let L s be the line through the 
origin with slope y. Suppose y € G fixes all these lines, to be specific say 



Then 


yLo = Lq 


implies that 


y(U0y = (x,z)' = (c,0)' 


for some c^O. Thus, z = 0. Similarly, the invariance of Loo implies y = 0 and 
of L\ implies x = w. Then det(y) = x 2 = 1 and since F has characteristic 2, we 
must have x — 1 and y is the identity. 


Solution to 7.1.8: 1. F[x] is a ring under polynomial addition and multiplication 
because F is a ring. The other three axioms of vector addition - associativity, 
uniqueness of the zero, and inverse - are trivial to verify; as for scalar multiplica- 
tion, there is a unit (same as in F) and all four axioms are trivial to verify, making 
it a vector field. 

2. To see this, observe that the set {1 , x, x 2 > . . . , x n ] form a basis for this space, 
because any linear combination will be zero, if and only if, all coefficients are 
zero, by looking at the degree on both sides. 

3. An argument as above shows that 


aol + a\ (x — a) H \-a n (x -a) n = 0 


only if the coefficients are all zero. 

Solution to 7.1.9: For any two finite-dimensional subspaces X and y, 

dim(X + y ) + dim(X OY) = dim(X) + dim(y ) , 

which you get by applying the Rank-Nullity Theorem [HK61, p, 71] to the quo- 
tient map X (X + Y)/Y (in this case the dimension of the kernel of the map 



is dim(X fl y), and the dimension of the range is dim(X + Y) - dim(y». Thus, 

dim (l/) + dim(V) + dim(W) - dim(t/ + V + W) 

= dim(l/) + dim(V) - dim (1/ -f V) + dim((£/ + V) 0 W» 

^ dim(L0 + dim(V) - dimtf/ + V) 

= dim(lf n V ) 

Observe that it is not true for subspaees of a vector space (U 4- V) fl W = 
(t/ n W) + (v n w). 

Solution to 7.1.10: Let y denote the given intersection. Then Y is a subspace of V 
and, clearly, W C Y. Suppose that there exists a nonzero vector v e Y\W. Since v 
is not in W, a set consisting of v and a basis for W is linearly independent. Extend 
this to a basis of V, and let Z be the (n — l)-dimensional subspace obtained by 
omitting v from this basis. Then W C Z, so Z is a term in the intersection used to 
define Y . However, v is not in Z, so v cannot be an element of Y, a contradiction. 
Hence, Y c W and we are done. 

Solution to 7.1.11: We use the Induction Principle [MH93, p. 7] on the dimension 
of V. If dim V = 1, the only proper subspace is {0}, so V is clearly not the union 
of a finite number of proper subspaces. 

Now suppose the result is true for dimension n — 1 and that there is a V, 

dim V = n y with 

k 

v = U w t , 

i=l 

where we may assume dim Wi = n — 1, 1 < i < k. Suppose that there existed a 
subspace W of V of dimension n — 1 which was not equal to any of the W/’s. We 
have 

n 

iv = (Jov n Wt). 

1=1 

But dim(W fl W/X n — 2, and this contradicts our induction hypothesis. 

Therefore, to complete the proof, it remains to show that such a subspace 
W exists. Fix a basis x \, . . . , x n of V. For each a € F, a 0, consider the 
(n — l)-dimensional subspace given by 

W a — {a\x\ H \- a n x n | a\ + • • • -f- a n -\ + aa n = 0}. 

Any two of these subspaces intersect in a subspace of dimension, at most, n- 2, 

so they are distinct. Since there are infinitely many of these, because F is infinite, 
we can find W as desired. 

Solution 2. Suppose that V = After discarding superfluous V/’s, we 

may assume that 


v / U Vi ‘ for 311 1 ^ i‘o ^ k. 

«#«'o 



Then k ^ 2, and there must be vectors v \ , V 2 in V such that 

(1) «i e Vi \ (J V f and (2) «2 6V 2 \(JVj. 

*V= 1 

Let (x s ) be sequence of distinct, nonzero elements of the field. Then, for each s , 
the vector u s = t>i 4* x s V 2 does not lie in V\ U V 2 (if u s e V\, then 
V2 = (m.v - V\)/X s e Vu contradicting (1); similarly, u s £ V 2 .) It follows that, for 
all s, u s € Ui-^ 1,2 Vi- Since the vectors u s are all distinct, it follows that, for some 
s ?4 s' and i ^ 1, 2 , u s and u s > lie in V/. But then V2 — («.? —u s >)/(x s —x s >) e V/, 
contradicting ( 2 ). Hence, V $4 Vi- 

Solution to 7.1.12: Note first that if A and B are matrices and C is an invertible 
matrix, then 


AB = BA iff C~ l ACC~ l BC = C~ 1 BCC~ 1 AC. 


Also, if D \ , . . . , D n are linearly independent matrices, so are the matrices 
C~ l £>iC, . . . , C~ l D n C. We may then assume that A is in Jordan Canonical 
Form [HK61, p. 247]. 


A direct calculation shows that if A = 


(a 1 
♦ 

... 0\ 

• 

• 

• 

<0 

» 

• 

1 

*/ 


is a k x k Jordan 


/ bi b2 

block, then A commutes with B = I 

\0 b x 

Therefore, by block multiplication, A commutes with any matrix of the form 



B 1 


B = 


Br 


where the B r ’s have the form of B and the same dimension as the Jordan blocks 
of A. Since there are n variables in B, dim C(A) > n. 

Solution to 7.1.13: tr (AB — BA) = 0, so S is contained in the kernel of the 
trace. Since the trace is a linear transformation from Af„ X nO&) = M ” 2 onto E, its 
kernel must have dimension, at most, n 2 — 1 . Therefore, it suffices to show that S 
contains n 2 — 1 linearly independent matrices. 

Let Mij denote the matrix with a 1 in the (i, j) th coordinate and 0 ’s elsewhere. 
A calculation shows that for i $4 7 , Mij = MikMkj — MkjMik » so Mjj is in S. 
Similarly, for 2 < j < n, M\\ — Mjj — M\jMj\ — Mj\M\j. Together, these 
n 2 — \ matrices are clearly a linearly independent set. 



Solution to 7.1.14: Let f, g € S and let r and s be scalars. Then, for any v € A, 
(rf 4* sg)(u) = f(rv) +g(sv) € A, since A is a vector subspace and / and g fix 
A. Similarly rf 4- sg fixes B, so rf + sg € S and S is a vector space. 

To determine the dimension of S, it suffices to determine the dimension of the 
space of matrices which fix A and B. To choose a basis for V , let A f denote 
a complementary subspace of A H B in A and let B r denote a complementary 
subspace of A fl B in B. Then, since A + B = V, r = a + b — nis the dimension 
of AHA. Further, dim A' = a —r and dim B' — b — r. Take one basis in each of 
the spaces A', B\ and ADB. The union of these bases form a basis for V. Since 
any endomorphism which leaves A and B invariant must also fix A fl /?, its matrix 
in this basis must have the form 


( * * . *\ 

0 * 0 ) 

0 0 */ 

which has, at most, a 2 +b 2 + n 2 —an — bn nonzero entries, so the dimension of 
S is a 2 4- b 2 4* n 2 — an — bn. 

• 

Solution to 7.1.15: Suppose there are scalars such that 

oqx + a\Tx + • • • + akT k x 4- • • • + a m —iT m — l x = 0 
applying T m ~ l to both sides, we get, since TO = 0, 

aoT m -'x +aiT m x + ■ ■ -+a k T m - 1+k x + ■ ■ ■ + a m -iT m ~ l+m - t x = 0 


SO 

aoT m -'x = 0 

and co = 0. By the Induction Principle [MH93, p. 7] (multiplying by T m ~ k ~ l ) 
we see that all a* = 0 and the set is linearly independent. 

Solution to 7.1.16: We may assume cc\ < • • • < ct n . Suppose that there are 
constants c \ , . . . , c n such thatci^ a,r *+• • • • 4* c n e ant = 0. If not all the coefficients 
vanish, we have, without loss of generality, c n ^ 0. Thus, 

cie (otl ~ an)t h 4 - c n == 0 . 

Letting t oo, and noting that e (ctl ~ an)t 0 for 1 < i < n - 1 , we get c n = 0, 
a contradiction. 

Solution 2. This proof is by induction. Let P(n) denote the statement that for all 

distinct real numbers a u . . . , a„, the functions <?«■', .... are linearly inde- 
pendent. 

Then P(l) is true since e a]t 0. 

Assume P(n) is true for some fixed n Js 1, and let «i «„ + , be « + 1 

distinct real numbers. Suppose for scalars A f , lit" 1 ' H + A„ + 1 e“»+i ' = 0 



Then A.j +X 2 e^ lt 4 A. rt +i e^ n+lt a 0, where fij = a y - — of], y = 2 , . . . , n 4- 1 

are distinct nonzero real numbers. Differentiating with respect to /, we obtain 

^fheP 2 * H b X n+ ifi n+ ieP n+lt = 0. By the induction hypothesis, Xj fij — 0 

for j = 2, . . . , n 4- 1. Thus Xj = 0 , j = 2, . . . , n 4- 1. Substituting in the first 
equation above gives X\ = 0, proving P(n + 1). 

Solution to 7.1.17: Let P be the change of basis matrix from (ai) to (pi). 
A straightforward calculation shows that I 4- 2P is the matrix taking («/) to 
(0/ 4- 2b/). Now (/ 4- 2P)v = A.v implies that Pv = 5 (A. — l)v. So if A. is 

an eigenvalue of / 4- 2 P, then ^(A. — 1) is an eigenvalue of P, and they corre- 
spond to the same eigenvectors. The reverse also holds, so there is a one-to-one 
correspondence between the eigenvalues of P and those of I + 2 P. As (a/) and 
(pi) are orthonormal bases, P is orthogonal and therefore, all the eigenvalues of 
P are ±1. But this implies that the only possible eigenvalues of I 4- 2P are 3 and 
—1. Hence, 0 is not an eigenvalue of / +2P, so it is an invertible matrix and, thus, 
(ai 4- 2b/) is a basis. Further, det P = (— 1)“ 1 ^, where a and are the algebraic 
multiplicities of —1 and 1 as eigenvalues of P. Thus, det(7 4- 2 P) = (— 1)“3^. 
Since we are given that det P > 0, a is even and, thus, det(/ 4 - 2 P) is positive as 
well. Therefore, (a/ 4* 2b/) has the same orientation as (ai). 


12 Rank and Determinants 


Solution to 7.2.1: 1 . Let A = (a//), and Ri denote the i !h row of A. Let r, 
1 ^ r ^ m > be the row rank of A, and 5/ = (b;i , . . . , b/„), 1 ^ i ^ r, be a basis 
for the row space. The rows are linear combinations of the Si* s: 

r 

Ri — fc / j Sj , 1 ^ i ^ m . 

7=1 


For 1 ^ ^ w, isolating the / /A coordinate of each of these equations gives 


«i/ = fcnbi/ 4 hfclrbr/ 

02/ = felbl! 4 h p2rbrl 


a ml — kmlbll H F kmrbrl- 

Hence, for 1 ^ ^ n the I th column of A, C/, is given by the equation 

7=1 

where Kj is the column vector (k\j y fc my )' . Hence, the space spanned by the 
columns of A is also spanned by the r vectors Kj , so its dimension is less than or 



equal to r. Therefore, the column rank of A is less than or equal to its row rank. 
In exactly the same way, we can show the reverse inequality, so the two are equal. 

2. Using Gaussian elimination we get the matrix 

/I 0 3 — 2\ 

0 1-44 
0 0 2 0 

0 0 0 2 

\0 0 0 0 / 

so the four columns of M are linearly independent. 

3. If a set of rows of M is linearly independent over K, then clearly it is also 
independent over F, so the rank of M over K is, at most, the rank of M over 
F; but looking at the Gaussian elimination process one can see that it involves 
operations in the sub-field only, so the rank over both fields is the same. 

Solution to 7.2.2: Let v be a nonzero right null vector of A and u a left null 
vector of A such that u • v = 0. Since A is diagonalizable, we can choose a basis 
{t>i , i>2, • • • , v n ) of R n consisting of eigenvectors of A. Since the null space of A 
has dimension 1, one of these basis vectors is a multiple of v, so we can assume 
i>i = v. Let Xj be the eigenvalue corresponding to Vj , j = 2, . . . , n. Then kj ^ 0, 
and for j > 1, 

uvj = — u(Avj) — (uA)Vj = 0. 

kj kj 

Hence u is orthogonal to each of the basis vectors vi , . . . , so u = 0. 

Solution to 7.23: As A 1 AV c A* V, it is sufficient to prove that dim A 1 A V = 
dim A 1 V. We know that rankA = dim(Im A) and that 

dim(Im A) + dim(ker A) — n 

Similar formulas hold for A* A. Therefore, it is enough to show that ker A and 
ker A 1 A have the same dimension. In fact, they are equal. Clearly, ker A c ker A 1 A. 
Conversely, take any v e ker A' A. Then 

0 = ( A'Av, v) — (Au, An), 

so || Av || = 0. Hence, v € ker A and we are done. 

Solution to 7.2.4: Since 1 — P — Q is invertible, P has the same rank as 

/"(l - P - Q) = P - P 2 - PQ = -PQ. 

Similarly, Q has the same rank as 

(1 - P - Q)Q = Q - PQ - Q 2 = -PQ, 
so P and Q have the same rank. 



Solution to 7.2.5: The upper k x k square minor A(k, k) of A(m, n) is the Van- 
dermonde matrix, which determinant is Tlo^i<j<kO “0* If k^ p, this determi- 
nant is not zero (mod p)> which shows that rankA(m> n) > min{m, n, p). Now 
if A(m , n) has at most p distinct columns (mod p), so rankA(m, n) < p. Since 
rankA(n, n ) ^ min{«, m}, we have rankA(m , n) = min{/n, n, p). 

Solution to 7.2.6: Let V = K n t and consider the two quotient spaces AV / A 2 V 
and A 2 V/A 3 V. The first has dimension rankA — rankA 2 , and the second has 
dimension rankA 2 — rankA 3 . The matrix A induces a linear transformation of 
AV/A 2 V onto A 2 V/A 3 V, so dim(A 2 V/A 3 V) < dim (AV/A 2 V), as desired. 

Solution to 7.2.7: 1 . and 2. Since T is symmetric it is diagonalizable, so R" can 
be written as the direct sum of the eigenspaces of T. It suffices to show that any 
eigenspace has dimension, at most, 1. For if this is the case, then the kernel has 
dimension, at most, 1, and, by the Rank-Nullity Theorem [HK61, p. 71], T has 
rank at least n — 1 , and there must be n distinct eigenspaces, so there are n distinct 
eigenvalues associated with them. 

Let k € R, and consider the system of equations Tx = kx. The first equation 
is a\x\ 4- b\X 2 = kx\. Since b\ 0, we can solve for *2 in terms of x\. Suppose 

that we can solve the first i — 1 equations for *2 xi in terms of x\. Then, since 

bi 0, we can solve the i th equation b/_ + a/jc/ -f h/x / + 1 = kxj for jcj+i in 

terms of^i . Therefore, by the Induction Principle [MH93, p. 7], we can solve the 
first n — 1 equations for * 2 , • • • > x n in terms of x \ . 

The last equation, b n - \x n -\ + a n x n = kx n , is either consistent with this or 
is not. If not, A. is not an eigenvalue; if it is, then k is an eigenvalue and we 
have one degree of freedom in determining eigenvectors. Hence, in either case 
the associated eigenspace has dimension, at most, 1 and we are done. 

Solution 2. 1. The submatrix one obtains by deleting the first row and the first 
column is upper-triangular with nonzero diagonal entries, so its determinant is 
nonzero. Thus, the first n — 1 columns of T are linearly independent. 

2. By the Spectral Theorem [HK61, p. 335], [Str93, p. 235], R" has a basis con- 
sisting of eigenvectors of T. If k is an eigenvalue of 7, then T—kl has rank n — 1 
by Part 1, so ker(7 — kl) has dimension 1. Since the eigenspaces span R" and 
each has dimension 1, there must be n of them. 

Solution to 7.2.9: I. Write the characteristic polynomial of A, det(A — kl ), as 

(— l) r A, r + ciA, r ” 1 H H c r . Since the entries of A are integers, each c* is an 

integer, and c r = det A. If A. is an integer eigenvalue, then det(A — nl) = 0, so 


detA = (-ly-V + cin r 1 -I + c r -in 


showing that n divides det A. 

2. Under the given hypotheses, n is an eigenvalue with eigenvector (1,1,..., 1)', 
so Part 1 applies. 



Solution to 7.2.10: Since A has rank n - 1 it has n - 1 linearly independent rows, 
and the remaining row is a linear combination of those n - 1 . Interchanging rows 
and corresponding columns of A, we can assume without loss of generality that 
rows 1 through n - 1 of A are linearly independent. Thus, there are real numbers 
ci , . . . , c n -i such that, letting a jk denote the entries of A, we have 


n— 1 

Gf jjjj == ^ ] Cj G jk , k — \ W 
7=1 

It is asserted that the matrix obtained from 4 by deletion of its last row and column 
has rank n — 1. Assume not. Then there are real numbers b\ , . . . , b n -\ , not all 0, 
such that 

n— 1 

y : bj ajic — 0, k = 1, ... ,n — 1 . (**) 

7=1 

By (*) and the symmetry of A, 


n— 1 




a jn ~ ^2 Ck a J k * 

7 = l,...,n. 



k= 1 


Hence 

n~ 1 

n—i n- 1 

n—l n— 1 




= b j a J k = 0 • 


7=1 

7=1 k= 1 

*=1 y=I 


i.e., (**) also holds for k = n, contradicting the linear independence of the first 
n — 1 rows of A. 

Solution to 7.2.11: We use the Induction Principle [MH93, p. 32] in the order of 
the matrix. If n = 2, 

■'-(! 2 ) 

which has determinant (x 2 — x\). 

Suppose the result holds for all k < n, and let A be the n x n Vandermonde 
matrix, see the Solution to Problem 7.2.1 1 or [HK61, p. 125]. Treating the inde- 
terminates x \ , . . . , i as constants and expanding the determinant of A along 
the last row, we see that det A is an (n - \) th degree polynomial in jc„, which can 
have, at most, n — 1 roots. If we let x n = x t for 1 < n - 1, A would have two 

identical rows, so det A would equal 0. Hence, the jc, ’s are the roots of det A as a 
polynomial in x n . In other words, there exists a constant c > 0 such that 


n-i 

det A = c (x n — xi). 


i=l 



c is the coefficient of the x" -1 term, which, when we expand the determinant, is 
equal to the determinant of the (rt — 1) x (n — 1) Vandermonde matrix. So, by the 
induction hypothesis, 

1 

det A = Yl - */) “ x ‘) - ~ */)• 

1=1 /> _/ 


Solution to 7.2.12: 1 . As shown in the solution of Problem 7.2. 1 1 , the determinant 
of the matrix is 

nc* ~ 

* * 

i>j 

which is nonzero if the a,- are all different. 

2. The function / given by 


m = i 


i=0 


(* - fl 0 ) • - • (* - flf-lM ~ gf+l) • 
(«i - flo) • • • ifli - <3,-1 >^, (<3/ - <3/ +1 ) 


* (* ~ * ^rt) 

• • (flj — <3„) 


has degree n and takes / (a, ) into Now, if yj/{x) is another such polynomial of 

degree n, the polynomial 

/(*) - f{x) 

has degree n with n 4* 1 different roots (the <3/ ’s), so it has to be the zero polynomial 
and / is unique. 

Solution to 7.2.13: Define the matrix C = A -1 B, one can immediatly see that it 
is also unitary. And we can also verify that A + B — A(I + C). Since A is uni- 
tary, its eigenvalues have absolute value 1. Multiplying them together shows that 
| det AJ = 1 . If are the eigenvalues of C, listed with their multiplicities, 

then |f, -| = 1, so the eigenvalues of / + C are 1 + fi, . . . , 1 + so 


| det(/ 4- C)| = |1 + fit • • • |1 + frtl < 2 • 2 • • -2 = 2 n . 


Hence 

| det(A + £)| = I det AJ| det(/ + C)| < 2 n . 


Solution to 7.2.14: Consider the function v(t) = (1, /, t 2 ). To show that v(t\), 
v(t 2 ) y and v{tf) form a basis for M 3 whenever the ?, ’s are distinct, it will suffice 
to show that the matrix which has these vectors as rows has nonzero determinant. 
But this matrix is 

1 '■ i 
1 <2 4 

1 <3 4 

which is the 3 x 3 Vandermonde matrix, see the Solution to Problem 7.2. 1 1 or 
(HK61, p. 125]. Its determinant is given by 

(*3 — * 2)(*3 — * i)(*2 — fi ) 





which is nonzero whenever the f/’s are distinct. 
Solution to 7.2.15: Let G be the matrix with entries 


Gij — f fi (x)fj (x)dx. 


If the determinant of G vanishes, then G is singular; let a be a nonzero n-vector 
with Ga = 0. Then 



so, since the fi * s are continuous functions, the linear combination Y!> a ifi mus t 
vanish identically. Hence, the set {fi} is linearly dependent on [a, b]. Conversely, 
if {//} is linearly dependent, some fi can be expressed as a linear combination of 
the rest, so some row of G is a linear combination of the rest and G is singular. 

Solution to 7.2.16: Identify M2x2 with M 4 via 



and decompose L into the multiplication of two linear transformations, 


Af2x2 — M 4 


R 4 ~ M2x2 


where L A (X ) = AX and L B {X) = XB. 

The matrices of these two linear transformations on the canonical basis of M 4 


La — 


1 

0 

-1 

0 


0 

1 

0 

-1 


and L b = 


2 0 
1 4 
0 0 
0 0 


0 0 
4 0 


thendetL = detL* -detL* = (9 4-6 + 2(2 + 3)) • (2 - 32) = 2 6 . 5 2 , and to 
compute the trace of L, we only need the diagonal elements of L A • L b , that is, 


trL = 2 + 4 + 6+12 = 24. 


Solution to 7.2.17: Let X = (xij) be any element of M 3 (R). A calculation gives 

( ^11 3XI2/2 X13 \ 

3x2i /2 2x22 3x23/2 I . 

*31 3x 32 /2 x 33 ) 



It follows that the basis matrices Mtj are eigenvectors of T. Taking the product of 
their associated eigenvalues, we get det T = 2(3/2) 4 = 81/8. 

Solution to 7.2.18: Since the minimal polynomial of A splits into distinct linear 
factors, R 3 has a basis {fi , vz, ^ 3 } of eigenvectors of A. Since det A = 32, two 
of those, say i>i and vz, are associated with the eigenvalue 4, and one, V 3 , is asso- 
ciated with the eigenvalue 2. Now consider the nine matrices 1 ^ i, j ^ 3, 
whose 1 column is the vector and whose other columns are zero. Since the 
Vi * s are linearly independent, the matrices Ejj are linearly independent in M 3 x 3 
and form a basis of M 3 X 3 - Further, a calculation shows that AEjj = Ay Ejj , where 
A-i = A -2 = 4 and A 3 = 2. Hence, M 3 X 3 has a basis of eigenvectors of La, so it 
follows that tr La = 6 • 4 4 - 3 • 2 = 30. 

Solution to 7.2.20: We have 

dim range T = dim M 7 X 7 — dimker T — 49 — dim ker T 

so it suffices to find the dimension of ker T\ in other words, the dimension of 
the subspace of matrices that commute with A. Let £+ be the eigenspace of A 
for the eigenvalue 1 and £_ be the eigenspace of A for the eigenvalue — 1 . Then 
R 7 = E+ © E-. A matrix that commutes with A leaves £+ and E- invari- 
ant, so, as linear transformations on R 7 , can be expressed as the direct sum of a 
linear transformation on E+. with a linear transformation on £L. Moreover, any 
matrix that can be so expressed commutes with A. Hence, the space of matri- 
ces that commute with A is isomorphic to M 4 X 4 © M 3 X 3 , and so has dimension 
16 -f 9 = 25. It follows that dim range T = 49 — 25 = 24. 

Solution to 7.2.21: m > n: We write T = 7i 72, where Tz : M nxw -> M nxn 
is defined by T 2 (X) = XB and 2i:M nx „ M mx „ is defined by T\{Y) = AY. 
Since dim M nxm = nm > n 2 — dim M wxn , the transformation T 2 has a non- 
trivial kernel, by the Rank-Nullity Theorem [HK61, p. 71]. Hence, T also has a 
nontrivial kernel and is not invertible. 

m < n: We write T = T 2 Tu where T\ : M nxm -> M mxw is defined by 
T\(X) — AX and Tz : M mxm -> M mxn is defined by r 2 (y) — YB. Now 
we have dirnM rtXm = nm > m 2 - dim M mxmt so T\ has a nontrivial kernel, 
and we conclude as before that T is not invertible. 


7.3 Systems of Equations 


Solution to 7.3.1: Subtracting the first equation from the third we get *1 = * 7 , 
continuing in this fashion subtracting the equation from the (k -Y2) tlt equation 
we obtain 


Xk — Xk+6 for eveiy k 



and we are left with a maximum of six independent parameters in the system. 
Solving the first and second equations, separatedly, we get 

X 5 = -(*1 + X 3 ) 

*6 = ~(X2 + * 4 > 

so four free parameters is all that is required. 

Solution to 7.3.2: 1. Through linear combinations of rows, reduce the system of 
equations to a row-reduced echelon form, that is, a system where: 

• the first nonzero entry in each nonzero row is equal to 1 ; 

• each column which contains the leading nonzero entry of some row has all 
its other entries 0; 

• every row which has all entries 0 occurs below every row that has a nonzero 
entry; 

• if rows 1 , . . . , r are the nonzero rows and if the leading nonzero entry of 
row 1 occurs in column fc/, i = 1, . . . , r, then ki <kz < • • • < k r . 

This new system has a number of nonzero rows r ^ m < n and it is easy to see 
that it has nonzero solution. 

Since the original system is equivalent to the row-reduced one, they have ex- 
actly the same solutions. 

2. Let V be a vector space spanned by m vectors fa, We will show that 

every subset S = {oq , . . . , a n ) of V with n > m vectors is linear dependent. 

Since fa , . . . , p m span V, there are scalars faj in the field F such that 

m 

a i = y ] fa j fa • 

1=1 

For any set of scalar x \ , . . . , x n in F, we have 

n 

x\a\ H 1- x n oc n = ^ ^ x joe j 

1 

n m 

= X J ^ij fa 

j = 1 i=l 

n m 

= J2lL( A u x j)fa 

j = 1 1=1 

Aijxj | Pi . 




Since n > m, the linear systems of equations 

n 

T.AuJCj = 0, l<i<m 
i-l 

has a nontrivial solution so the set is linear dependent, proving the assertion. 

Solution to 733: The answer is yes. Writing the system of linear equations in 
matrix form, we have Ax = 0, where A is an m x n matrix with rational entries. 
Let the column vector x = (*i, . . . , x n ) 1 be a complex solution to this system, 
and let V be the Q -vector space spanned by the Then dim V = p ^ n. 
If yi, . . . , y p € € is a basis of V, then there is a rational n x p matrix B with 
By — x (where y is the column vector (yi, . . . , y P Y)- Substituting this into the 
original equation, we get A By = 0. Since y is composed of basis vectors, this is 
possible only if AB = 0. In particular, every column of B is a rational solution of 
the equation Ax = 0. 


7 .4 Linear Transformations 


Solution to 7.4.1: 1. We need to show that vector addition and scalar multiplica- 
tion are closed in S(E), but this is a trivial verification because if v — S(x) and 
w = S(y) are vectors in S(E), then 

v 4- w = S(x 4- y ) and cv = S(cx ) 


are also in S(E). 

2. If S is not injective, then two different vectors x and y have the same image 
S(x) = S(y) = v, so 

S(x — y) = S(x) - S(y) = v -v = 0 

that is, x - y ^ 0 is a vector in the kernel of S. On the other hand, if S is injective, 
it only takes 0 e E into 0 e F, showing the result. 

3. Assuming that S is injective, the application S~ l : S(E) -+ E is well defined. 
Given av + bw e S(E) with v = S(x) and w — S(y ), we have 

S~ l (av + w) = $ -1 (aS(x) +bS(y)) 

= S~ 1 (S(ax A- by)) 

= ax + by 

= aST\v)+bS~ l { w) 

therefore, 5 -1 is linear. 

Solution to 7.4.2: Let be a basis for kerT and extend it to 

{ai, . . . , a k a n ), a basis of V. We will show that {Tctk+ 1 , .... Ta n } is a 



basis for the range of T. It is obvious they span the range since Taj =0 for 
j < k. Assume 

n 

CiTai = 0 , 

i=k + 1 

which is equivalent to 

T 

that is, a = Y!i=k + 1 Q«i is in the kernel of 7\ We can then write a as 
a = bicii and have 

k n 

Y^ b i a i ~ CiTai- 0, 

i=l 

which implies all c; = 0, and the vectors T a*+i , . . . , Ta n form a basis for the 
range of T. 

Solution to 7.4.3: Applying the Rank-Nullity Theorem [HK61, p. 71] (see Solu- 
tion to Problem 7.4.2) to the map T" It — 1 (x) : T~ l (X) X , we get 

dimr _1 (X) = dimker T\ T -i iX) + dimX , 
but ker T\ t -\ = ker T, so, by the same theorem, we have 

dimker T | r -i (X) = dim V - dim X ^ dim V - dim W. 



Therefore 

dim T~ x (X) > dim V - dim W + dim X . 

Solution 2. Let Q be the projection from W onto the quotient space Z = W/X. 
The linear map QT : V Z has null space T~ 1 (X), therefore 

dim V - dim T ~ 1 (X) = rank ( QT) ^ dim Z = dim W - dim X . 


Solution to 7.4.4: We have A(£(ker(A£») = {0} implying that £(ker(A£)) C 
ker A, so dim Z? (ker ( A Z?) ^ dimker A. Using the Rank-Nullity Theorem [HK61, 
p. 71], we have 

dimker(AS) = dim £(ker(A£» +dimker(S| ker( ^ ) ) 

< dimker A + dim ker B . 


Solution to 7.4.5: Let i>o be a vector in V such that Ai>o ^ 0. By the second 
condition there is a scalar a such that Bvq = aAvQ. 



Suppose v is any vector in V such that Av o and Av are linearly independent. 
By the second condition there are scalars P and y such that Bv = pAv and 
#(vo + v) = yA(vo + v). Then 

(xAv o + fiAV' — yAvo + yAv , 

which by the linear independence of Avq and Av implies that a = p = y. Hence 
Bv = aAv. 

Fix a vector v\ in V such that Av o and Av\ are linearly independent. Suppose 
v is a vector in V such that Av o and Av are linearly dependent, but Av ^ 0. 
Then Av\ and Av are linearly independent, and the reasoning above shows that 
Bv = aAv. 

Suppose finally that v is a nonzero vector in V such that Av — 0. Then A(v 4- 
i>o) and Av\ are linearly independent, so the reasoning above gives B(v + i>o) = 
aA(v + vo) = aAv o, implying that Bv — 0 (since Bv o = aAv^). Thus Bv — 
aAv for all v in V, i.e., B = a A. 

Solution to 7.4.6: Let v \ , . . . , v n be a basis for V such that iq , . . . , v* is a basis 
for W. Then the matrix for L in terms of this basis has the form ^), where M 
is a k x k matrix and N is k x (n — k). It follows that M is the matrix of L\y with 
respect to the basis i>i , . . . , v*. As the matrix of 1 — tL is ( 1 ~q M it follows 
that det(l — tL) = det(l — tM) — det(l — tLw). 

Solution to 7.4.7: The trace of / equals the trace of the restriction f\w plus the 
trace of the induced endomorphism gofV/W. Since / maps V into W, g is zero 
and has trace zero. 

Solution to 7.4.8: Suppose W is a ^-dimensional invariant subspace for T. Any 
basis {ei, . . . , e^} of W extends to a basis of V, {e \ , . . . , e n }. The matrix of T 
with respect to this basis has the form (q p), where B is the matrix of T\w* It 
follows that the characteristic polynomial of T j w is a factor of the characteristic 
polynomial of T, of degree k. 

Conversely, suppose det(a — XI) = f (t)g(t) where /, g € F[/J are both non- 
constant. Then f(A)g(A) = 0, by the Cayley-Hamilton Theorem [HK61, p. 
194], so at least one of / (A), g(A), is singular. Assume /(A) is singular, and 
choose a nonzero vector w € ker /(A). Then the subspace W spanned by 

tu, Tty, ...» T k ~ l w , 

where k = deg /, is invariant under T, nonzero, and has dimension at most 
k <n. 

Solution to 7.4.9: Let f(x) € M[jc] denote the characteristic polynomial of T. If 
f{x) has a nonreal root X, let v e C n be a nonzero eigenvector with eigenvalue 
X; then the 2-dimensional subspace M spanned by the real vectors v + v and 
(v — v)/i will be mapped into itself by T. 



Otherwise all roots of the degree-/* polynomial f(x) are real. If f(x) has two 
distinct real roots r \ , rz, then there exist nonzero eigenvectors t/j and 1/2 with these 
eigenvalues, and we may take M to be the span of v\ and i>2- 
We are left with the case in which / (x) = (x —r) n for some r € M. Let v\ be a 
nonzero eigenvector. Then the characteristic polynomial of the transformation T' 
of M" /(Rv\) induced by T is (x - r ) n ~ l , and there exists a nonzero eigenvector 
v 2 e W/(Rv 1 ) of T\ since n > 1. Choose vz € K n representing vz- Then T 
maps the span M of t>i and 1/2 into itself. 

Solution to 7.4.10: Let V/ = { 1 / € V\ x,(L)(i>) = 0}, for 1 = 1, 2. Clearly, 
each Vjf is a subspace of V with Xii^Wi = 0* To show that V is the direct 
sum of V\ and V 2 , choose polynomials a and b over F for which n/i+hx2=l- 
Thena(L)xi(L)+HL)x 2 (L) = l.Ifv € ^fi^then 1 / = 1-v = a(L)xi(L)+ 
fc(L)X 2 (L)u = a(L ) 0 + h(L)0 = 0, so Ki n V 2 = {0}. If v e V , then by 
the Cayley-Hamilton Theorem [HK61, p. 194], we have x(^) y — 0- Hence, 
1/1 = a(L)xi(L)v is annihilated by X 2 (L) and, therefore, belongs to Vz . Like- 
wise, U 2 = b(L)x 2 (L)v belongs to V\. Since v = vi + i>2» this shows that 
V = Vi + v 2 . 

Solution to 7.4.11: It is sufficient to prove that y & {x) and z & {x, y). Suppose 
that y = Xx for some A G Q. Then z = Ty = Xy = X 2 x, and x + y = Tz = 
X 2 y = X 3 x. Hence x + Xx = X 3 x, (X 3 — X — l)x = 0 and X 3 — X — 1 = 0 since 
x ^ 0. This is a contradiction, since X 3 — X — 1 = 0 has no rational solutions. 
Therefore y & (x). 

Suppose that z = ctx + Py for some a, P € Q. Then 
x + y = Tz=* aTx+pTy = cty+fiz = ay+/*(a* + #y) = afix + (a + /J 2 )y . 
By the independence of jc, y we obtain 

1 = a/J, 1 = a + p 2 . 

Eliminating p yields a 3 —a 2 4- 1 =0. This is a contradiction since a 3 — a 2 + 1 = 0 
has no rational solutions. 

Hence x £ 0, y & {x) and z & (x, y), so x, z are linearly independent. 

Solution to 7.4.14: Since the linear transformation / has rank n — 1 , we know that 
f (M. m ) is an n — 1-dimensional subspace of M. n . Hence, there exist real constants 
X,,...,X„, not all zero, such that 

n 

£^•(.0=0 

1=1 

for all v € W 1 . The X f ’s are unique up to constant multiples. Further, this equation 
determines the subspace: If w e M n satisfies it, then w e f(R m ). 

Now suppose that the X, ’s all have the same sign, or, without loss of generality, 
that they are all nonnegative. Then if there existed v e IT with (v) > 0 for all 
i, we would have 2 fi ( u ) > 0, a contradiction. Hence, there can be no such v. 



Conversely, suppose that two of the A/’s, say Aj and A2, have different signs. 
Let *3 = X4 = • • • = x n = 1, and choose x\ > 0 sufficiently large so that 

*- iXi > 

in 

Then there is a real number *2 > 0 such that 

n 

^ ^ A/ Xj — 0. 

i=l 

But then we know that there exists v e /( E m ) such that f(v) — (*i, . . . , x n ). 
Since each of the */ ’s is positive, we have found the desired point v. 

Solution to 7.4.15: Let ( , ) denote the ordinary inner product. From d(s, t) 2 = 
d(s , 0) 2 -f d(t, 0) 2 — 2(5, t) and the hypothesis, it follows that 

($0(5), (pit)) = (5, t) for all 5, t € S. 

Let V C M" denote the subspace spanned by S, and choose a subset T c S that 
is a basis of V. Clearly, there is a unique linear map / : V -> V that agrees with 
(p on T. Then one has ( f(t ), f(t')) = (r, t') for all t and t ' e T. By bilinearity, it 
follows that (/(t>), f(v')) = (v, v') for all v and v' e V. Taking v = v', one finds 
that f(v) ^ 0 for v ^ 0, so / is injective, and f(V) = V. Taking v = s e S and 
v' = t € T, one finds that 

{ f(s), f(t)) = (5, t) = (^(5), (pit » = (^(5), fit)), 

so f is) — y>(s) is orthogonal to fit) for all t e T, and hence to all of fiV) = V. 
That is, for all s e S, one has fis) — (pis) e V x ; but also fis) — (pis ) e V , so 
f is) — (pis) = 0. This shows that / agrees with <p on S. It now suffices to extend 
/ to a linear map R n -tMP, which one can do by supplementing T to a basis for 
W and defining / arbitrarily on the new basis vectors. 

Solution to 7.4.16: Define Uix) = Tix) - T (0), then ||I/(x) - Uiy)\\ = \\x -y|| 
for all x and y and, in particular, since 0 is a fixed point for U, || U (x) |} = ||x||. 
Squaring the first equality yields 

(t/(x) - Uiy), Uix) - Uiy)) = {x - y, x - y). 


or 


\\Uix)\\ 2 - 2(17 (x), Uiy)) + \\Uiy)\\ 2 = ||x|| 2 - 2(x , y> + ||y || 2 . 

Canceling equal toms gives (17 (x), Uiy)) = (x,y). Expanding the inner prod- 
uct (17 (x +y) — 17 (x) — 17 (y), U ix-\-y)-U ix)-U iy)) and applying this equality 
immediately gives that!/ (x+y)- 17 (x>— 17 (y) = 0. A similar calculation shows 



that U(ax ) - aU(x) = 0. Hence, U is linear, and (U (x), U(y)) = (x, y), so 1/ 
is in fact orthogonal. Letting a = T{ 0) gives the desired decomposition of T. 

Solution 2. An isometry T of M 2 is a bijection R 2 -> 3R 2 which preserves dis- 
tance. Such a map also preserves the inner product, and hence preserves angles. 
Euclidean geometry shows that a point in the plane is specified by its distances 
from any three non-collinear points. Thus an isometry is determined by its images 
of any three non-collinear points. 

The orthogonal linear maps of M 2 correspond to rotations about 0, and re- 
flections in lines through 0. The rotation of M 2 through the angle 6 is the map 
R: z i-> ze ie . The reflection on a line with an angle a with the x-axis is given 
by composing three maps: rotation through —a, reflection in the x-axis, rotation 
through a. These are the maps z ze~ ia , z z, and z »->■ ze ia , respectively. 
Thus reflection in that line is the map S:z «-» ze 2lcl . 

Let T(0) = a. The translation W(x) — x—a is an isometry, and V — W T is an 
isometry that satisfies U( 0) = 0. Now d(U( 1), 0) = d(U( 1), f/(0)) = d(\, 0) = 
1 and also d(U(i ), 0) = 1. Further if U (i) = e w , then, by preservation of angles, 
we see that U ( i ) = dh ie lB . 

First the case U(i) = iU(l). As R : z ze i$ has the same effect as U on 
the non-collinear points 0, 1 , i, we deduce that U is that rotation. Next the case 
U (0 = —it/ (1). Let S: z ze l6 be the reflection in line of slope a —6/2. We 
see that that U agrees with S at 0, 1, i. Thus U is reflection in the line with slope 
6/2. In either case, U is an orthogonal map. 

Finally, as U = WT we have T(x) — W~ l U(x) = a + U (x), where U is an 
orthogonal linear transformation. 

Solution to 7,4.17: We use Complete Induction [MH93, p. 32] on the dimension 
of V. If dim V = 1, then V has a single basis vector f\ 0, so there is x\ € X 
such that f\ (xi) / 0. Hence, the map / f(x\) is the desired isomorphism. 

Now suppose the result is true for dimensions less than n and let dim V — n. 
Fix a basis {f \ , / 2 , . . . , f n ] of V. Then, by the induction hypothesis, there are 
points xi, x 2 , . . . , x„_i such that the map / h* (/(xj), . . . , /(x n _i), 0) is an 
isomorphism of the subspace of V spanned by {/i , f n -\ } onto R n ~ l c M n . 
In particular, the vector (/ n (x i) /„ (x„_i), 0) is a linear combination of the 

basis vectors {(// (xi) fi (x n — i), 0), 1 ^ i ^ n — 1), so there exists a unique 

set of A/’s, 1 ^ i ^ it, such that 

n 

=0, 1 < j < n — L 

i=i 

Suppose there is no point x € X such that the given map is an isomorphism from 
V onto R n . This implies that the set {(/ (xj), . . . , //(x„_ i), f (x)), 1 < i < n) 

is linearly dependent for all x. But because of the uniqueness of the A/ ’s, this, in 
turn, implies that for all x, 

n 

J2 k ifi( x ) = o- 



Hence, the f t ’s are linearly dependent in V , a contradiction. Therefore, such an x 
exists and we are done. 


Solution to 7.4.18: We argue by induction on the dimension of V. 

If dim V = 1 let {gi} be a basis of V. g is not the zero function, therefore we 
have g(*i) ^ 0 for some x\ e X. Thus f\ (jc) = g\{x)/g\ (xi) satisfies the given 
condition. 

Suppose now that for any given subspace W of the vector space of continuous 
real valued functions on X with dim W = n there exists a basis {fi, , f n ) for 
W and points x \ , . . . , x n € X such that fi (xj) = <S zy - . 

Let V be such a subspace with dim V = n + 1. Let {gi , . . . , g n +i } be a basis 
for V, and let W be the subspace spanned by {gi , . . . , g n }. Then there exists a 
basis for W, [h\ % ...,h n ], and points x \ t ... ,x n e X mthhi(xj) = Sy. 

As each hi is a linear combination of elements of the basis {gi , . . . , g„}, the set 
[h \ , . . . , h n > gn+i} is linerly independent, therefore a basis for V. Let 

K + 1 = grt+l - gn+l (*l)^l gn + 1 ( X n )h n , 

then [h \ , . . . , h n , h n +i } is linearly independent and, for each 1 ^ j ^ n, we have 

n 

h n + 1 (*/) = gn+l (.Xj) - ^ 8n+l (X'Mj = g rt+ i (Xj) - g„ + i (Xj) = 0 . 

i=l 

As h n+ 1 is nonzero, there is x n +i e X with h n+ \ ^ 0. We have x n +\ / x\ 
for 1 ^ i < n since h n +i(xi) = 0. Let f n +i = h/ h n +i(x n +i). For 1 < i < n let 

fi = hi - hi (x n+ \ )f n+ 1 so that f (*„+i ) = 0. The set {/i f n +i } is linearly 

independent and satisfies fi(xj) — Sy. 

Solution to 7.4.19: Since the formula holds, irrespective of the values of c*, for 
the polynomials * 2rt+1 , it suffices, by linearity, to restrict to the vector space P^n 
of polynomials of degree, at most, 2 rt. This vector space has dimension 2n + 1 
and the map Pin -> M 2 ** 1 given by p h* (p(-n), p(-n + 1), . . . , p(n )) is an 
isomorphism. As the integral is a linear function on M 2rt+1 , there exist unique real 
numbers c~ n , c~ n +\ , ... ,c n such that 

f i « 

p(x)dx — c kP(k) for all p € P 


We have 


f i fi * 

I p(x)dx = / p(—x)dx = 2_, Ckp(k ) for all p 6 P2n» 

•'-I 


so Cfc = c_* by uniqueness of the cjt, and, therefore, 

/ l n 

p(x)dx = cop(0) + (p(k) -f p(-k)) 


for all p € P 2 n 



Setting p = 1, we find that 


n 


2 = co + 2ck 

k=i 


so, upon eliminating co. 



Ck ( p(k ) + p(-k) - 2p(0» . 


Solution to 7.4.20: Let {vj , t> 2 , . . . , v n } be a basis for R" consisting of eigenvec- 
tors of r, say Tv n = X n v n . Let {mi, m 2 , ...» m„} be the orthonormal basis one 
obtains from {t>i , V 2 , • • • » tyj) by the Gram— Schmidt Procedure [HK61, p. 280], 
Then, for each index k , the vector Uk is a linear combination of i>i , . . . , Vk, say 

Uk = Ck\ V 1 4- Ck2^2 H \r CkkVk • 

Also, each Vk is a linear combination of mi, . . . , m*. (This is guaranteed by the 
Gram-Schmidt Procedure; in fact, {mi, , u k ] is an orthonormal basis for the 
subspace generated by {t>i , . . . , v*}.) We have 

Tuk — Ck\Tv\ + Ck 2 Tv 2 ~\ 1 -CkkTvk 

= CklkiVl + Ck2^2V2 H VCkk^kVk • 

In view of the preceding remark, it follows that Tuk is a linear combination of 
mi, ... , Uk, and, thus, T has upper-triangular matrix in the basis {m i , M 2 , . . . , u n ). 

Solution to 7.4.21: Let dim V = k. Relative to a basis of V, each linear operator 
/ on V is represented by a matrix A over F. The correspondence f \-+ A is a 
ring isomorphism from L(V, V) onto M*( F). Further, / is invertible if, and only 
if, A is invertible. As F is finite, the multiplicative group of invertible matrices 
GLk(F) is a finite group, so each element in GL&(F) has finite order. Thus if P 
is invertible, there is n such that P n = /. 

Solution to 7.4.23: 1 . The characteristic polynomial of T has degree 3 so it has 
at least one real root. The space generated by the eigenvector associated with this 
eigenvalue is invariant under T. 

2. The linear transformation T — XI has rank 0, 1 , or 2. If the rank is 0 then 
T = XI and all subspaces are invariant, if it is 1 then ker(T — XI) will do and 
if it is 2 the image of (T — XI) is the desired subspace. This is equivalent to the 
Jordan Canonical Form [HK61, p. 247] of T being either a diagonal matrix with 
three lxl blocks or with one 1 x 1 and one 2x2 block, in both cases there is a 
2-dimensional invariant subspace. 

Solution to 7.4.24: Since A is symmetric and orthogonal, we have A 2 = I, there- 
fore its minimal polynomial, pa, divides x 2 - 1, which leaves three possibilities: 



• ha = x — 1. In this case A — I. 

• ha — x -f 1. We have A — —I. 

• ha = x 2 — 1. Here we consider two cases. If dimker(A — /) = 2, there is a 
2-dimensional subspace where every vector remains fixed (ker(A — /)), and 
the complement of ker(A— /), ker(A-H), has dimension 1, is perpendicular 
to ker(A — /), since A is orthogonal. In this case we have a reflection about 
ker(A — /). 

If dim ker (A — /) = 1, there is an axis (ker(A — /)) that remains fixed and 
ker(A -f /) has dimension 2. Moreover, since A is orthogonal, ker (A +/) _L 
ker(A — /), hence for x € ker(A 4 - /) we have A(x) = — x, that is, A is a 
rotation by 180° about the axis ker(A — /). 


Solution to 7.4.25: Clearly, both R and S are rotations and so have rank 3. There- 
fore, T, their composition, is a rank 3 operator. In particular, it must have trivial 
kernel. Since T is an operator on R 3 , its characteristic polynomial is of degree 3, 
and so it has a real root. This root is an eigenvalue, which must be nontrivial since 
T has trivial kernel. Hence, the associated eigenspace must contain a line which 
is fixed by T. 

Solution to 7.4.26: Let x = (xj , X 2 , * 3 ) in the standard basis of R 3 . The line join- 
ing the points x and Tx intersects the line containing e at the point 
/ = (e, x)e and is perpendicular to it. We then have Tx = 2 (/ — x)+x = 2/— x, 
or, in the standard basis, Tx — (2{e, x)a —x \ , 2{e , x)b — X 2 , 2(e, x)c—x 3 ). With 
respect to the standard basis for R 3 , the columns of the matrix of T are Te \ , T e 2 , 
and Te 3 . Applying our formula and noting that (e, e\) = a, (e, e2) = b, and 
(e, ej ) = c, we get that the matrix for T is 

( 2a 2 — 1 2 ab 2 ac \ 

Tab 2b 1 -\ 2bc J . 

2ac 2 be 2c 2 - 1 / 


Solution to 7.4.27: Since the minimal polynomial divides the characteristic poly- 
nomial and this last one has degree 3, it follows that the characteristic polynomial 
of T is (t 2 - 1 - l)(r — 10) and the eigenvalues ±i and 10. 

Now T( 1, 1, 1) = X(l, 1, 1) implies that X = 10 because 10 is the unique real 

eigenvalue of T. 

The plane perpendicular to (1, 1, 1) is generated by (1, -1, 0) and -1) 
since these are perpendicular to each other and to (1 , 1 , 1). 

Let 

/1 = (1,1,D 

f 2 = (1, -1,0) A/2 

h = (h 5. -») /y? + ? + 1 = (5. 5. -1) />/§ 



we have Tf\ = lO/i and, for ±i to be the other eigenvalues of T, Tfz = /3,and 

Tfj = -h- 

The matrix of T in the basis {/t , fit /3} — ^ is then 


( 10 0 0 \ 

0 0 1 

0 -1 0 / 

The matrix that transforms the coordinates relative to the basis P into the coordi- 
nates relative to the canonical basis is 

/ 1 1/V2 V6/4 \ 

P = ( 1 -1/V5 V6/4 I 

V 1 0 -V6/2/ 


and a calculation gives 

/ 1/3 1/3 1/3 \ 

P~' = V2/2 -V2/2 0 

\ 2/3 VS 2/3-VS -4/3 VS / 


Therefore, the matrix of T in the canonical basis is 

l 


[T] = P[T]ftP-' = 


10 , 

3 + 3V3 


10 

T 


1 


3V3 

10 , VI 

*3" * 2 


104.1173 

3 + 36 V>5 

10 , 5^3 
T “55" 

10 VI 

1 2 


\ 


10 2 _ 

3 3V3 

10 1 _2_ 

3 + 3V3 
IS , 

3 / 


Solution to 7.4.28: = / so \A\ 2 = 1 and indeed \A\ = 1. Thus also |A r | = 1. 

We have 

|ii-/| = |(A-/)||A‘| = |(ii -I)A ‘ | 

= |/-A'| = |(/-/1 , )'I 

= |/-/l| = (-l) 3 |A-f|; 

hence \A — /| = 0 and there is a nonzero v such that Av — v. 


Solution to 7.4.29: For n = 1,2,..., let P n be the space of polynomials whose 
degrees are, at most, n. The subspaces P n are invariant under E, they increase 
with n, and their union is P. To prove E is invertible (i.e., one-to-one and onto), 
it will suffice to prove that each restriction E\p is invertible. The subspace P n is 


of dimension w -h 1, it has the basis 1, jc, 
matrix of E\p n is 

/ 1 1 0 0 

0 12 0 

0 0 13 

• ■ 

• • ■ ■ 

• ■ ■ • 

0 0 0 0 

\ 0 0 0 0 


% . . . , x n , with respect to which the 

• • • 0 \ 

• •• 0 
... 0 
. 

m * 

» . 

1 n 

0 1 / 



In particular, the matrix is upper-triangular, with 1 at every diagonal entry, so 
its determinant is 1. Thus, E\p n is invertible, as desired. Alternatively, since deg 
Ef = deg /, the kernel of E is trivial, so its restriction to any finite dimensional 
invariant subspace is invertible. 

Solution 2. We can describe E to be / -f D, where / is the identity operator and 
D is the derivative operator, on the vector space of all real polynomials P. For 
any element / of P, there exists n such that D n {f) = 0; namely n = deg p + 1. 

Thus, the inverse of E can be described as / — D •+■ D 2 — D 3 H . 

Specifically, writing elements of P as polynomials in x, we have £ _1 (1) = 1, 
E~ l (x) = x — 1, E~ l (x 2 ) = x 2 — 2x 4- 2, etc. 

Solution to 7.4.30: Given the polynomial tt(x), there are constants a and 
r > 0 and a polynomial cp(x) such that n(x) = x r cp(x) -1- a. If <p(x) ss 0, 
then tc(D ) = a/, it follows that the minimal polynomial of the operator n{D) 
is x — a. If cp{x) is not zero, then for any polynomial / € P„, by the defini- 
tion of D, (tc(D) — a /)(/(*)) = g(x), where g(x) is some polynomial such 
that degg = max(deg/ — r, 0). Hence, letting E = tc(D) — a I , we have 
e ln/r\+l (y) = 0 for all / € P„. (|n/rj denotes the greatest integer less than 
or equal to n/r.) The polynomial f(x) — x n shows that Ln/rJ -f 1 is the minimal 
degree such that this is true. It follows from this that the minimal polynomial of 
7r(D)is(x-fl) l ' l/rJ+1 . 

Solution to 7.431: 1 . Consider the basis {1, x, x 2 , ... , x 10 } for this space of poly- 
nomials of dimension 1 1 . On this basis the operator takes each element into a mul- 
tiple of a previous one, of one degree less, so the diagonal on this basis consist of 
zeroes and trD = 0. 

2. Since D decreases the degree of the polynomial by one, the equation 


Dp(x) = ap(x) 

has no non-trivial solutions for a, and D has only 0 as eigenvalue, the eigenvectors 
being the constant polynomials. 

Now since the 1 1 ^-derivative of any of the polynomials in this space is zero, 
the expression for the exponential of D becomes a finite sum 

n D 2 D 10 

e =I + D + - i - + --- + -joT t 


then any eigenvector p{x) of degree k of e D would have to satisfy 



since p is the only polynomial of degree k in this sum, the eigenvalue a = 1 and 
the summation can be reduced to 




now p f is the only polynomial of degree ft — 1 in the sum so its leading coefficient 
k.ak is zero and the same argument repeated over the lower degrees shows that all 
of them are zero except for the constant one, making it again the only eigenvector. 

Solution to 7.4.32: Let V n be the vector space of polynomials with real coeffi- 
cients and degrees at most n. It is a real vector space of dimension n -f 1 . Define 
the map V : V n -> R” +1 by 

Vp = (p(xo), P& l). • • • . P(*n )) • 


This map is linear, and its null space is trivial because a nonzero polynomial 
in V n cannot vanish at n + 1 distinct points. Hence V is invertible. Define the 
homomorphism <p : R n+1 R by 



( V~ l w)(t)dt 




Being a linear functional (p is induced by a unique vector a — (ao, a \ , . . . , a n ) in 
E' l+1 : 

n 

<p(w) = ^ aj w j . 
i=0 

The numbers ao, a \ , . . . , a n have the required property. 


Solution to 7.4.33: 1 . If p satisfies the equations then it does not have a constant 
sign on Ij 9 j = 1, . . . , n, so p has at least n zeros. If deg pen this implies that 
p is the zero polynomial. 

2. Let P n denote the vector space of real polynomials of degree at most n. Its 
dimension is n + 1. Each Ij defines a functional <pj in the dual space of P n by 

<Pj(p) = / p(x)dx . 

Jlj 

The dual space of P n has dimension n + 1 , so the functionals <p \ , . . . , <p n do not 
span it. Hence there is a nonzero p in P n such that <Pj (p) = 0 for each j, in other 
words, all equations hold. 


7.5 Eigenvalues and Eigenvectors 


Solution to 7.5.1: 1 . The minimal polynomial of M divides 

x 3 - 1 = (x - \){x 2 4- x -t- 1) . 

Since M £ /, the minimal polynomial (and characteristic as well) is 

(*- l)(x 2 +* + 1) 



and the only possible real eigenvalue is 1. 

2 . 

0 

0 cos ?jp 
^0 — sin^ 

Solution to 7.5.2: Suppose such X exists; then the characteristic polynomial for 
X is xx (0 = t n , but this is a contradiction since X 2n ~ i ^ 0 and 2n — 1 > n. 

Solution to 7.5.3: Since A m = 0 for some m, A is a root of the polynomial 
p(x) = x m . By the definition of the minimal polynomial, £M(0|p(r), so 
PA (0 = t k for some k < n, then A n — A k = 0. 

Solution to 7.5.4: Let {a, ft} be a basis for the kernel of B, and let y be another 
vector so that {a, ft, y) is.a basis for the three dimensional space. The representa- 
tion of B with respect to this basis is 

( 0 0 a\ 

0 0 H 
0 0 c/ 

and the characteristic polynomial is: x (A-) = A. 2 (c — X) , from which the two first 
assertions follow. 

The third is false since if we take a — 1, £ = c = 0 above we get a matrix all of 
whose eigenvalues vanish, but which is not diagonalizable since it is not similar 
to the zero matrix. 

Solution to 7.5.5: The condition on the minimal polynomial implies that T is not 
the zero operator and that its square, T 2 , is. Therefore, dim ker T is at most six, 
and dim ker T 2 is 7. Since the nullity of the square of any linear operator is at 
most twice the nullity of the operator, the nullity of T is at least 4. 

Each of the three remaining integers, 4, 5, 6, is possible, as is illustrated by the 
examples below, where {ci , £2, . . . £7} is a basis for the space. 

• dim ker T = 6. Define T by Tej — e&, and Tej = 0 for all i < 7. 

• dim ker T — 5. Let Te 7 = C5, Tee = ^4, and Tc r - =0 for all i < 6. 

• dimker T — 4. Define T by Te-] = £4, Te 6 = £3, Te$~ C2, and Tet =0 
for all i < 5. 

Solution to 7.5.6: 1 . Being real and symmetric, L has an orthonormal basis of 
eigenvectors ei, ...,£«. Let Ai, . . . , k„ be the associated eigenvalues. We can 
assume that = 0 and A./ ^ 0 for i > 1 . Write the two vectors v = ]C?=i v i and 
x = £” =1 Xi in terms of its coordinates, then the equation Lx + e = v becomes 




XiXi -f sxi — Vi for each «, which has the unique solution x\ = v//(X/ + £), 
provided thatO < e < min/^i |A.,j. 

2. Writing ex in e t coordinates 


ex 


n 



i=l 



e 


A ./ + £ 


u,e/ 


as e 0, all terms in the summation on the right tend to 0, except the first which 
approaches iqei = {v, e\)e \ . 

Solution to TJ5.li As = /, the minimal polynomial of M divides t p — \ — 

(t - l)(t p ~ l + t p ~ 2 h / + 1). Since M fixes no nontrivial vector, 1 is not 

an eigenvalue of M, so it cannot be a root of the minimal polynomial. Therefore, 

fjiM(t)\(t p ~ l +t p ~ 2 -\ H4- 1). Since p is prime, the polynomial on the right is 

irreducible, so pm(0 must equal it. The minimal and characteristic polynomials 
of M have the same irreducible factors, so Xm(0 = Pm( O k for some k ^ 1. 
Therefore, 

dim V = deg xm( 0 = k(p - 1) 


and we are done. 

Solution to 7.5.8: 1 . Let d = deg p. Since p(T)v = 0, the vector T d v is linearly 
dependent on the vectors v,Tv, . . T d ~* v. Hence, T d+n v is linearly dependent 
on T n v, T n+l v, , T n+d ~ ] v and so, by the Induction Principle [MH93, p. 7], 
on v, Tv , ...» T d ~ l v (n = 1,2,.. .). Thus, v, Tv , . . . , T d ~ l v span V\, so dim 
V\ < d. 

On the other hand, the minimal polynomial of T\v x must divide p (since 
p(T | Vj ) = 0), so it equals p because p is irreducible. Thus, dim Vi > d. The 
desired equality, dim Vi = d, now follows. 

2. In the case V\ ^ V, let T\ be the linear transformation on the quotient space 
V/V\ induced by T. (It is well defined because V\ is T-invariant.) Clearly, 
p(T\) — 0, so the minimal polynomial of T\ divides p , hence equals p. There- 
fore, by Part 1, V /V\ has a T\ -invariant subspace of dimension d, whose inverse 
image under the quotient map is a T -invariant subspace V 2 of V of dimension 2d. 
In the case V 2 # V, we can repeat the argument to show that V has a T -invariant 
subspace of dimension 3d, and so on. After finitely many repetitions, we find dim 
V — kd for some integers k. 

Solution to 7.5.9: Let v be an eigenvector in O 1 for M with nonzero eigenvalue 
a. Then, 

MA~ l v = A~ l M 2 v = a 2 A~ 1 v 

so a 2 is also an eigenvalue. Thus a 2k is an eigenvalue for all nonnegative integers 
k. Since the set of eigenvalues is finite there exist 0 ^ k < m e Z such that 
a 2 * = a 2 "' . Thus a is a root of unity. 



Solution to 7.5.10: Since the matrix is real and symmetric, its eigenvalues are 
real. As the trace of the matrix is 0, and equal to the sum of its eigenvalues, it has 
at least one positive and one negative eigenvalue. 

The matrix is invertible because the span of its columns has dimension 4. In 
fact, the space of the first and last columns contains all columns of the form 



The span of all four columns thus contains 



which together span all columns of the form 


0 

0 * 


Since the matrix is invertible it does not have 0 as an eigenvalue. There are now 
only three possibilities: 

• three positive and one negative eigenvalues; 

• two positive and two negative eigenvalues; 

• one positive and three negative eigenvalues. 

A calculation shows that the determinant is positive. Since it equals the product 
of the eigenvalues, we can only have two positives and two negatives, completing 
the proof. 

Solution to 7.5.11: A calculation shows that the characteristic polynomial of the 
given matrix is 

-x(x 2 - 3x- 2(1.00001 2 - 1)) 

therefore one of the eigenvalues is 0 and the product of the other two is 

— 2 ( 1 . 00001 2 — 1 )) <0 


so one is negative and the other is positive. 

Solution to 7.5.12: Denote the matrix by A . A calculation shows that A is a root 
of the polynomial p(t ) = r 3 —ct 2 —bt —a. In fact, this is the minimal polynomial 
of A. To prove this, it suffices to find a vector reF 3 such that A 2 x, Ax, and x are 



linearly independent. Let* = (1,0, 0). Then Ax = (0, 1, 0) and A 2 x = (0, 0, 1); 
these three vectors are linearly independent, so we are done. 

Solution to 7.5.13: The matrix A+I is diagonalizable, being unitary, so A also is 
diagonalizable. It will therefore suffice to show that A has no nonzero eigenvalues. 

Suppose A. is a nonzero eigenvalue of A. Then V + 1 is an eigenvalue of A j + / 
(j = 1 , 2, 3) and so has unit modulus. Thus A., A. 2 , A. 3 all lie on the circle jz + 1 1 = 

1, so each has an argument strictly between \ and But if ^ ^ argA ^ n 
then ^ ^ argA. 2 ^ 2 tt, a contradiction. And if j < aigA. < ^ then ^ < 
arg A. 3 < s j (mod 2 tt), again a contradiction. The case where A. is in the 
third quadrant can be handled similarly. 

Solution to 7.5.14: The first direction is obvious, lets assume now that every 
nonzero vector is an eigenvector of A, then in particular, the vectors of the stan- 
dard basis, ei are are eigenvectors and A is diagonal. Lets assume the diagonal 
entries are An = A./. If A ./ £ A .j, then A(<?/ + ej) = A./*?,- + A jej is not a multiple 
scalar of e t + ej, contradicting the hypothesis that ei + ej is an eigenvector of A. 
Then all diagonal entries are equal, finishing the proof. 

Solution to 7.5.15: 1 . This is false. Consider A = ( } j ) and B = (q J). 

AB = ( J 2 ) and has (1, 1) as an eigenvector, which is clearly not an eigenvector 

of BA = j ). The condition that AB and BA have a common eigenvector is 
algebraic in the entries of A and B\ therefore it is satisfied either by all of A and 
B or by a subset of codimension at least one, so in dimensions two and higher 
almost every pair of matrices would be a counterexample. 

2. This is true. Let * be an eigenvector associated with the eigenvalue A. of AB. 
We have 

BA(Bx) = B(ABx) = B{ A.*) = A Bx 
so A. is an eigenvalue of BA. 

Solution to 7.5.16: Regard A and B as linear transformations on C ”. Then A has 
an eigenvalue A.. Let S\ be the corresponding eigenspace. For v in S\, we have 

A(Bv ) = B(Av) = B(Xv) = A Bv , 

showing that S\ is invariant under B. The linear transformation B| 5 X has an eigen- 
value fM. If v is a corresponding eigenvector we have Av = Xv and Bv = fxv. 

Solution to 7.5.17: We use the Induction Principle [MH93, p. 7]. As the space 
M n (C ) is finite dimensional, we may assume that S is finite. If S has one element, 
the result is trivial. Now suppose any commuting set of n elements has a common 
eigenvector, and let S have n+ 1 elements A\ , . . . , A n + 1 . By induction hypothesis, 
the matrices A],..., A n have a common eigenvector v. Let E be the vector space 
spanned by the common eigenvectors of A \ , . . . , A„ . If v e £, A,- A, I+ i v = 
A/ 1+1 AiV = A./A„+| v for all i, so A„ + j v e E. Hence, A n +i fixes E. Let B be the 
restriction of A n + 1 to E. The minimal polynomial of B splits into linear factors 



(since we are dealing with complex matrices), so B has an eigenvector in £, which 
must be an eigenvector of A n +\ by the definition of B > and an eigenvector for each 
of the other A,- ’s by the definition of E. 

Solution to 7.5.20: 1 . For (pu 02 , 03 , . . .) to be an eigenvector associated with 
the eigenvalue A., we must have 


S((fli » ^2 1 ^3* • • •)) — k{a2, ^3* 04, • * •) 
which is equivalent to 


02 = ka 1 , 02 = A<32 , . . . , cin — k a n ~\ , . . . 


so the eigenvectors are of the form a\ (1 , A., A. 2 , . . .). 

2. Let x = (xi , X 2 , ...) € W. Then x is completely determined by the first two 
components x\ and X 2 . Therefore, the dimension of W is, at most, two. If an 
element of W is an eigenvector, it must be associated with an eigenvalue satisfying 
A 2 = A. -h 1, which gives the two possible eigenvalues 

1 + -V/5 , 1-V5 

(p = — - — and —09 = — 

2 2 

A basis for W is then 

{(p, cp 2 , cp 3 , . . .), (-<p~\ tp~ 2 y - <p ~ 3 , . . .)} 

which is clearly invariant under S. 

3. To express the Fibonacci sequence in the basis above, we have just to find the 
constants k\ and that satisfy 


which give k\ 


( 1 = k\tp — k. 2 *p 1 

1 = k\<p 2 +k 2 <p ~ 2 



—k. 2 . We then have, for the Fibonacci numbers, 



Solution to 7.5.21: If T{v) = kv then T n (v) = k n v for all n ^ 1, by induction. 
If f = ao 4- a\x + • • • + o n x n then f(T ) = aol 4- o\T + • • • 4- a n T n , and 

f(T)(v ) = aov + aiT(v)l +a„T n (v ) = /( k)v so that/(A.) is an eigenvalue 

of f(T). 

If A. is an eigenvalue of f(T) then j f(T) — A7| =0. Factorize f{x) — A. = 
ao(;c — <*i) • • • (x — a n ). (The case of constant f(x) is trivial.) Then f(T) — kI = 
ao (T — a\I) • • • (T — a n I). Taking determinants we see that there is i such that 
| T — cii /j = 0. Therefore or/ is an eigenvalue of T with /(or/) = A.. 



Solution to 7.5.22: 


A = uuf — / 



and 1 is the identity matrix. If Ax — kx, where x 0, then 


uu l x — x = (u l x)u — x — kx 


so x is either perpendicular or parallel to u. In the latter case, we can suppose 
without loss of generality that x = «, so u*uu — u — ku and k — n — 1. This 
gives a 1 -dimensional eigenspace spanned by u with eigenvalue n — 1. In the 
former case x lies in a (n — l)-dimensional eigenspace which is the null space of 
the rank one matrix uu l , so 

Ax = (uu l — I)x — — lx — —x 

and the eigenvalue associated with this eigenspace is —1, with multiplicity n — 1. 
Since the determinant is the product of the eigenvalues, we have 
det(A) = (-l)"- 1 (n - 1). 

Solution to 7.5.23: Since A is positive definite, there is an invertible Hermitian 
matrix C such that C 2 = A. Thus, we have C-'{AB)C = C~'C 2 BC = CBC. 
By taking adjoints, we see that CBC is Hermitian, so it has real eigenvalues. 
Since similar matrices have the same eigenvalues, AB has real eigenvalues. 

Solution to 7.5.24: Let v be the column vector defined by ( a b c d ) r ,then 
the operator given, that we will call T, is literally the product of the two matrices 
vv*. and the operator T applied to a vector x is: 

Tx = (vv*)x = v(v*x) = v(v, x) 

where ( , ) is the standard euclidean inner product in R 4 . 

Let u be the vector of norm 1 in the direction of v, that is, u = v/|v|, V the 
uni-dimensional space generated by v, and V x its orthogonal complement in R 4 . 
Then any vector in x e R 4 can be written as x — xg + x± where 

X\\ = (m, x)u 
XX = x — (w, x)u 


In this decomposition Tu = \v\ 2 u \u\ 2 = \v\ 2 u and u is an eigenvector of T with 
eigenvalue \v\ 2 and multiplicity 1. For any vector in the V L space 

Tx± = |u| 2 u (w, jcx) = 0 



so taking any basis for this 3-dimensional space, the matrix representing T will 



/ a 2 + b 2 +c 2 +d 2 0 0 0 \ 

0 0 0 0 

0 0 0 0 

0 0 0 0 / 


Solution to 7.5.25: 1 2: As A is symmetric, it is similar to a diagonal matrix, 

diag(A.j , A.2, A.3). We have trA = A.i +A.2 +A.3. The eigenvalues of A are the zeros 
of the polynomial (A, — A.i)(A — A,2)(A. — X3) and the conclusion follows. 

2 3 : Let [c\ , C2, C3} be the ordered basis of M 3 with respect to which the 

representation of A is diag(A.i , A.2, A.3). For W G S we have W* = — W t therefore, 
using the standard inner product in M 3 , we obtain, for i = 1 , 2, 3, 

(Wc it ci) = (a, w'«) = — ( q , Wa) = -(Wa, a ) , 
therefore Wq _L c,-. 

L is clearly a linear self map of S , so it suffices to show that it is injective. 

Suppose L(W) = 0. Then AW = —WA, so we get, for i ^ j y 

{AWc it Cj) = -{WAc iy Cj) 

= ( Aa , Wc y > 

= X/{q, Wcy) 


and 


<- WAc i ,Cj) = {AWc i> c j ) 

= Xj{Wc iy Cj) 

— WCj ) 

as A./ + A.y 7^ 0, we must have Wcy X c/. We conclude then that Wei — 0 for 
x = 1 , 2, 3, therefore W = 0. 

3 1: Suppose tr A is an eigenvalue. According to what we saw previously in 

the Part 1 =» 2, there is no loss in generality in assuming k\ -f A.2 = 0. Let W 
be defined on the vectors of the basis {c\ y C2, C3} by Wc\ = — C2» WC2 = —c \ , 
Wc 3 = 0. Clearly W G S, and W ^ 0. We have, 

(AW + WA)c\ - AW ci + WAc\ 

= — Ac2 + A.j Wei 
= — A. 2 C 2 — A,jC2 
= 0 


so L is not an isomorphism. 

Solution to 7.5.26: The characteristic polynomial of A is 

XA (t) =z t 2 - (a + d)t 4- (ad - be). 



which has roots 



i(M4*<0±^(«-</) 2 4*4fcc = i 



A is positive, so A has real eigenvalues. Let k = l^\a+d-\- </Kj and let 
v = (x, y) be an eigenvector associated with this eigenvalue with x > 0. 
Expanding the first entry of Av, we get 


ax A- by 


1 ^ 

2 


(a + d + V'a) 


x 


2 by = (d — a + \/A^ x. 

Since > 0, to see that y > 0 it suffices to show that d — a 4- Va > 0, or 
yfK > a —d. But this is immediate from the definition of VA and we are done. 


Solution to 7 . 5 . 27 : It suffices to show that A is positive definite. Let 
x = (xi, . . . , x„), we have 

(Ax, x) = 2 x 2 - xjX2 - xjX2 4- 2 x| - X2X3 x„_ix w + 2 x 2 

= x 2 4- (xj — X 2) 2 4* (X 2 — X 3) 2 H h (x/j-i — X/j ) 2 + x 2 . 

Thus, for all nonzero x, (Ax, x) ^ 0. In fact, it is strictly positive, since one of the 
center terms is greater than 0, or x\ = X 2 — ■•■■= x n and all the x,*’s are nonzero, 
so x 2 > 0. Hence, A is positive definite and we are done. 

Solution 2, Since A is symmetric, all eigenvalues are real. Let x = (x, )" be an 
eigenvector with eigenvalue k. Since x ^ 0, we have max/ |x/| > 0. Let k be 
the least 1 with |x, | maximum. Replacing x by — x, if necessary, we may assume 
Xk > 0. We have 

kxk = -Xk~] 4- 2xk - Xk+i 

where nonexistent terms are taken to be zero. By the choice of x*, we have 
Xk-\ < Xk and x*+i < x*, so we get kx k > 0 and k > 0. 


Solution to 7.5.28: Let ko be the largest eigenvalue of A. We have 


ko = max {(Ax, x)|r el, ||x|| = 1} , 


and the maximum it attained precisely when x is an eigenvector of A with eigen- 
value Ao- Suppose v is a unit vector for which the maximum is attained, and let 
u be the vector whose coordinates are the absolute values of the coordinates of v. 
Since the entries of A are nonnegative, we have 


(Am, m) ^ (Av, v) = ko. 


implying that (Am, m) = ko and so that m is an eigenvector of A for the eigenvalue 

ko. 



Solution to 7.5.29: Let £„ be the characteristic polynomial of A n . We have 
£i = ~ z, £ 2 = z 2 — 1, and, for n ^ 2, £„ = — z£„_i(z) - £„_ 2 (z). Thus, by 
induction, £« contains only even powers of z for even n, and only odd powers of z 
for odd n. It follows that the zeros of £„ are symmetric with respect to the origin. 
Solution 2. Let S n be the diagonal n x n matrix with alternating l*s and — l’s 
on the main diagonal. Then S~ ] AS = — A , from which the desired conclusion 
follows. 


Solution to 7.5.30: Let A be an eigenvalue of A and x = (xj , . . . , x n )‘ a corre- 
sponding eigenvector. Let x / be the entry of x whose absolute value is greatest. 
We have 


so 


n 


Xxi = J^ouxj 
7=1 


n 


n 


l*IW ^ < \Xj\ = \Xi\. 

7=1 7=1 


Hence, |X| ^ 1. 


Solution to 7.531: 1. Regard S as a linear transformation on€". Since S is 
orthogonal it preserves norms, |jSx|| = |lx|l for all x. Hence all eigenvalues have 
modulo 1 . The characteristic polynomial of S has real coefficients, so the nonreal 
eigenvalues occur in conjugate pairs. There is thus an even number of nonreal 
eigenvalues, counting multiplicities, and the product of all of them is 1 . Assuming 
n is odd, there must be an odd number of real eigenvalues, which can only equal 1 
or —1. The product of all the eigenvalues is det(S) = 1. Hence —1 must occur as 
an eigenvalue with even multiplicity, so that 1 occurs with an odd, hence nonzero, 
multiplicity. 

2. If n is even then —l n is a special orthogonal matrix, yet it does not have 1 as an 
eigenvalue. 


Solution to 7332: Since A is Hermitian, by Rayleigh’s Theorem [ND88, p. 
418], we have 

(x, Ax) 

^ Amax 


Amin ^ 


{x,x) 


for x e C m , x £ 0, where A m i n and A m ax are its smallest and largest eigenvalues, 
respectively. Therefore, 

„ (*. A x ) , 

a ^ ^ a 


Similarly for B : 


(x,x) 

b ^ « b' 

(x,x) 


, , ^ (x, (A + B)x) J , 

a + b ^ : : ^ a + b . 

(x,x) 


Hence, 



However, A + B is Hermitian, since A and B are, so the middle term above 
is bounded above and below by the largest and smallest eigenvalues of A 4- B. 
But, again by Rayleigh’s Theorem, we know these bounds are sharp, so all the 
eigenvalues of A + B must lie in [a + b,a f + b f ]. 

Solution to 7.5.33: Let v = (1, 1,0, ...,0). A calculation shows that 
Av = (k 4* 1, k + 1* 1> 0, . . . , 0), so 


{Av, v) 
<», v) 


— k 4- 1. 


Similarly, for u = (1, — 1, 0, ...» 0), we have Au — (k — 1, 1 — k, — 1, 0, . . . , 0) 
and so 

{ Au , u) _ , t 
(m, u) 

By Rayleigh’s Theorem [ND88, p. 418], we know that 


•min 




{Av, v) 
<u, v ) 



max* 


for all nonzero vectors v, and the desired conclusion follows. 

Solution to 7.5.34: As B is positive definite, there is an invertible matrix C such 
that B = C l C, so 


{Ax,x) _ {Ax,x) _ {Ax,x) 
jBx , x) ~ {O Cx, x) ~ { Cx , Cx) * 

Let Cx = y. The right-hand side equals 

{AC-'y.C-'y) ((C" 1 )' AC~' y,y) 

mwmn m mm ■ ■ — — ■> mmmmm — w— • 

(y< y) (y. y) 

Since the matrix (C -1 )’ AC~ l is symmetric, by Rayleigh’s Theorem [ND88, p. 
418], the right-hand side is bounded by X, where X is the largest eigenvalue of 
(C -1 )* AC” 1 . Further, the maximum is attained at the associated eigenvector. 
Let yo be such an eigenvector. Then G(x) attains its maximum at x = C -1 yo, 
which is an eigenvector of the matrix (C“ 1 ) / A . 

Solution to 7.5.35: Let y ^ 0 in R” . A is real symmetric, so there is an orthogonal 
matrix, P , such that B = P* A P is diagonal. Since P is invertible, there is a 
nonzero vector z such that y = Pz. Therefore, 

(A m+l y,y) _ ( A m+i Pz,Pz ) _ (P‘A m+l Pz, z) {S ra+1 z,z) 

(A m y, y) ~ {A m Pz, Pz) ~ ( P‘A m Pz,z ) ~ ( B m z,z ) 


Since A is positive definite, we may assume without loss of generality that B has 
the form 

/ X\ 0 • • • 0 > 

0 A.2 • • • 0 

• • » • 

• • • 9 

■ • • • 

\ 0 0 • • • A .a } 

where A.i ^ A .2 ^ ^ X n > 0. Let z = (zi, . . . , Zn ) ¥* 0, and i ^ n be such 

that Zi is the first nonzero coordinate of z. Then 

{B m+] Z, z) x" +l zf + • ■ • + K! + 'zl 
(B m z,z) ~ x^zf + --- + ^zl 

= A . tf+ (a,+i Air +l z? + i + • • •+ (w^-r +l 4 \ 

' \ zf + (Vt.i/A. f r z ? + i + • • • + <v*ir z? / 

~ A, (m -» oo). 


7.6 Canonical Forms 


Solution to 7.6.1: The minimal polynomial of A divides x k — 1 so it has no 
multiple roots, which implies that A is diagonalizable. 

Solution to 7.6.2: Assume A m is diagonalizable. Then its minimal polynomial, 
fiA™ (x), has no repeated roots, that is, 


( x ) = (x - a\) • • ■ (x - a*) 


where a/ ^ ay fori ^ /. 

The matrix A OT satisfies the equation 

(A™ . -a*/) = 0 

so A is a root of the polynomial (x m — ai) • • • (x m — therefore, /x^(jc) di- 
vides this polynomial. To show that A is diagonalizable, it is enough to show this 
polynomial has no repeated roots, which is clear, because the roots of the factors 
x m — ai are different, and different factors have different roots. 

This proves more than what was asked; it shows that if A is an invertible linear 
transformation on a finite dimensional vector space over a field F of characteristic 
not dividing n, the characteristic polynomial of A factors completely over F, and 
if A n is diagonalizable, then A is diagonalizable. 

On this footing, we can rewrite the above proof as follows: We may sup- 
pose that the vector space V has positive dimension m. Let A. be an eigenvalue 
of A. Then A. 0. We may replace V by the largest subspace of V on which 
A — XI is nilpotent, so that we may suppose the characteristic polynomial of A is 



(x — k) m . Since A n is diagonalizable, we must have A n = k n I since k n is the 
only eigenvalue of A n . Thus, A satisfies the equation x n —k n — 0. Since the only 
common factor of x n — k n and (x — k) n is x — k, and as the characteristic of F 
does not divide n, A = kl and, hence, is diagonal. 


Solution to 7.63: The characteristic polynomial of A is xaO 0 = x 2 — 3, so 
A 2 = 3/, and multiplying both sides by A -1 , we have 


A 




Solution to 7.6.4: 1 . Subtracting the second line from the other three and expand- 
ing along the first line, we have 



X 1 1 


1 

1 

1 

/-N 

1 

II 

1 

1 -X x-1 0 

+ (*-1) 

0 

x-1 

0 


1 —x 0 x — 1 


0 

0 

x-1 


= (x - l) 3 (x 4- 3). 

2. Suppose now that x 1 and —3. Then A x is invertible and the characteristic 
polynomial is given by: 


x — t 1 1 1 

1 x-t 1 1 

1 1 x-t 1 

1 1 1 x-t 

= (x — t — l) 3 (x — t + 3) 

Now an easy substitution shows that the minimal polynomial is 

= (x - 1 - 1)(* -t- 3) 

so substituting t by A x , we have 

((x - l)/ 4 - A x )((x + 3)/ 4 -A x ) = 0 
(x - l)(x + 3)/ 4 - 2(x + 1 )A X -A 2 =0 

multiplying both sides by A ~ x , 

(x - l)(x + 3)A~ ] = 2(x + l)/ 4 - A x 

= “ A _ jC _2 



so 

= ~(X - l)-'(4r +3)-'A-^_2. 


Solution to 7.63: The characteristic polynomial of the matrix A is 
Xa(0 = t 3 - 8 1 2 + 20/ - 16 = (/ - 4)(f - 2) 2 and the minimal polynomial 



is /X/\(r) = (t — 2)(r — 4). By the Euclidean Algorithm [Her75, p. 155], there is a 
polynomial p(t) and constants a and b such that 

t 10 = p{t)nA{t) + at + b. 

Substituting t = 2 and t = 4 and solving for a and b yields a = 2 9 (2 10 — 1) and 
b = — 2 11 (2 9 — 1). Therefore, since A is a root of its minimal polynomial, 

( 3 a + b a a \ 

2o 4a + b 2a \. 

—a — a a + b) 


Solution to 7.6.6: The characteristic polynomial of A is Xa (f ) = t 2 — 2t + 1 = 
(t — l) 2 . By the Euclidean Algorithm [Her75, p. 155], there is a polynomial #(0 
and constants a and b such that / 10 ° — q(t)(t — l) 2 + at + b. Differentiating 
both sides of this equation, we get 100f" = q'(t)(t — l) 2 + 2 q(t)(t — 1) + a. 
Substituting t = 1 into each equation and solving for a and b , we get a = 100 
and b = —99. Therefore, since A satisfies its characteristic equation, substituting 
it into the first equation yields A 100 = 100A — 997, or 



An identical calculation shows that A 7 = 7A — 67, so 


A i-( 9/2 7/2 \ 

A ~~\-l/2 —5/2 y * 

From this it follows immediately that 

7 Z-5/2 -7/2 \ 

A - V 7/2 9/2 y * 


Solution to 7.6.7: Counterexample: Let 

/0 1\ 2 /a *>\ /V+fcc + 

^“^0 0 /“ \c + cb + d 2 )' 

Equating entries, we find that c(a 4- d) = 0 and b(a + d) = 1, so b 0 and 
a + d^0. Thus, c = 0. The vanishing of the diagonal entries of B 2 then implies 
that a 2 — d 2 = 0 and, thus, a + d = 0. This contradiction proves that no such B 
can exist, so A has no square root. 

Solution 2. Let 

0 1 \ 



Any square root B of A must have zero eigenvalues, and since it cannot be the 
zero matrix, it must have Jordan Canonical Form [HK61, p. 247] JBJ~ ] = A. 
But then B 2 = J~ ] A 2 J = 0 since A 2 = 0, so no such B can exist. 

M: i) 

{ a 2 + be {a 4- d)b 
\ (a + d)c be 4* d 2 

Therefore, A 2 = — / is equivalent to the system 


a 2 4- be = 

_1 

( a 4- d)b = 

0 

( a 4- d)c = 

0 

be + d 2 = 

-1 


if a + d 7^ 0, the second equation above gives b = 0, and from the fourth, we 
obtain J 2 = —1, which is absurd. We must then have a = —d and the result 
follows. 

2. The system that we get in this case is 


a 2 + be = 

-1 

(i a 4- d)b = 

0 

( a 4- d)c = 

0 

be + d 2 — 

-l-e 


As above, we cannot have a —d. But combining a = —d with the first and 
fourth equations of the system, we get s — 0, a contradiction. Therefore, no such 
matrix exists. 

Solution to 7.6.9: Suppose such a matrix A exists. One of the eigenvalues of A 
would be w and the other (1 + s)^ 20 w where w is a twentieth root of —1. From 
the fact that A is real we can see that both eigenvalues are real or form a complex 
conjugate pair, but neither can occur because none the twentieth root of — 1 are 
real and the fact that 

|w| = 1 £ (1 + «) 1/2 ° 

make it impossible for them to be a conjugate pair, so no such a matrix exist. 

Solution to 7.6.10: A n = / implies that the minimal polynomial of A, ji(x) e 
Z[x], satisfies fi(x)\(x n — 1). Let Cl » • ♦ • » Zn be the distinct roots of x n — 1 in (C . 
We will separate the two possible cases for the degree of ju,: 

• deg fi = 1. We have fx(x) = x — 1 and A = /, or /i(x) = x 4- 1 and 

a = -i,a 2 = i. 



Solution to 7.6.8: 1 . Let 


then 


A* - 



• deg fi = 2. In this case, and are roots of fi for some i ^ j, in 

which case we have f/ = £/ = £ say, since //. has real coefficients. Thus, 
fi(x) = (* — £) (x — £) = x 2 — 29t(£)x + 1. In particular, 29ft(£) € Z, so 
the possibilities are SR(£) = 0, ±1 /2, and ±1. We cannot have 9t(£) = ±1 
because the corresponding polynomials, (x — 1 ) 2 and (x-f l) 2 , have repeated 
roots, so they are not divisors of x n — 1 . 

9t(£) = 0. We have ju.(x) = x 2 -f 1 and A 2 = — 1 , A 4 — 1. 

9?(£) = 1/2. In this case fi(x) = x 2 — x -M. £ is a primitive sixth 
root of unity, so A 6 = /. 

9ft(4T) = — 1/2. We have //.(x) = x 2 +x + l.£isa primitive third root 
of unity, so A 3 = /. 


From the above, we see that if A n — 1 for some n e Z + , then one of the following 
holds: 

A = /, A 2 = /, A 3 = /, A 4 = /, A 6 = /. 

Further, for each n = 2, 3, 4, and 6 there is a matrix A such that A n = I but 
A k / for 0 < k < 


• n = 2. 

• n = 3. 

• « = 4. 

• n = 6. 




) 

) 




Solution to 7.6.11: Since A is upper-triangular, its eigenvalues are its diagonal 
entries, that is, 1, 4, and 9. It can, thus, be diagonalized, and in, fact, we will have 

/ 1 0 0 \ 

S~ l AS = I 0 4 0 I 
\0 0 9/ 

where 5 is a matrix whose columns are eigenvectors of A for the respective eigen- 
values 1, 4, and 9. The matrix 


S~ l 


( 1 0 0 
0 2 0 
0 0 3 



will then be a square root of A. 

Carrying out the computations, one obtains 

/I 1 1\ (\ -1 0\ 

S = I 0 1 1 I and S -1 = 0 1 -1 I 

\0 0 1 / \0 0 1 / 

giving 

(1 1 -1\ 

B= 0 2 11. 

\ 0 0 3 / 

The number of square roots of A is the same as the number of square roots of 
its diagonalization, D = S~ l AS. Any matrix commuting with D preserves its 
eigenspaces and so is diagonal. In particular, any square root of D is diagonal. 
Hence, D has exactly eight square roots, namely 


N 


1 0 0\ 

0 4 0 1 = 
0 0 9/ 



0 0 \ 
±2 0 ). 
0 ±3/ 


Solution to 7.6.12: n — 1 . There is the solution X — A. 
n = 2. A is similar to the matrix 


( 0 0 1 0 \ 
0 0 0 0 
0 0 0 0 
0 0 0 Oj 


under the transformation that interchanges the third and fourth basis vectors and 
leaves the first and second basis vectors fixed. The latter matrix is the square of 


( 0 1 0 
0 0 1 
0 0 0 
0 0 0 

Hence, A is the square of 

( 0 1 0 
0 0 0 
0 0 0 
0 0 0 

n = 3. The Jordan matrix [HK61, p. 247] 





is a solution. 

n ^ 4. If X k — A y then X is nilpotent since A is. Then the characteristic polyno- 
mial of X divides x 4 , so that X 4 — 0, and, a fortiori, X n = 0 for n > 4. There is, 
thus, no solution for n ^ 4. 

Solution to 7.6.13: Suppose such a matrix A exists. Its minimal polynomial 
must divide t 2 4- 2f 4- 5. However, this polynomial is irreducible over M, so 
Ma(0 = t 2 + 2t + 5. Since the characteristic and minimal polynomials have 
the same irreducible factors, xa (0 = Therefore, deg xa(0 == n must be 

even. 

Conversely, a calculation shows that the 2 x 2 real matrix 

*-(? ") 

is a root of this polynomial. Therefore, any 2n x 2n block diagonal matrix which 
has n copies of /to on the diagonal will satisfy this equation as well. 

Solution to 7.6.14: Let p(t) = t 5 +t 3 +t — 3. As p(A) = 0, we have pa (0\p(0- 
However, since A is Hermitian, its minimal polynomial has only real roots. Taking 
the derivative of p, we see that p'(t ) = 5 1 4 + 3t 2 + 1 > 0 for all r, so p(t) 
has exactly one real root. A calculation shows that p( 1) = 0, but p'( 1) ^ 0. 
Therefore, p(t) — (t — where q{t) has only nonreal complex roots. It 

follows that PA(t)\(t — 1). Since r — 1 is irreducible, am(0 = t — 1 and A = /. 

Solution to 7.6.16: Note that 


( 2 0 0 \ 
0 2 0 
0 -1 l ) 


can be decomposed into the two blocks (2) and (_?j ®), since the space spanned 

by (1 00)' is invariant. We will find a 2 x 2 matrix C such that C 4 = (fj ® ) = D, 
say. 

The eigenvalues of the matrix D are 2 and 1, and the corresponding La- 


grange Polynomials [MH93, p. 286] are p\ (x) = {x — 2)/ (1 — 2) = 2 — x and 
pz(x) = (jc — l)/(2 - 1) = x — 1. Therefore, the spectral projection of D can be 

given by 

=-(- 2 , ?)«(! !)-(! !) 


P\ 


<‘-(1 ?) + (-i :)■(-. s) 

D = (l i) +2 (- 1 o)- 


We have 



As Pi-Pi = Pv Pi = Oand Pf = Pi, P| = Pi, letting C = (° ,)+2 l/4 (_ 1 , g) = 
l Pi -F2 1/4 P 2 , we get 

C 4 = P, 4 + vJL ^ / +( 2 1/4 P 2 ) 4 = Pi + 2Pz = D. 

o 


Then 


and B is 


r — ( 2 ' /4 °'\ 

C -^l-2>/ 4 l) 

(I'P 0 0 \ 

0 2 I/4 0 I . 

\ 0 1 - 2*/ 4 1 / 


Solution to 7.6.17: It suffices to show that every element iw e W is a sum of 

eigenvectors of T in W. Let aj a,, be the distinct eigenvalues of T. We may 

write 

w = v i H f t>« 

where each d/ is in V and is an eigenvector of T with eigenvalue at . Then 

Y\( T - a j) w = ]> - a j) v i- 

This element lies in W since W is T invariant. Hence, Vj e W for all i and the 
result follows. 

Solution 2. To see this in a matrix form, take an ordered basis of W and extend it 
to a basis of V\ on this basis, a matrix representing T will have the block form 

tT]s =(o £) 

because of the invariance of the subspace W with respect to T. 

Using the block structure of T, we can see that the characteristic and minimal 
polynomials of A divide the ones for T. For the characteristic polynomial, it is 
immediate from the fact that 

det(x/ - [T)b) = det(x/ - A) det(x/ - B) 

For the minimal polynomial, observe that 



where Q is some r x (n - r) matrix. Therefore, any polynomial that annihilates 
[T] also annihilates A and B\ so the minimal polynomial of A divides the one for 

m. 



Now, since T is diagonalizable, the minimal polynomial factors out in different 
linear terms and so does the one for A, proving the result. 

Solution to 7.6.19: Let A. be an eigenvalue of A and v a vector in the associated 
eigenspace. Ax. Then A(Bv ) = BAv = B(Xv) = X(Bv) t so Bv e Ax. Now fix 
an eigenvalue X and let C be the linear transformation obtained by restricting B 
to Ax. Take any v € Ax. Then, since C is the restriction of 5, 

Vb(C)v =^b(B)d = 0, 

so C is a root of It follows from this that ju-c (OIm-bCO- But B was diago- 
nalizable, so i^b(0 splits into distinct linear factors. Therefore, licit) must split 
into distinct linear factors as well and so Ax has a basis of eigenvectors of C. As 
A is diagonalizable, V can be written as the direct sum of the eigenspaces of A. 
However, each of these eigenspaces has a basis which consists of vectors which 
are simultaneously eigenvectors of A and of B. Therefore, V itself must have such 
a basis, and this is the basis which simultaneously diagonalizes A and B. 

Solution 2. (This one, in fact, shows much more; it proves that a set of n x n 
diagonalizable matrices over a field F which commute with each other are all 
simultaneously diagonalizable.) Let S be a set of n x n diagonalizable matrices 
ova* a field F which commute with each other. Let V = F". Suppose T is a 
maximal subset of S such that there exists a decomposition of 

V = 0i Vi 

where V/ is a nonzero eigenspace for each element of T such that for i j, 
there exists an element of T with distinct eigenvalues on V,- and Vj. We claim that 
T = S. If not, there exists an A € S—T. Since N commutes with all the elements 
of T, NVj C Vi- Indeed, there exists a function a,- : T F such that v e Vi , if 
and only if Mv = ai{M)v for all M € T. Now if u 6 V,* and MeT, 

MNv — NMv — Ncii(M) = ai(M)Nv 

so Nv e Vi. Since N is diagonalizable on V, it is diagonalizable on Vi. (See 
Problem 7.6.17; it satisfies a polynomial with distinct roots in K.) This means 
we can decompose each Vi into eigenspaces Vi j for N with distinct eigenvalues. 
Hence, we have a decomposition of the right sort for TUN, 

V = 0/ V u . 

Hence, T = S. We may now make a basis for V by choosing a basis for V/ and 
taking the union. Then A will be the change of basis matrix. 

Solution to 7.6.20: 1 . Take 

*-(J, ')■ :) 



they are both diagonalizable since the characteristic polynomial factors in linear 
terms, but A 4- B = J) is not diagonalizable. 

2. If A = ( 02 ) and B = (J jy 2 ) then -A and B have distinct eigenvalues and are 

diagonalizable. However AB = (q j ) is not diagonalizable. 

3. If A 2 — A then ha divides x 2 — x , whence ha = * or x — 1 or x(x — 1). It 
follows that A is diagonalizable, as ha is a product of distinct linear factors. 

4. If A 2 is diagonalizable its minimal polynomial is the product of distinct linear 
factors: Ha 2 — C* — ^ 1 ) • * • (* — A.*), where A./ e C. Therefore 

G4 2 -A.i/)---(A 2 -A.*/)=0. 

It follows that (A - y/k\I)(A 4- VX?/) • • • (A - Jk~ k I)(A 4- = 0. The 

minimum polynomial of A divides the polynomial 

f — (x — y/X\ )(x 4- yfk \ ) • • • (x — y/kk )(x 4- y/kk ) • 

If A is invertible then none of the A.,- is zero, and thus the factors of / are distinct. 
It follows that ha is a product of distinct linear factors and A is diagonalizable. 


Solution to 7.6.21: The characteristic polynomial of A is 


Xa(x) = 


jc-7 -15 
2 x 4" 4 


= (*-!)(* -2) 


so A is diagonalizable and a short calculation shows that eigenvectors associated 
with the eigenvalues 1 and 2 are (5, —2/ and (3, — 1) / , so the matrix B is ( ^ ). 

Indeed, in this case, B~ l AB = (0 2 ). 


Solution to 7.6.23: Hie characteristic polynomial is xa (0 = (f — l)(t — 4) 2 . 
Since the minimal polynomial and the characteristic polynomial share the same 
irreducible factors, another calculation shows that HA(t) = (r-l)(r— 4) 2 . There- 
fore, the Jordan Canonical Form [HK61, p. 247] of A must have one Jordan block 
of order 2 associated with 4 and one Jordan block of order 1 associated with 1. 
Hence, the Jordan form of A is 


(1 0 
0 4 
\0 0 



Solution to 7.6.24: We have 



2 — X 1 1 


1 -X 1 0 

\A — X/| = 

1 2-X 1 

— 

-1+X 2-X -1+X 


1 1 2-X 


0 1 1 -X 


= (k— l) 2 


-1 1 

1 2-k 

0 1 


0 

1 

-1 





using column operations C\ — C2 and C3 — C2. The single eigenvalue of A is 
X — 1 with algebraic multiplicity 3. 

The eigenvectors of A are the solutions to the equation (A - l)x — 0. That is, 
x\ -f X2 + X3 = 0, or x = ( — X2 — *3, X2, X3). The eigenvectors corresponding to 
the eigenvalue A. = 1 are* 2 (—l» 1 , 0) 4- *3 (—1 * 0, 1), (* 2 , *3 e F3) (including 

the zero vector). 

The characteristic polynomial of A is (x — l) 3 . Now 


A — I — 




(. A - I) 2 = 0. 


The minimal polynomial of A is (x — l) 2 . The Jordan form has an elementary 
Jordan block of size 2. The Jordan form of A is therefore 





Solution to 7.6.25: Combining the equations, we get p(x) 2 — p(x)(x—i)(x 2 +l) 
and, thus, p(x) — (x — i) 2 ( x + i). So the Jordan blocks of the Jordan Canonical 
Form [HK61, p. 247] Ja, correspond to the eigenvalues ± 1 . There is at least one 
block of size 2 corresponding to the eigenvalue i and no larger block correspond- 
ing to 1 . Similarly, there is at least one block of size 1 corresponding to — i. We 
have x(*) — (x — i) 3 (x -F i), so n — deg x = 4, and the remaining block is a 
block of size 1 corresponding to i, since the total dimension of the eigenspace is 
the degree with which the factor appears in the characteristic polynomial. There- 
fore, 

(i 10 0 \ 

0 i 0 0 

Ja ~ 0 0 i 0 ' 

\0 0 0 -i 

Solution to 7.6.26: 1. As all the rows of M are equal, M must have rank 1, 
so its nullity is n — 1. It is easy to see that M 2 = or M(M — nl ) = 0, 
so the minimal polynomial is i±m = x(x — n), since the null space associated 
with the characteristic value 0 is n — 1, then the characteristic polynomial is 
Xm = x n ~ l {x -n) 

2. If char F = 0 or if char F = p and p does not divide n, then 0 and n are the two 
distinct eigenvalues, and since the minimal polynomial does not have repeated 
roots, M is diagonalizable. 

If charF = p, p\n , then n is identified with 0 in F. Therefore, the minimal 
polynomial of M is pm (*) = * 2 and M is not diagonalizable. 



3 . In the first case, since the null space has dimension n — 1 , the Jordan form 
[HK 61 , p. 247 ] is 

/ n 0 • • • 0 \ 

0 0 0 

• • • * * 

• • « • 

• • • • 

\0 0 ••• 0/ 

If char F = p, p\n , then all the eigenvalues of M are 0 , and there is one 2 -block 
and n — 1 1 -blocks in the Jordan form: 

/0 1 • • • 0\ 

0 0 • • • 0 

. 

• • • • 

• * * • 

\0 0 ••• 0/ 

Solution to 7 . 6 . 27 : A computation gives 

T ( x n *12 \ _ / — *21 *ii— *22 \ , 

\*21 * 22 / V 0 *21 / 

In particular, for the basis elements 

*-(i !)• 0- *-(? :)• —G ?) 

we have 

rEl = (o o) = E2 ’ TE * = 0 - 

r £ 3 = (" 1 ^ = ~E 2 . 

The matrix for T with respect to the basis {E\ , E 2j £3, £4} is then 

( 00-1 0 \ 

10 0-1 
0 0 0 o ' 

0 0 1 0 / 

A calculation shows that the characteristic polynomial of Sisk 4 . Thus, S is nilpo- 
tent. Moreover, the index of nilpotency is 3 , since we have 

T 2 E x = T 2 E 2 = T 2 E 4 = 0 , T 2 £ 3 = -2 £ 2 . 

The only 4 x 4 nilpotent Jordan matrix [HK 61 , p. 247 ] with index of nilpotency 
3 is 

( 0 0 0 0\ 

0 0 1 0 I 
0 0 0 1 I 
0 0 0 0/ 



which is, therefore, the Jordan Canonical Form of T. A basis in which T is repre- 
sented by the preceding matrix is 


| El +£4, E 2 , g| 2 E * 



Solution to 7 . 6 . 28 : It will suffice to prove that ker( !T a), the subspace of matrices 
that commute with A, has dimension at least n. We can assume without loss of 
generality that A is in Jordan form. A k x k Jordan block commutes with the 
k x k identity and with its own powers up to the {k — 1), hence with k linearly 
independent matrices. Thus, the commutant of each Jordan block has a dimension 
at least as large as the size of the block, in fact, equality holds. By taking direct 
sums of matrices commuting with the separate Jordan blocks of A , we therefore 
obtain a subspace of matrices commuting with A of dimension at least n and, in 
fact, equal to n. 

Solution to 7 . 6 . 29 : The answer is 0 and 1 . If A is diagonal with diagonal entries 
1 , 2 , . . . , n and g(f) — (r — 1 )(^ — 2 ) . . . (f — (n— 1 )), then g(A) has ( n — 1 )! in the 
lower right comer and zeros elsewhere, so g(A) has rank 1 . If A is the zero matrix 
and g(t) = t n ~\ then g(A) has rank 0 . We will show that these are the only 
possibilities for the rank of g(A), even if A is allowed to have complex entries. 

Since the ground field is now algebraically closed, we may conjugate A to put 
it in Jordan canonical form, without affecting the rank of g(A). Let Ai, . . . , A r 
be the Jordan blocks of A, and let fi (0 € € [f] be the characteristic polynomial 
of A/ for each i. Since g(t) divides J”[ £/(f) and degg — n — 1, we can factor 
g{t) as n gi (0 where g,- = f/ for all i except one. Without loss of generality the 
exception is i — 1 . Then for some k > 1 and A. e C , A\ isak xk block 


k 1 0 

0 k 1 

• * * 

• • • 

• • • 

0 0 0 

\0 0 0 


0> \ 

0 


; 


» 


fi (0 — {t- k ) k , and gi (t) — c(t - A.)*" -1 , where c £ 0 . Then g(A) is formed of 
the blocks g(Ai), . . . , g(A r ) (not necessarily full Jordan blocks), and g(A;) = 0 
for i ^ 2 , since the characteristic polynomial of Ai divides g. On the other hand 
g(Ai) is some matrix times 


/O 

1 

0 

... 0\ 

k - 1 

(0 

0 

0 ... 

c \ 


0 

0 

1 

... 0 


0 

0 

0 ... 

0 

gl(Ai) = c 

• 

♦ 

• 

0 

• 

# 

• 

0 

m 

m 

m 

0 

• • 

* • 

• • 

... 1 

sum 

• 

• 

0 

• 

• 

• 

0 

• • 

• m 

m * 

0 ... 

• 

• 

• 

0 


(0 

0 

0 

... 0 ) ' 


0 

0 ... 

0/ 



which is of rank 1, so the rank of g(Ai) is at most 1, and the rank of g(A) is at 
most 1. 

Solution to 7.630: A direct calculation shows that (A — 7) 3 = 0 and this is the 
least positive exponent for which this is true. Hence, the minimal polynomial of A 
is (ma (0 = (t — l) 3 - Thus, its characteristic polynomial must be xa ( 0 = (t — l) 6 . 
Therefore, the Jordan Canonical Form [HK61, p. 247] of A must contain one 
3x3 Jordan block associated with 1. The number of blocks is the dimension of 
the eigenspace associated with 1 . Letting x — (x\, . x^) 1 and solving Ax = x, 
we get the two equations x\ = 0 and x 2 4- *3 + *4 + *5 = 0. Since x$ is not 
determined, these give four degrees of freedom, so the eigenspace has dimension 
4. Therefore, the Jordan Canonical Form of A must contain four Jordan blocks 
and so it must be 

/I 1 0 0 0 0\ 

0 110 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 * 

0 0 0 0 1 .0 
\0 0 0 0 0 1 / 

Solution to 7.631: Since AB has rank 3, both A and B must also have rank 
3, from which it follows that BA has rank 3. Hence the null space of BA has 
dimension 2; let iq , i£ form a basis for it. 

Let e\ , £2, £3 be the standard basis vectors for C 3 . We have 

ABe 1 = e\ , ABe 2 = e\ + e 2 , ABe 3 = — e 3 , 


so 


BABe 1 = Be \ , BABe 2 = Be 1 -f- Be 2 , BABe 3 = —Be 3 . 

Since B has rank 3, no nontrivial linear combination of Be 1, Be 1 4- Be 2, —Be 3 
can vanish, implying that Be \ , Be 2 , Bei are linearly independent modulo the null 
space of BA. Hence vj, 1 %, Be 1, Be 2, Be 3 form a basis for C 5 . Relative to his 
basis, the transformation induced by BA has the matrix 



0 

0 

0 

0 

0 

\ 


0 

0 

0 

0 

0 



0 

0 

1 

1 

0 



0 

0 

0 

1 

0 



0 

0 

0 

0 

-1 

) 


which is the Jordan form of BA. 

Solution to 7.633: The i th diagonal element of AA* is ^ of- and the same ele- 
ment on A 1 A is X^ = i aj i . Comparing these expressions successively for 



i — n, n — 1, ... 1, we conclude that all ay with j > i are zero, that is, A is 
diagonal. 


Soluti on to 7.6.38: Since A is nonsingular. A 1 A is positive definite. Let 
B = V A { A. Consider P — BA ~ l . Then PA = B, so it suffices to show that P 
is orthogonal, for in that case, Q = P~ l = P* will be orthogonal and A = QB. 
We have 


P'P = (AT'B'BA- 1 = (A')- > B 2 A- t = (A')~' A' AA~' = 1. 


Suppose that we had a second factorization A = Q\ B \ . Then 


B 2 = A , A = B\Q\Q i B 1 =Bl 


Since a positive matrix has a unique positive square root, it follows that B = B \ . 
As A is invertible, B is invertible, and canceling gives Q — Q\. 

Solution to 7.6.39: Conjugating A changes neither the convergence nor the eigen- 
values, so we may assume A in Jordan canonical form, A = (J °) or A = (o «)■ 

In the first case A n = ( fl 0 ) and £ A" converges when the eigenvalues, a and b, 
have absolute value less than 1, since the entries of the sum are geometric series. 
In the second case write A = alA-N, with N the nilpotent matrix N = (q £). In 

this case N 2 = 0, and A n = a n I+na n ~ l N. If 7+A-f-A 2 H conveiges, then the 

diagonal entries, a n , of the terms A n must conveige to 0, so \a\ < I. Conversely, 
if \a\ < 1, then and J2 naH ~ l conveige, by the Ratio Test [Rud87, p. 66], 
therefore, A n converges. 

Solution to 7.640: An easy calculation shows that A has eigenvalues 0, 1, and 3, 
so A is similar to the diagonal matrix with entries 0, 1, and 3. Since clearly the 
problem does not change when A is replaced by a similar matrix, we may replace 
A by that diagonal matrix. Then the condition on a is that each of the sequences 
(O' 1 ), (a n ), and ((3 a) n ) has a limit, and that at least one of these limits is nonzero. 
This occurs if and only if a = 1 /3. 

Solution to 7.6.41: Let g be an element of the group. Consider the Jordan Canon- 
ical Form [HK61, p. 247] of the matrix g in F* 2 a quadratic extension of F p . 

The characteristic polynomial has degree 2 and is either irreducible in F p and 
the canonical form is diagonal with two conjugate entries in the extension or re- 
ducible with the Jordan Canonical Form having the same diagonal elements and a 

1 in the upper right-hand comer. In the first case, we can see that g p ~ l = / and 
in the second gP( p ~V — /. 



7.7 Similarity 


Solution to 7.7.1: A simple calculation shows that A and B have the same char- 
acteristic polynomial, namely (x — \) 2 {x — 2). However, 



0 1 0 
fi -/=|0 0 0 
0 0 1 


Since A — I has rank 1 and 5 — 7 has rank 2, these two matrices are not similar, 
and therefore, neither are A and B. 

Solution to 7.73: A calculation gives 

det(5 - zl) = z 2 (z - l)(z + 1) = det(A - zl ) . 

The matrix A is in Jordan Canonical Form, and there are only two matrices with 
the same characteristic polynomial as A, namely A and the diagonal matrix with 
diagonal entries 1, — 1, 0, 0. Since B obviously has rank 3, its Jordan form must 
be Ay i.e., B and A are similar. 

Solution to 7.73: The eigenvalues of A an B are either ±1 and neither is 7 
or —7, since the equation AB + BA = 0 would force the other matrix to be 
zero. Therefore, A and B have distinct eigenvalues and are both diagonalizable. 
Let S be such that SAS~ l = (J Multiplying on the left by S and on the 

right by S~ l the relations above we see that C = SBS~ l satisfies C 2 = 7 and 
(SAS~ l )(SBS~ l ) + (SBS~ l KSAS~ l ) = 0. We get 


- 0 'o) 


for c 


and taking D = J) we can easily see that T = DS satisfies 


TAT 


■=(J *.) 


TBT 


'-C 0- 


Solution to 7.7.7: Let x(*) = x 2 — bx +d be the characteristic polynomial of A. 
Since d is the determinant of A, d n = 1, but the only roots of unity in Q are ±1 
so d = ±1 . Let a and be the two complex roots of x . Over C A is similar to a 
matrix M of the form 

= (o £)• 

Since the roots of the characteristic polynomial of A n are the the nth powers of 
the roots of x, it follows that a n = p n = 1. Since ±1 are the only real roots of 
unity, if ct or p is real, we get that a - ±0 = ±1 so in this case, since A is similar 


M 



to M, A 2 = 1. Now suppose a is not real. This means b 2 — 4d <0 and |a| =d. 
So d = 1 and b = 0 or b = ±1. If b = 0, ct and are fourth roots of unity so 
M 4 = / and thus A 4 = /. If & = ±1 , a and are sixth roots of unity so M 6 and 
A 6 equal /. Thus in all cases A 12 = /. 

Solution 2. Alternatively, we can analyze the characteristic polynomial in the fol- 
lowing way: /(*) = x 2 - bx + d where d = det A = ±1 and b = trace A 
is an integer. Since A has finite order, its eigenvalues are roots of unity, so have 
modulus 1. Since b is the sum of the eigenvalues, \b\ <2. 

Therefore the characteristic polynomial of A is one of x 2 ± 1, x 2 ± x + 1, 
x 2 ± x — 1, x 2 ± 2* + 1, x 2 ± 2x — 1, Note that * 2 ± 1 divides x 4 — 1, and 
x 2 ±x + l divides x 6 — 1, so any matrix with one of these polynomials has order 
dividing 12. The zeros of x 2 ± x — 1 and x 2 ± 2x — 1 do not have modulus 1, so 
these polynomials cannot occur. 

A matrix A with polynomial j: 2 ±2jic-}- 1 has repeated eigenvalues d=l. Recalling 
that A n = 1 for some n > 0, A is diagonalizable (for example, since it satisfies a 
polynomial equation with distinct linear factors), so A = ±7. 

Solution 3. Since A n — I = 0 the minimal polynomial t^A of A is a divisor of 
x n — 1. The irreducible factorization of x n — 1 is given by 

m Jo 

where 4> m = Yl (x ~ a), ), is the m-th cyclotomical polynomial, product of all 

<£>i £ S2 nt 

the factors (x — oh) where wi are the primitive m-th roots of unity. 

= { e 2nir l m | 1 < r < m, (r, m) — 1 } and the numbers of elements is 
given by <p(m), the Euler’s totient function. Thus the irreducible factorizations of 
Ha and xa over Q have the form 

™-A = ^mj ' • • ^m r , XA ~ 3>m, * * * ®m r 

where r ^ 1, m \ , . . . , m r are distinct and divide n, and di > 1. It follows that 
d\(p(nt\) + • • • + d r <p(m r ) = 2 . 

There are two cases: solving <p(m\) + <p(m 2 ) = 2 gives (mi, m 2 ) = (1, 1), 
(1, 2), (2, 2) and solving <p(m) = 2 gives m =3,4, 6. 

Take the case (1,1), that is the minimal and characteristic polynomial of A are 
given by 

VLA=® 1* XA = ® l- 

By the Cyclic Decomposition Theorem A ~ C(<J>i) © C(<I>i), a direct sum of 
companion matrices. 

The other cases are similar, that is, A is similar over Q to one of the six matrices 

C(0>,) © C(<J> 1 ), C(<t>i) 0 C(4> 2 ), C(<J> 2 ) © C(4>2), C(4> 3 ), C(4> 4 ), C(<D 6 ) 

a o-(i -°.)('o -.)• 


which are 



(? -!)•(? o')’(i i 1 )’ 

and these have orders 1, 2, 2, 3, 4, 6 respectively, (the order of C(<t> CT ) is m). In 
all cases A 12 — I. 

Solution to 7.7.8: 1. Let A be any element of the group: 

(i) Every element in a finite group has finite order, so there is an n >0 such 
that A n = /. Therefore, (det A) n = det(A°) = 1. But A is an integer 
matrix, so det A must be ±1. 

(ii) If A is an eigenvalue of A, then A w — 1, so each eigenvalue has modulo 1, 
and at the same time, A. is a root of a second degree monic characteristic 
polynomial xa (x) = x 2 + ax + b for A. If |A] = 1 then b = ±1 and 
a — 0, ±1, and ±2 since all roots are in the unit circle. Writing out all 10 
polynomials and eliminating the ones whose roots are not in the unit circle, 
we are left with x 2 ± 1 , x 2 + 1, and x 2 ± 2x + 1 , and the possible roots 

are A = ±1, ±i, and and the sixth roots of unity. 

(iii) The Jordan Canonical Form [HK61, p. 247] of A, Ja, must be diagonal, 
otherwise it would be of the form Ja — (J]), and the subsequent powers 

(y A )* = (^q * ), which is never the identity matrix since kx k ~ l ^ 0 

(remember |x| = 1). So the Jordan Canonical Form of A is diagonal, with 
the root above and the complex roots occurring in conjugate pairs only. 

The Rational Canonical Form [HK61, p. 238] can be read off from the 
possible polynomials. 

(iv) A can only have order 1 , 2, 3, 4, or 6, depending on A. 

Solution to 7.7.10: Let Ra and Rb be the Rational Canonical Forms [HK61, p. 
238] of A and B, respectively, over R; that is, there are real invertible matrices K 
and L such that 


R a = KAK~ } 

R b = LBL~ l . 

Observe now that Ra and Rb are also the Rational Canonical Forms over C as 
well, and by the uniqueness of the canonical form, they must be the same matrices. 
If KAK~ l = LBL~~i then A = K~* LB(K~^ L)~\ so K~ l L is a real matrix 
defining the similarity over R. Observe that the proof works for any subfield; in 
particular, two rational matrices that are similar over R are similar over Q . 

Solution 2. Let U = K + iL where K and L are real and L ^ 0 (otherwise we 
are done). Take real and imaginary parts of 


A(K + iL) — AU — UB = (K+ iL)B 



and add them together after multiplying the imaginary part by z to get 

A(K+zL) = (K+zL)B 

for any complex z. Let p(z) = det (K 4- zL). Since p is a polynomial of degree n, 
not identically zero (p(i) ^ 0), it has, at most, n roots. For real zo not one of the 
roots of p, V = K 4- zoL is real and invertible and A = VBV~ ] . 

Solution to 7.7.11: The minimal polynomial of A divides (x — 1)*, so / — A is 
nilpotent, say of order r. Thus, A is invertible with 

r— 1 

A~ l /»))-' = (/ - A)i . 

j = o 

Suppose first that A is just a single Jordan block [HK61, p. 247], say with matrix 

1 1 0 0 

0 1 1 •• 0 

• * * # • 

• • • • • 

• • • • • 

0 0 0 1 

relative to the basis {t>i , V 2 , . . . , Then A -1 has the same matrix relative to the 

basis {vi, vi + i>2, • • • , ui + 1>2 H h v n }> so A and A -1 are similar. 

In the general case, by the theory of Jordan Canonical Form, the vector space 
can be written as a direct sum of A-invariant subspaces on each of which A acts 
as a single Jordan block. By the formula above for A -1 , each subspace in the 
decomposition is A"" 1 -invariant, so the direct sum decomposition of A is also 
one of A -1 . The general case thus reduces to the case where A is a single Jordan 
block. 




Solution to 7.7.12: The statement is true. First of all, A is similar to a Jordan 
matrix [HK61, p. 247], A = S~ l JS, where S is invertible and J is a direct sum 
of Jordan blocks. Then A* = S'J'iS'r 1 (since (S" 1 )' = (S') -1 ); that is. A 1 
is similar to J l . Moreover, is the direct sum of the transposes of the Jordan 
blocks whose direct sum is J, It will, thus, suffice to prove that each of these 
Jordan blocks is similar to its transpose. In other words, it will suffice to prove the 
statement for the case where A is a Jordan block. 

Let A be an n x n Jordan block: 



Let eu • • . , e n be the standard basis vectors for €”, so that Aej = lej + ej-\ 
for j > 1 and Ae \ — ke \ . Let the matrix S be defined by Sej = e n -j+ j. Then 



S = S \ and 


S l ASej = SAe n -j 

| S(\€n—j+l &n—j) * j ^ ft 

| 5(A.^ rt _j4-l) , j = W 

( A.ey -f e/+l , j < n 
k€j , j = n 

which shows that S -1 AS = A r . 

Solution to 7.7.14: Using the first condition the Jordan Canonical Form [HK61, 
p. 247] of this matrix is a 6 x 6 matrix with five l*s and one -1 on the diagonal. 
The blocks corresponding to the eigenvalue 1 are either 1 x 1 or 2 x 2, by the 
second condition, with at least one of them having dimension 2. Thus, there could 
be three 1-blocks and one 2-block (for the eigenvalue 1), or one 1 -block and two 
2-blocks. In this way, we get the following two possibilities for the Jordan Form 
of the matrix: 


/ 1 

0 

0 

0 

0 

0 ^ 

( 1 

0 

0 

0 

0 

0 \ 

0 

1 

0 

0 

0 

0 


0 

1 

1 

0 

0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

1 

0 

9 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

1 

0 


0 

0 

0 

0 

1 

0 

\° 

0 

0 

0 

0 

-1 ) 

Vo 

0 

0 

0 

0 

-1 / 


Solution to 7.7.15: Since A and B have the same characteristic polynomial, they 
have the same n distinct eigenvalues /j,..., l n . Let x (*) = (x — 1 1 ) Cl • • • (x —l n ) c " 
be the characteristic polynomial and let — (x — l\) mi • • • (x — l n ) mn be the 
minimal polynomial. Since a nondiagonal Jordan block [HK61, p. 247] must be 
at least 2x2, there can be, at most, one nondiagonal Jordan block for N < 3. 
Hence, the Jordan Canonical Form is completely determined by n{x) and x(*) 
for N < 3. If fi{x) — x(*), then each distinct eigenvalue corresponds to a single 
Jordan block of size equal to the multiplicity of the eigenvalue as a root of x(*)> 
so the Jordan Canonical Form is completely determined by x(*)> and A and B 
must then be similar. 

Solution to 7.7.16: It will suffice to show that A is similar to a matrix of the form 
(* b )* w ^ ere U is (it — 1) x (n — 1). For in that case B has the same trace as A, 
hence trace 0, and the argument can be iterated. 

Assume, without loss of generality, that A is not the zero matrix. Since A has 
trace 0, it is not a scalar multiple of the identity matrix. Hence, there is a nonzero 
vector v in <C rt that is not an eigenvector of A. Take a basis for C n in which the 
first basis vector is v and the second one is Av. The matrix with respect to such a 
basis of the linear transformation induced by A is similar to A and has the required 
form. 



Solution to 7.7.17: Since A/ 3 = //, N 3 = 0, so it suffices to show that N 2 ^ 0. 
If N 2 = 0, then M 2 = tP for some 3x3 matrix P with entries in R[f ]. Therefore 
tPM = M 3 = tly hence PM = /, implying that tl = M 3 has an inverse P 3 
with entries in R[r], a contradiction. 

Solution to 7.7.19: Since the map X h* X 2 on M n (C ) is continuous, we have 

B 2 = ( lim A n } = lim A 2n = Z? . 

The minimal polynomial of B divides x 2 — x, so the eigenvalues of B are zeros 
and ones. Since the minimal polynomial is squarefree, the Jordan blocks of B are 
of size 1, i.e., B is similar to a diagonal matrix with its eigenvalues (zeros and 
ones) along the main diagonal. 


7.8 Bilinear, Quadratic Forms, and Inner Product 
Spaces 


Solution to 7.8.1: For all x e R w , g(x, x ) = /( 2x) —2 fix) = 4 fix) — 2 fix) — 
2 fix). Therefore fix) = g(x, x)/2 is the quadratic form associated with the 
bilinear form g. For each x € M n t y g(x, y) is linear, so there is exactly one 
vector Aix) e R" such that g(x, y) — (Aix), y) for all y eR n . Since g is linear 
in the first variable, A is a linear map. 

Solution to 7.8.2: Let H be the Hermitian matrix that induces the quadratic form 

( A B D\ 

BCE I , 

D E F ) 

and let 



H is positive definite if and only if all of its eigenvalues are positive. Since the 
product of those eigenvalues is det H, the positivity of det H is a necessary condi- 
tion for H to be positive definite. Since the positive definiteness of H implies the 
positive definiteness of G, whose associated quadratic form is Ax 2 +2 Bxy+Cy 2 , 
the positivity of det G is also a necessary condition. The positivity of A is simi- 
larly a necessary condition. 

Assume that A > 0, det G > 0, and det H > 0, but that H is not positive def- 
inite. Then the product of the eigenvalues of H (= det H) is positive, but not all 
of the eigenvalues are positive. Hence H must have one positive eigenvalue and 
two negative ones, or a single negative one of multiplicity two. It follows that H 
is negative definite on the two dimensional subspace spanned by the eigenvectors 



corresponding to the negative eigenvalues. That subspace must have a nontrivial 
intersection with the subspace spanned by the first two basis vectors. Hence there 
is a nonzero vector v in R 3 with its last coordinate 0 such that v l Hv < 0. It fol- 
lows that G is not positive definite. But since A > 0 neither is G negative definite. 
Thus G must have one positive and one negative eigenvalue, in contradiction to 
the assumption det G > 0. 


Solution to 7.83: We have 


( 2 / 1 
t 1 0 

1 0 3 



By the Solution to Problem 7.8.2 above, the form is positive definite if and only 
if the determinants 


2 

t 

1 




t 

1 

0 

>0 

and 

2 t 
t 1 

1 

0 

3 




>0 


that is, when — 1 + 3(2 — t 2 ) = 5 — 3 / 2 > 0 and 2 — t 2 > 0. 

Both conditions hold iff |r| < For these values of / the form is positive 
definite. 

Solution to 7.8.4: Every vector in W is orthogonal to v = ( a , b, c ). Let Q be 
the orthogonal projection of M 3 onto the space spanned by v, identified with its 
matrix. The columns of Q are Qej , 1 < j < 3, where the ej ’s are the standard 
basis vectors in R 3 . But 


Qe\ = (v, e\)v = ( a 2 , ab, ac ) 

Qei — ( v , e 2 )v = (ab, b 2 , be) 

Qe 3 = ( v , es)v — (ac, be, c 2 ). 

Therefore, the orthogonal projection onto W is given by 

( l — a 2 — ab —ac \ 

-ab l-b 2 -be . 

—ac —be 1 — c 2 ) 

Solution to 7.8.5: 1. The monomials 1 ,t,t 2 ,...,t n form a basis for P n . Ap- 
plying the Gram-Schmidt Procedure [HK61, p. 280] to this basis gives us an 
orthonormal basis po, p \, . . . , p n . The (k 4- l) th vector in the latter basis, p*, is a 

linear combination of 1 , / t k , the first k + 1 vectors in the former basis, with 

t k having a nonzero coefficient. (This is built into the Gram-Schmidt Procedure.) 
Hence, deg Pk = k. 



2. Since p' k has degree k — 1, it is a linear combination of po, pi, . . . , pk-u for 
those functions form an orthonormal basis for Pk- 1 . Since pk is orthogonal to 
PO. Pu • • • . Pk-u it is orthogonal to p f k . 

Solution to 7.8.6: Since p is even, it is orthogonal on [—1, 1] to all odd polyno- 
mials. Hence a and b are determined by the two conditions 


/: 


p(x) dx 


-* /: 


x 2 p(x)dx = 0. 


Carrying out the integrations, one obtains the equations 

0 2b 2 n 2a 2b 2 

2a+ 3 5 — °’ 3 + 5 7 _0 ' 

3 6 

Solving these for a and b, one gets a = — — , b = -, therefore 

%/•/ I 



3 

35 




* 


Solution to 7.8.7: Let n = dim E, and choose a basis v\, ... ,v n for E. Define 
the n x n matrix A = (ay*) by ajk ~ B(v\ t, vj). The linear transformation Ta on 
E induced by A is determined by the relations 

TAVk = ^ajkVj =^B(vk t Vj)vj , k = 1 n , 

• • 

j J 

implying that Tav = B(v, Vj)vj (v € E). It follows that E\ — ker Ta- By 
similar reasoning, £2 = ker Ta> , where A 1 is the transpose of A. By the Rank- 
Nullity Theorem [HK61, p. 71], dim E\ equals n minus the dimension of the 
column space of A, and dim £2 equals n minus the dimension of the row space of 
A. Since the row space and the column space of a matrix have the same dimension, 
the desired equality follows. 

Solution to 7.8.8: We have, for any x € R n , 

(Ax, x) = (x. Ax) = ( A*x , x) > 0 , 

hence, ((A + A r )x, x) ^ 0 for all x € R n . As A 4- A f is symmetric, therefore 
diagonalizable, there exist an integer k ^ n, positive numbers Aj, X 2 , A*, and 
a basis of M n , {uj, . . . , u*}, such that (A + A T )vi = A /«,- for 1 < i < k, and 
(A 4- A T )v, = 0 for k 4- 1 ^ i < n. The matrix representing A in this basis has 
the form 


B C 



where D is antisymmetric and 



where B' is antisymmetric. We have 

x* A! x — X\x\ + •••+• , 

so x € ker A' exactly when the first k components of x are zero and the last n — k 
form a vector in ker C O ker D. As 

w - (5c s) • 

we conclude that a vector is in the kernel of A ' iff it is in the kernel of ( A ') r . 

Solution to 7.8.9: 1 . Since A is positive definite, one can define a new inner 
product ( , )a on W 1 by 

(*, y)A = {Ax, y>. 

The linear operator A~ l B is symmetric with respect to this inner product, that is, 

(■ A~ l Bx , y)A = (Bx, y) = (x, B'y) = (x, By) 

= (A -1 Ax, By) = (A*, A" 1 By) = (x, A~ l By) a . 

So there is a basis {vi, of E n , orthonormal with respect to ( , )a, in which 
the matrix for A -1 B is diagonal. This is the basis we are looking for; in particular, 
Vi is an eigenvector for A -1 B , with eigenvalue A.; and 

(Vi, Vj)A = $ij 

( Bvi , vj) = (A -1 Bvi, vj) A — {ki vi , vy)* = X/fy. 

2. Let t/ be the matrix which takes the standard basis to {i>i , ...u„} above, that is, 
U e t = Vi. Since the e t form an orthonormal basis, for any matrix M, we have 

n 

Mx = y^(Mx, €j)€j , 
j = 1 


f/'AC/e,- = £<C/'At/e/,ey)ey 
i= i 

n 

= Y,( A V e i,Vej)e; 
j = i 


in particular, 



= ^(Avi, Vj)ej 

7=1 

n 

~ 2l & i) e ) = e i • 

j = I 

showing that t/' At/ = /. 

Using the same decomposition for U l BU, we have 

/2 

U'BUei = BUe i>ej)ej 
J = i 

n 

= Vj)ej 

J= i 

n 

= / = A ./£/ , 

7=1 


so £/'££/ is diagonal. 

Solution 2. Since -4 is positive definite A = W'W for some invertible matrix W. 
Setting AT = W" 1 we get W'AW = = / and N* BN is still 

positive definite since (x, N*BNx) — {Nx, B(Nx)) ^ 0. As N 1 BN is positive 
definite there is an orthogonal matrix 0 such that 0'(iV r BN)0 — D, where D is 
a diagonal matrix. The entries of D are positive, since N 1 BN is positive definite. 
Let M = NO. Then M'BM = O t N t BNO = D and M l AM = O'N'ANO = 
0 r /0 = /, and we can easily see that M is invertible, since A and 0 are. 


Solution to 7.8.11: From the Criteria proved in the Solution to Problem 7.8.2 we 
see that the matrix is positive definite and v*Av = N(v) defines a norm in M 3 . 
Now all norms in 3R 3 are equivalent, see the Solution to Problem 2.1.6, so 

where a and /J are the minimum and the maximum of ||v|| on the set v*Av — 1. 

We can use the Method of Lagrange Multipliers [MH93, p. 414] to find the 
maximum of the function 

f(x,y , z) = x 2 + y 2 + z 2 


over the surface defined by ^(x, y, z) = 6, where 



(l3x 2 + 13y 2 + 10z 2 — 10xy - 4xz - 4 yzj 


is the quadratic form defined by the matrix A. Setting up the equations we have: 


df 

dx 


— 26x — lOy — 4z = X 


d l 

3x 




8y 

difr 

~dz 


= 2 6y — IOjc — 4z = X~ = 2Ay 

dy 

= 20z — 4* — 4y = = 2X Z 

9z 


y, z) = 6 


which is equivalent to the linear system of equations 



together with the equation ij/(x, y, z) = 6. Now if the determinant of the system 
is nonzero, there is only one solution to the system, the trivial one x — y = z = 0 
and that point is not in the surface i/f(x, y, z) = 6, so let’s consider the case where 
the determinant is zero. One can easily compute it and it is: 

-A 3 + 36A 2 - 396A + 1296 


and one can easily see that X = 18 is a root of the polynomial, because it renders 
the first two rows of the matrix the same, factoring it completely we get: 

(18 — A) (A — 6) (X -12) 


Considering each one of the roots that will correspond to non-trivial solutions of 
the system of linear equations 

• X = 18. In this case the system becomes: 



which reduces to ^ ^ jy + 8z = 0 ' Therefore z = 0 and y = 

Substituting this back in the equation of the ellipsoid, we find x = ±— , 
and the solution points are: \/6 



( 1 , - 1 , 0 ) 


• X = 6. The system now is 




and the solutions are: x = y = z and the only points in this line on the 
ellipsoid are: 

±4= <i,i,i> 

V3 

• X = 12. The system now is 



and the solutions are: y 
ellipsoid are: 


x and z = —2x the points in this line on the 



0 , 1 , - 2 ). 


Computing the sizes of each (pair) of the vectors we obtain 1 /\/3, 1 and 1 /V2, 
respectively; so the least upper bound is 1 . 

Solution 2. A, being a symmetric matrix, can be diagonalized by an orthogonal 
matrix S, so 

D = S' AS 

where the matrix S is given by the eigenvalues of A. Following the computation 
of the previous solution, we get 

/ 1/V2 1/V3 1/VS \ 

5 = j -1/V2 1/V3 1/VS I 
\ 0 1/V3 -2/ VS/ 


but in our case we only need the matrix D which is the diagonal matrix with the 
eigenvalues of A , that is, 

( 18 0 0 \ 

0 6 0 ) 

0 0 12 / 

so after the change of basis given by the matrix S above, the form \}/ becomes 
5, t) = 18r 2 -f 65 2 -f 12r 2 and on these variables the ellipsoid 


r 2 

1/3 


+ s 2 + 




has semi-axis 1 / V 3, 1 and 1 / V2, and the least upper bound is 1 . 

Solution 3. Rotating around the z-axis by 45° on the positive direction is equiva- 
lent to the change of variables 

x = + s) 

V2 

y = _L ( _, + , ) 



which substituted in the equation of the ellipsoid 


13x 2 + 13 y 2 -f 10 z 2 - 10xy - 4 xz - 4yz = 6 
eliminates the mixed terms in x y and xz. After the substitution we end up with 


18a* 2 + 8s 2 -f 10z 2 — 4^Pisz = 6 . 

Now we rotate around the r-axis by an angle a where cot 2a — 
in order to eliminate the mixed term in sz. Using trigonometric identities we find 


8—10 


1 


1 [2 , \ 

cos 2a = — , and cos a = y — , sin a = -^=, so the change of coordinates 


can now 


be written as 


s = wcosa — /sina = •—= (wj2-- t'j 
z = iv sina *f t cosa = -^= (w + t^/2j 
and the final substitution renders the equation of the ellipsoid 

18r 2 + 6u; 2 +12f 2 = 6 


whose largest semi-axis is 1 . 

Solution to 7.8.12: Suppose that A has a diagonalization with p strictly positive 
and q strictly negative entries, and that B has one with p' strictly positive and q' 
strictly negative entries. Then R n contains a subspace V of dimension p such that 
x l Ax > 0 for all nonzero x e V, and a subspace W of dimension n — p' such that 
x l Bx < 0 for all x e W. Since x* Ax ^ x*Bx for all x e R n , x l Ax ^ 0 for all 
x eW. Therefore VOW — {0}, so dim V 4- dim W < n, i.e., p + (n — p') ^ n 
giving p ^ p'. Similarly q' ^ q, so p — q ^ p' — q'. 

Solution to 7.8.13: Let A = T*T. Then (x, y) = 0 implies {Ax y y) — 0. For any 
x e C n let x 1 = {y e C n | (x, y) = 0}. Thus, (x, x 1 ) = 0 so {Ax, x x ) = 0, 

implying that Ax e (x J *)' L , so Ax = Xx for some X € C . Since every vector 
is an eigenvector of A, it follows that rl for some scalar r. The constant r is a 
nonnegative real number since A is positive semidefinite. If r = 0 then A = 0, 
hence T — 0 and we may take k = 0, U = /. If r > 0 we take k = yfr and set 
U = ~jpT. Clearly k is real, and U is unitary because 

u*u = 4=rr4= = l a = / . 

•Jk -Jk k 


As T = kU we are done. 



Solution to 7.8.15: Assume that such m, v exist. Then there is a 3 x 3 orthogonal 
matrix Q whose three rows are («i , M 2 , a)> (v\ , V 2 , b ), ( w\ , W 2 , c ). Every column 
of Q is a unit vector. This implies that a 2 + b 2 < 1 . 

Conversely, assume that a 2 4- b 2 < 1 . Let c be a real number such that 
a 2 4- b 2 4- c 2 = 1. The vector (a, b, c) can be extended to a basis of M 3 and by 
the Gram-Schmidt Procedure there exist vectors («i, vj t uq), (M 2 , V 2 , wi) that 
together with ( a , b, c ) form an orthonormal basis. Thus the matrix M given by 


( «1 M2 a \ 

vi V2 b I 

Wl W2 c ) 


is an orthogonal, that is, M l M — l. Since a square matrix is a left-inverse if and 
only if is a right-inverse we also have that MM 1 — /, and die first two rows of 
this matrix are the desired vectors. 

Solution 2. Suppose we have such u and v. By Cauchy-Schwarz Inequality 
[MH93, p. 69], we have 

(mi VI + M 2 V 2) 2 < (Mj + M2KV 2 + v|). 

Since m- v = 0, (M1V1+M2V2) 2 = (ab) 2 ; since |]m|| = !|v|| = 1 , \—a 2 = u 2 +u 2 , 
and 1 — b 2 = v 2 4- v|. Combining these, we get 

0 abf < (1 - « 2 )( 1 - b 2 ) = 1 - a 2 - b 2 + 0 ab ) 2 , 


which implies a 2 + b 2 < 1 . 

Conversely, suppose that a 2 + b 2 < 1. Let u = (0, Vl — « 2 , «). ||m|| = 1, and 
we now find vi and V2 such that v 2 + v 2 + b 2 = 1 and U 2 V 2 + ab — 0. If a = 1, 
then b — 0, so we can take v = (0, 1 , 0). If a / 1 , solving the second equation 

for V2> we get 

—ab 





Using this to solve for vi , we get 



yf\ — a 2 — b 2 

Vl — ~a 2 


By our condition on a and b, both of these are real, so n and v = (vi , V 2 , b) are 
the desired vectors. 


7.9 General Theory of Matrices 


Solution to 7.9.1: Let A be such an algebra, and assume A does not consist of 
just the scalar multiples of the identity. Take a matrix M m A that is not a scalar 



multiple of the identity. We can assume without loss of generality that M is in 
Jordan form, so there are two possibilities: 

(i) M = ( 0 D withXl # Az (ii) M = (o a) • 

In the first case the matrices commuting with M are the 2x2 diagonal matrices, 
which form an algebra of dimension 2. Thus dim A ^ 2. 

In the second case M has a one-dimensional eigenspace spanned by the vector 
(q), so any matrix commuting with M has (q) as an eigenvector, i.e., it is upper 
triangular. Also, a matrix commuting with M cannot have two distinct eigenval- 
ues, because then the corresponding eigenvectors would have to be eigenvectors 
of M (and the only eigenvectors of M are the multiples of ( J)). Thus, the matrices 
commuting with M are the matrices 

(s ;)• 

The algebra of all such matrices has dimension 2, so dim A ^ 2 in this case also. 

Solution to 7.9.2: In what follows we will use frequently the facts that I A- A is in- 
vertible, which can easily be concluded from the fact that -1 is not an eigenvalue 
of A, as we have ker(A + /) = 0, as well as that A commutes with (/ -f A) -1 , 
which can be seen by factoring A+ A 2 in two different ways (/ + A) A = A(/ -f- A) 
and now multiplying on the right and left by (/ -f A)" -1 . 

1 . 

((/ - A)(I + A)- 1 )' = ((/ + A)-')' (/ - A)' 

= ((/ + A)')"‘ (/ - A') 

= (/ + A 1 ) 1 (/ — A') since A' = A -1 
= (/ + A- 1 ) -1 (/ - A -1 ) 

= (a -1 (A + /))“' (A” 1 (A - /)) 

= (A + /)"' AA~ l (A - /) 

= (A + /)-' (A - /) 

= - (/ + A) -1 (/ - A) 

= -(/-A)(/ + 4)-' 

on the last equality we used the fact that A commutes with (/ + /l) -1 and this 
shows that the product is skew-symmetric. 

2. Now let’s suppose S is skew-symmetric, then 

(a - s) (/ + sr 1 )' = (a + $)-■)' (/ _ sy 



= (/ + s') ‘(/-s') 

= (/ - S)~ l (/ + S ) 

= (/ + S) (/ - S)- 1 

= ((/ - s) (/ + sr 1 ) -1 

that is the product is orthogonal. Now to see that it doesn’t have an eigenvalue 1, 
observe that 

det ((/- 5) (/ + S) -1 + /) = det ((/ — S + / + S) (/ + S) -1 ) 

= det (21 (/ + Sr 1 ) 

= 2" det ((/ + Sr 1 ) 

*0 

3. Suppose the correspondence is not one-to-one, then 

(/ — A) a + A)- ] =(/-£)(/ + B)- 1 

(/ + A )' 1 (/ - A) = (/ - B) (/ + B )- 1 

(/ — A) = (/ + A) (/ - B) (/ + B)-> 


(/ — A) (/ + B) = (/ + A) (/ - B) 


simplifying we see that A — B. 

Solution to 7.9.4: If x, y e W 1 then x 1 Py is a scalar, so (x* Py)' — x l Py, that 
is, y P*x — x l Py. We conclude, from the hypothesis, that y* P l x = —y 1 Px 
for all x, y. Therefore y l (P -f P l )x = 0. Write A = P P l — (fly). Then, 
ay = e\ Aej = 0, where the €/ ’s are the standard basis vectors, proving that 
A = 0, that is, P is skew-symmetric. 

Solution to 7.9.5: We will use a powerful result on the structure of real normal op- 
erators, not commonly found in the literature. We provide also a second solution, 
not using the normal form, but which is inspired on it. 



Lemma (Structure of Real Normal Operators): Given a normal operator A on 
R n , there exists an orthonormal basis in which the matrix of A has the form 



where the numbers Xj = cy + itj , j = 1 and . . . , k n are the 

eigenvalues of A. 

The proof is obtained by embedding each component of M” as the real slice of 
each component of C n y extending A to a normal operator on C n , and noticing that 
the new operator has the same real matrix (on the same basis) and over C n has 
basis of eigenvectors. A change of basis, picking the new vectors as the real and 
imaginary parts of the eigenvectors associated with the imaginary eigenvalues, 
reduces it to the desired form. For details on the proof we refer the reader to 
[Shi77, p. 265-271] or [HS74, p. 1 17]. 

The matrix of an anti-symmetric operator A has the property 

aij — (Aei,ej) — {e\. A* ej) — (e,* t —Aej) = —(Aej , e,*) = —aJJ. 

Since anti-symmetric operators are normal, they have a basis of eigenvalues, these 
satisfy the above equality and are all pure imaginary. 

Thus, in the standard decomposition described above all eigenvalues are pure 
imaginary, i.e., cri = • • • = cr* = X 2 k+i = • • • = k n =0 and the decomposition 
in this case is 



which obviously has even rank. 



A 

Solution 2. Consider A the complexification of A , that is, the linear operator from 
C n to C n with the same matrix as A with respect to the standard basis. Since A 
is skew-symmetric, all its eigenvalues are pure imaginary and from the fact that 
the characteristic polynomial has real coefficients, the non-real eigenvalues show 
up in conjugate pairs, therefore, the polynomial has the form 


xa( 0 = t k pi(t) n ' ••■p r (/)"', 


where the p/’s are real, irreducible quadratics. 

From the diagonal form of A over C we can see that the minimal polynomial 
has the factor in t with power 1 , that is, of the form 


= /^(O = • • • p r {t ) mr . 


Now consider the Rational Canonical Form [HK61, p. 238] of A. It is a block 
diagonal matrix composed of blocks of even size and full rank, together with a 
block of a zero matrix corresponding to the zero eigenvalues, showing that A has 

even rank. 

* 

Solution to 7.9.6: Since A is real and symmetric, there is an orthogonal ma- 
trix U such that D — U~ l AU is diagonal, say with entries A], ...» An. Let 
E = U~ l BU , then tr AB — tr DE — A and B are both posi- 

tive semi-definite, then so are D and E t therefore A,- ^ 0 and e„ ^ 0, giving 
tr AB ^ 0. 

If A is not positive definite then A; < 0 for some i. Let E be a diagonal matrix 
with en — 1 and all other entries zero. Then B = U~ i EU is positive semi- 
definite and tr AB < 0. 

Solution to 7.9.7: Since A is symmetric it can be diagonalized: Let 

A = QDQ-' 

where D = diag(Ji , ,d n ) and each di is nonnegative. Then 

0 = Q~\AB + BA)Q = DC + CD 
where C = Q~ l BQ. Individual entries of this equation read 


0 = (di + dj)cij 


so for each f and j we must have either cij = 0 or di — dj = 0. In either case, 

di et j = djCij = 0 


which is the same as 


DC — CD = 0. 


Hence, AB = BA = 0. 



Example: 


-({!) -(!?)■ 

Solution 2. Since A is symmetric, it is diagonalizable. Let v be an eigenvector of 
A with Av = Xv, then 

A(Bv) = —BAv = -XBv 

that is, Bv is an eigenvector of A with eigenvalue —X. 

Using one of the conditions we get {A Bv, Bv) > 0 but on the other hand 
(A Bv, Bv) = -X(Bv, Bv) < 0, so either X = 0 or B v = 0. Writing A and B on 
this basis, that diagonalizes A, ordered with the zero eigenvalues in a first block 
we have 



which implies that AB — 0 and similarly that BA— 0. 

Solution to 7.9.8: Assuming first that A are B are invertible, we have 

A(A + B)~'B = (A-'r'(A + Br'(B~'r' 

= (B -1 (A + B)A -1 r' 

= (B -1 + A -1 ) -1 . 

and the same reasoning shows that B(A + B) -1 A = (B -1 + A~ 1 ). 

In the general case, for some 8 > 0 the matrices A + XI and B — XI will be 
invertible for 0 < |A| < 8. Then by what has already been established, 

(A + U)(A + B)-'(B - XI) = (B - X/)(A + B)-'(A + XI) . 

Taking the limit as X 0, we get the desired equality. 

Solution to 7.9.9: 1. No, for example take A — ( j ®). 

"-C !M? 

2. True. If the columns of A form an orthonormal set then A f A — /, transposing 
the product AA t = (A* A) { = I and now the rows form an orthonormal set. 

Solution to 7.9.10: The characteristic polynomial of M\ is z 2 — Iz 4* 10, with 
roots 5, 2. Hence M\ is similar to (q^)* so (A/j ! )^_i is bounded away from 0 but 
is not bounded. 




The characteristic polynomial of M2 is z 2 - z + 1, with roots [l ± iV3j /2, 

both of unit modulus. Hence M2 is similar to a unitary matrix, and (MpJJij * s 
both bounded and bounded away from 0. 

The characteristic polynomial of M3 is z 2 - z + 0.7, with roots (1 ± i^/LS) /2, 
each of modulus less than 1 . Hence M2 is similar to a diagonal matrix with each 
diagonal entry of modulus less than 1, implying that (MJ)^ is bounded but not 
bounded away from 0. 

Solution to 7.9.13: 1 . The matrix A— I has the property that the sum of the entries 

in each column is equal to 0. The row operation R\ R\ H f - R n applied to 

A — / results in a matrix whose first row is zero. Hence \A — 1\ — 0. Thus 1 is an 
eigenvalue of A and there is an eigenvector x ^ 0 such that Ax = x. 

2. Let A = ( a c b d ) with a, b, c, d > 0. The characteristic polynomial of A is 

X 2 — (a + d)X -f (ad — be). The discriminant is (a + d) 2 — 4 (ad — be) — 
(a — d) 2 -|- 4 be > 0. Therefore, A has two distinct real eigenvalues Xi , X2. Now 
Xj ■+- X 2 — a -\-d >0. Thus A has at least one positive eigenvalue X, and there is 
an eigenvector y ^ 0 such that Ay = Xy. 

Solution to 7.9.14: Let Y — AD — BC. We have 

/ A B\( D - B\_(AD-BC -AB+BA\ (Y 0\ 

\C D J \ ~C A )~\CD-DC -CB + DA/~\ 0 Y ) ' 

If Y is invertible, then so are ( jj £ ) and X. 

Assume now that X is invertible, and let v be vector in the kernel of 
Y : (AD- BC)v = 0. Then 

d :)(.£)—(: :)(-/:) 

implying that Dv — Cv = Bv = Av = 0. But then X(JJ) = 0, so, by the 
invertibility of X, v = 0, proving that Y is invertible. 

Solution to 7.9.15: Let A e GL2OC) be a matrix representing a. Then A n = X/ 
for some X e C*. We may assume, without loss of generality, that A n = /. Since 
the polynomial x n — 1 has distinct roots, A is diagonalizable, and its eigenvalues 
must be the n -roots of 1. Now conjugating and dividing by the first root of 1, 
we may assume that A — (q^). If for some m ^ 1, A m = si with s e C*, 
then, comparing upper left hand comers we see that 5 = 1. Since the order of a 
is exactly n, the previous sentence implies that A has order exactly n, so £ is a 
primitive w-root of 1. 

In the same way we may represent b by a matrix that is conjugate to B = (q ) 
for some primitive n-root of 1, Then is a power of £, so B is a power A, and 
consequently b is conjugate to a power of a. 

Solution to 7.9.16: If det B — 0, then det B s 0 (mod 2). Hence, if we can 
show that det B ^ 0 over the field Z2, we are done. In the field Z2, 1 = —1, so 



B is equal to the matrix with zeros along the diagonal and 1 ’s everywhere else. 
Since adding one row of a matrix to another row does not change the determinant, 
we can replace B by the matrix obtained by adding the first nineteen rows of B to 
the last row. Since each column of B contains exactly nineteen 1 ’s, B becomes 


/o 

1 1 

... 1 

1\ 

1 

• 

0 1 

* • 

... 1 

• • 

1 

• 

• 

• 

1 

• • 

• • 

1 1 

• • 

• • 

... 0 

• 

• 

1 


1 1 

... 1 

1/ 

to 

each of the other 

row* 

/I 

0 0 

... 0 

°\ 

■ 

0 

• 

1 0 

• • 

... 0 

• • 

0 

. 

• 

• 

0 

• * 

• * 

0 0 

• * 

• • 

... 1 

. 

• 

0 


1 1 

... 1 

1 / 


This is a lower-triangular matrix, so its determinant is the product of its diagonal 
elements. Hence, the determinant of B is equal to 1 over Z 2 , and we are done. 

Solution 2. In the matrix modulo 2, the sum of all columns except column i is the 
i th standard basis vector, so the span of the columns has dimension 20, and the 
matrix is nonsingular. 

Solution to 7.9.17: Let C be the set of real matrices that commute with A. It is 
clearly a vector space of dimension, at most, 4. The set [si + M | s, t € M} is a 
two-dimensional subspace of C, so it suffices to show that there are two linearly 
independent matrices which do not commute with A, A calculation show that the 
matrices ( ® q) and (_^ q) are such matrices. 

Solution to 7.9.18: Let 



If AX = XA, we have the three equations: bz = yc, ay -f bw — xb + yd , and 
cx 4- dz = za 4- wc. 

• b — c — 0. Since A is not a multiple of the identity, a ^ d. The above 
equations reduce to ay = dy and dz — az , which, in turn, imply that 
y — z = 0. Hence, 

*-(s 



• b 0 or c =£ 0. We can assume, without loss of generality, that b ^ 0, as 
the other case is identical. Then z = cy/b and w = x — y(a —d)fb. Hence, 

y- }_(bx-ay + ay by ^ _ (*>x -ay \ T , y A 

b\ cy bx-ay + dy)-\ b ) + b 


Solution to 7.9.19: 1 . Assume without loss of generality that A. = 0 (otherwise 
replace J by J — A./). Let ej, ... ,e n be the standard basis vectors for C”, so 
that Jek = c*-i for A: = 2 ,...,«, Je\ = 0. Suppose AJ = J A. Then, for 
k = 1 , . .. , n — 1 , 

Ac* = AJ n ~ k e n = J n ~ k Ae n , (*) 

/ c„ ' 

so A is completely determined by Ae n . If Ae n = I : | , then 

V Cl 


A = 


CJ 

C 2 

cs ... 

c n—l 

Cn 


0 

C 1 

C2 ... 

Cn-2 

C n - 1 


0 

• 

0 

* 

Cl ... 

• • 

P 

• i 
w 

C n -~2 

m 


« 

• 

0 

• 

« 

0 

• * 

• • 

0 ... 

• 

* 

c 1 

m 

m 

C 2 


0 

0 

0 ... 

0 

Cl 

/ 


In other words, A has zero entries below the main diagonal, the entry C\ at each 
position on the main diagonal, the entry C 2 at each position immediately above the 
main diagonal, the entry C 3 at each position two slots above the main diagonal, 
etc. From (*) it follows that eveiy matrix of this form commutes with J. The 
commutant of J thus has dimension n. 

2. Consider a 2n x 2n matrix in block form (£ where A, B, C, D are nxn. A 
simple computation shows that it commutes with / 0 J if and only if A, B, C, D 
all commute with J. The commutant of / , as a vector space, is thus the direct 
sum of 4 vector spaces of dimension n, so it has dimension 4 n. 


Solution to 7.9.20: The characteristic polynomial 

XA (*) = (2 - jc )((2 - x) 2 - 2) 

has distinct roots 2 — -~/2, 2, 2 + a/2, therefore A is diagonalizable, and, as B 
commutes with A , B is diagonalizable over the same basis. Let T be the transfor- 
mation that realizes these diagonalizations, 

TAT~' = diag (2, 2 + a/2, 2 - a/2), TBT~ l = diag (a, 0, y) . 


The linear system 

al + b diag ( 2, 2 4 - \/ 2, 2 — y/2) 4 - c diag 2 ( 2, 2 4 - \/ 2, 2 — V 2 ) = diag (a, f$, y) 



always has a solution, as it is equivalent to the Vandermonde system 

/I 2 2 2 \ fa\ fa\ 

I 1 2 + V2 (2 + V2) 2 I I b ) = I P I 
\1 2 — y/2 (2 — V2 ) 2 ) \c ) \y) 

with nonzero determinant, see the Solution to Problem 7.2.1 1 or [HK61, p. 125]. 
Applying T~ l on the left and T on the right to the above equation we get 

B =al +bA + cA 2 . 


Solution 2. The characteristic polynomial 

XA (x) = (2-xK(2-x) 2 -2) 

has distinct roots 2 — V2, 2, 2 4- V2, that we will call Aj, and A3, and let 
A = diag(Ai, A2, A3), then if AB — BA and A = T AT~~ l then 
A(T~ l BT) = (T~ l BT) A and since the A ,/ are distinct, T~ l BT must be di- 
agonal. Say T~ l BT = diag(hi, £2* ^3)* choose a quadratic polynomial p such 
that p(Aj) = bj, for i = 1, 2, 3, for example 


P( A) = &i 


(A - A 2 )(A - A 3 ) 
(Aj - A 2XA1 - A3) 


(A - Ai)(A - A 3 ) 
(A2 - Ai)(A 2 - A3) 


+bz 


(A — Aj)(A-A 2 ) 
(A3 — Ai)(A3 — A 2) 


Then p{A) = Tp(A)T~ l = Tdiagtfq, fc 2 , b 3 )T~ l = B. 

Solution 3. Let 

(a 0 y\ 

B= 6 £ H . 

\rj 9 1 ) 

Solving for AB = BA leads to a system of 9 equations in 9 unknows with a 
solution of the form 

(a p y\ 

\P a + y P 1 . 

\y P a) 

Solving the system 

(a p y\ 

\ P a+y p I = 

\y P a) 

/10 0 \ / 2 -1 0 \ (5 -4 1 \ 

a 0 1 0 \+b -1 2 — 1 1 -he -4 6 -4 1 

\0 0 l/ V 0 -1 2 / \ 1 -4 5 / 


we obtain 


a — a + 2P + 3y 
b = —p —4y 
c — y 



B = (a + -t- 3 y)J + (— p — 4y)A + y A 2 . 


Solution to 7.9.21; 1. Take A — (jj q) and B = ( ® ®), a multiplication shows that 

A 2 = B 2 = 0 but ( A + B ) 2 = /, so 4 + B is not nilpotent. 

2. If A is nilpotent then neither ±1 are eigenvalues of A, otherwise 1 would be 
eigenvalue of A 2k for all k, which is a contradiction, so ker(/ ± A) — 0, that is, 
I ± A are invertible. 

3. Let k/\ and kg be exponents that take A and B into zero, respectively. Since A 
commutes with B 


kA+ke 

(A + B) kA+kB = 

<=0 

and one of the powers on the right is always zero, and so is the whole expression. 

Solution to 7.9.23: Define the norm of a matrix X = (xy) by ||X|| = J2i,j \ x ij\- 
Notice that if Bk , k = 0, 1 , ...» are matrices such that J2 II #*ll < then £ Bk 
converges, because the convergence of the norms clearly implies the absolute en- 
try wise convergence. 

In our case, we have Bk = A k . The desired result follows from the fact that 
|| A\\ k /k\ converges for any matrix A. 

Solution to 7.9.24: Note that, if A is an invertible matrix, we have 

Ae M A~ l = e AMA ~ X 


^k,A + kg ^ gkA+ks—i 


so we may assume that M is upper-triangular. Under this assumption e M is also 
upper-triangular, and if a \ 9 . . . , a n are M’s diagonal entries, then the diagonal 
entries of e M are 

1 fflti 

V | • • • j v 


and we get 

det = ]” [ e a ' = ai — e tr ^ M \ 
/=! 


Solution to 7.9.26: It is easy to see that 

( X , Y) = tr(AT*) 

defines an inner product on the space ofnxn complex matrices, in fact, it is the 

2 

standard inner product under the identification with C” . The inequality is then 
the Cauchy-Schwarz Inequality [MH93, p. 69] for the norm. 



Solution to 7.9.27: 1 . Let A and B be n x n real matrices and k a positive integer. 
We have 


*-i 


(A + tB) k = A k +tJ2 A ‘ + 0(t 2 ) ( t -> 0) 

1=0 

where 0(t 2 ) is composed of terms with a power of t higher than 1. Hence 

lim - ((A + tB) k ~ A k ) = Y] A' BA k ~*~~ l . 
f-> 0 1 \ ' rrt 


2. We have 


lj-tr(A+tB) k 

at 


i=0 


= tr^- (A + tB) k 
*=0 dt 


/= 0 


By definition, 




(A + tBi 


(=o t-> o r V / 


Using the previous part of the problem we get 


•j- tr(A -M#)* 
at 


k- 1 Ar—l 

= tr ^ A j BA k ~ j ~' = 

' =0 7=0 7=0 


Solution to 7.9.28: 1 . Let a = — tr(M), so that tr (M — a/) = 0. Let 

n 

A = Um - M‘), S = + M') - ctl. 

z z* 

The desired conditions are then satisfied. 

2, We have 


M 2 = A 2 + S 2 + a 2 l + 2aA + 2aS + AS + SA. 

The trace of M is the sum of the traces of the seven terms on the right. We have 
tr(A) = tr(£) = 0. Also, 

tr(AS) = tr((AS)') = tr(S'A') = tr(-SA) = -tr(SA), 

so tr(AS + SA) = 0 (in fact, tr(AS) = 0 since tr(A5) = tr(5A». The desired 
equality now follows. 

Solution to 7.9.29: We must show that 0 is the only eigenvalue of A. Suppose the 
contrary. We may assume that A is in Jordan form, since the trace is preserved 
by similarity, in particular that A is upper-triangular. Let X\,...,k p be the distinct 



nonzero eigenvalues of A , each Xj repeated m> times in the diagonal of A. Then 
the nonzero entries in the diagonal of A k are X{, ...» X* , repeated mu —jn P times, 
respectively. We have 


0 = tr A k = ^ myX* , for k = 1, . . . , n . 

j = 1 

Therefore M{m\ m 2 • • • rn p ) f = 0 where the matrix M is 


But 


/ *1 X2 

X 2 
a 2 

X 3 
A 2 


*1 

*1 


\a 


& 

I 


X* 

A 2 


\ 

X 2 

J 


a ) 




det M — X 1 X 2 • • • Xp det 


X 3 
A i 


Vx{ 


1 

Ai 

Ai 


1* 

A 2 


1 \ 
s 


An } 


which is nonzero since the X’s are nonzero and the other factor is a Vandermonde 
determinant. We got a contradiction, therefore A has no nonzero eigenvalues. 


Solution to 7.930: Consider the function / defined on the unit disc by 
/ (z) = (1 4- z) l / r , and its Maclaurin expansion [MH87, p. 234] 

/ (z) = Kio c kZ k . We have / (z) r = 1+ z. Let the matrix A be defined by 

OO 

A = 

k=0 

a finite sum, because A is nilpotent. The computation of A r involves the same 
formal manipulations with power series as does the computation of f(z) r . If we 
replace z by N everywhere in the latter computation, we arrive in the end at the 
equality A r = 7 + N. 

Solution to 7.931: We will prove the equivalent result that the kernel of A is 
trivial. Let x = (x \ , . . . , x n ) { be a nonzero vector in R w . We have 

n 

Ax -x = aijXiXj 
t,j=l 

n 

= + I] a V X ‘ X j 

1=1 




So {Ax, x) ^ 0 and Ax ^ 0, therefore, the kernel of A is trivial. 
Solution to 7.932: Suppose x is in the kernel. Then 

atjXi =-X> W 

J¥* 

for each i. Let i be such that \xi\ — max* |x*j = M, say. Then 

\an\M < \ a uW x j\ < ]C 


so 

M <o. 

Since the therm inside the parenthesis is strictly positive by assumption, we must 
have M = 0, so x = 0 and A is invertible. 

Solution to 7.9.33: It will suffice to prove that ker(/ — A) is trivial. 
Let x — (jci, *2* • • • , x n y be a nonzero vector in R n , and let y = (/ — A)x. 
Pick k such that lx* j = max{|xi |x n |}. Then 

n 

Iwl = \xk - £<**,1 

j=i 

n 

> M - M 

i 

n 

>\xt\-^2\a k j\\x k \ 

7 = 1 



= 1**1 


> 0 . 


n 


i-Ew 


j = 1 


Hence, y 0, as desired. 

Solution 2. Let a < 1 be a positive number such that, for all values of i, we have 
£”=1 \atj\ ^ a. Then, 

\ a U a Jk\ = ^2 ( \ a ij\ X] l fl 7*l ) < a X] i < « 2 • 

M j \ k } j 

And so, inductively, the sum of the absolute values of the terms in one row of A n 
is bounded by a n . Thus, the entries in the infinite sum 

/ + A + A^ -j- A^ + • • • 

are all bounded by the geometric series 1 + a + a 2 H , and so are absolutely 

conveigent; thus, this sum exists and the product 

U-A)(,I+A + A 2 + ---) = I 

is valid, so that the inverse of / — A is this infinite sum. 

Solution to 7.934: 1. If A is symmetric then, by the Spectral Theorem [HK61, 
p. 335], [Str93, p. 235], there is an orthonormal basis (ei,e 2 , . . . , e n } for with 
respect to which A is diagonal: Aej = Xjej, j = 1, ...» n. Let x be any vector 

in W. We can write x = c\e\ H f- c n e n for some scalars ci ..... c n , and have 

Ax = X\c\e\ H H X n c n e n . Moreover, 

M 2 = <?! + ■■■ + (?„ 

\\Ax \\ 2 = k 2 c 2 H h 

max(*f \ 2 )(c] + ■ ■ ■ + <%) = M 2 1|*|| 2 , 


which is the desired inequality. 

2. The matrix (qq) gives a counterexample with n = 2. Its only eigenvalue is 0, 
yet it is not the zero matrix. 

Solution to 7.935: 1. Suppose As not an eigenvalue of A, so /x(A) ^ 0. Write 

Mz) = + (z - A )g(z) 

with g a polynomial of degree k ~ 1. Then 

0 = ijl{A) = A4(A)7 + (A - A I)g{A ) , 
so the polynomial fix (z) = —g(z)/fi&) has the required property. 



2. It will suffice to show that the polynomials /jl\ } , , . . , n\ k are linearly indepen- 
dent, for then they will form a basis for the vector space of polynomials of degree 
^ k — 1 , so some linear combination of them will equal the constant polyno- 
mial 1. Suppose fli, . . . , aic are complex numbers such that fly = 0. Then 
£ cij (A — Xj I)~ l = 0. Multiplying the last equality by J"[(A ~ /), we find that 

q{A) = 0, where 

k 

q(z) - 

7=1 w 

a polynomial of degree less than fc. Therefore (7 = 0. Hence, for each y, 

q(Xj) — cij | J (^ j A/) = 0 , 

iAj 

so fly = 0. This proves the desired linear independence. 
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Appendix A 

How to Get the Exams 


A.1 On-line 

Open a browser of your choice on the URL 

http : //www.booksinbytes . com/bpm 

You can then proceed to explore the set of exams or download them. You will also 
find new sets of problems and updates to the book. When this page changes, you 
can do a search on the words Berkeley Problems in Mathematics and 
you should be guided to a possible new location by one of the net search engines. 

To suggest improvements, comments, or submit a solution, you can send e-mail 
to the authors. If you are submitting a new solution, make sure you include your 
full name, so we can cite you, if you so wish. 


A.2 Off-line, the Last Resort 

Even if you do not have access to the net, you can reconstruct each of the exams 
using the following tables. This method should be used only as a last resort, since 
some of the problems have been slightly altered to uniformize notation and/or 
correct some errors in the original text. 



Spring 77 Summer 77 Fall 77 

1.4.8 7.1.8 7.6.21 

1.5.4 5.7.6 7.3.2 

5.1.5 6.11.4 7.9.25 

5.7.5 7.9.23 7.4.21 

6.12.3 5.1.2 6.13.9 

6.1.1 1.1.33 5.9.1 

7.2.12 7.6.22 5.11.24 

7.7.14 3.1.9 3.2.3 

3.2.2 7.4.28 1.1.2 

2.2.22 1.1.23 1.6.2 

5.2.6 2.2.24 3.1.3 

6.13.6 7.4.31 4.1.7 

7.9.22 5.2.5 5.3.1 

7.9.21 6.3.1 5.1.1 

5.6.31 4.1.17 2.2.25 

5.11.15 5.10.26 7.4.1 

6 . 7.1 6 . 11.10 6 . 1.2 

6.11.16 5.8.30 6.11.1 

2.2.23 6.13.7 7.5.1 

1.2.6 7.3.1 5.8.1 


Spring 79 Summer 79 Fall 79 

2.2.27 7.5.10 5.8.2 

7.8.14 6.11.20 5.4.13 

6.5.5 2.2.20 6.2.8 

4.2.5 6.2.6 6.11.13 

3.1.11 1.4.4 7.9.5 

5.8.16 5.7.8 7.5.2 

5.11.16 5.6.35 7.5.20 

7.7.13 2.1.3 1.3.13 

7.7.4 7.4.23 1.1.34 

6.11.19 3.4.2 3.4.2 

6.8.11 7.7.6 4.3.1 

6.4.11 6.13.10 4.1.20 

3.4.1 7.1.3 1.6.12 

2.2.45 6.6.4 3.2.6 

7.7.2 5.2.10 5.5.5 

5.2.9 5.2.17 5.11.21 

5.10.5 2.2.32 7.6.35 

1.6.32 7.4.11 7.9.3 

7.9.4 1.6.25 6.10.2 

1.4.25 3.2.4 6.7.3 


Spring 78 Summer 78 Fall 78 

1.6.10 6.1.3 1.2.9 

2.1.2 6.12.1 1.6.24 

5.6.9 7.9.13 2.2.44 

5.11.5 7.3.2 5.10.27 

6.11.11 5.7.2 5.7.8 

6.12.3 5.5.10 3.1.6 

2.3.1 3.1.2,1.4.11 6.4.1 

3.1.5 4.1.19 7.6.26 

7.6.23 4.1.11 7.8.13 

7.9.9 2.2.30 6.2.1 

5.10.3 5.2.7 2.2.21 

5.2.16 5.6.8 2.2.29 

3.1.4 6.11.18 2.2.31 

6.4.10 7.7.8 5.3.2 

6.11.30 7.5.19 5.4.11 

7.5.16 7.6.34 7.7.2 

2.3.2 3.3.1 6.2.14 

7.2.1 2.1.6 6.12.4 

1.5.5 1.1.26 7.6.3 

2.2.35 2.2.40 4.1.24 


Spring 80 Summer 80 Fall 80 

1.7.1 7.4.27 1.1.35 

1.6.2 7.6.15 7.7.1 

2.2.19 7.4.12 5.6.3 

5.10.8 6.2.5 6.4.2 

5.4.6 3.4.3 5.11.21 

6.4.13 5.10.10 6.9.1 

6.13.8 5.3.5 1.7.6 

7.6.20 4.1.8 6.5.1 

7.9.17 1.3.21 2.2.17 

3.1.8 2.2.11 2.2.42 

2.3.6 6.8.18 5.9.2 

7.2.18 2.2.18 6.8.3 

6.5.11 6.11.13 1.3.11 

7.6.16 7.7.5 7.7.9 

7.1.11 7.8.7 3.4.8 

2 . 2.8 1 . 6.20 7 . 9.7 

6.5.6 4.3.3 1.6.12 

3.4.19 5.8.6 5.8.3 

5.4.4 5.8.32 4.2.6 

5.3.4 3.1.9 6.1.4 








Spring 81 


Summer 81 


Fall 81 


Summer 82 


Fall 82 


2.3.7 
7.1.15 

6.9.14 

3.4.4 
6.11.31 
5.8.30 
5.11.8 
1.6.11 
7.5.25 
1.6.6 

5.10.24 

7.6.4 
1.3.19 
4.1.23 

6.10.14 
1.1.3 

7.6.36 

2.2.36 

6.1.7 

1.8.1 


Spring 83 

1.5.13 

7.2.8 

5.3.3 

6.1.5 
3.1.12 

1.2.5 

6.2.1 1 

6.13.13 

2.1.8 

5.11.5 
7.6.37 

5.6.13 
1.6.28 

6.7.8 

5.10.5 
7.8.10 
5.11.11 

7.1.3 

3.1.9 

4.1.10 


1.1.9 
6.2.7 

4.1.6 

1.5.6 

7.2.19 

4.1.25 

5.10.13 

6.11.21 

1.7.2 

7.5.20 
1.1.14 

6.9.13 

6.2.10 

1 .4.28 

7.5.7 

1.6.26 
5.5.5 


5.11.15 

3.4.11 
6.5.10 
7.9.2 

1.3.12 


1.7.8 

6.11.4 

5.8.4 
7.2.16 
2.2.47 
7.9.12 


5.9.1 

2.2.10 

3.4.12 

5.4.17 

6.4.11 


1.2.13 


Spring 82 

5.7.5 
4.1.12 
7.9.26 
2.2.28 
1 .6.22 

1.1.15 

6.7.4 

5.11.15 
7.6.23 

6.3.5 
5.8.33 
4.1.22 

7.4.2 

1.8.2 
7.1.3 
6.4.14 
1.6.21 


7.6.23 

5.11.24 

4.3.4 

6.7.5 

5.8.21 

1.4.8 
7.2.17 
6.13.12 

5.2.11 

5.1.11 

5.6.12 

6.11.21 

1.7.3 

7.8.8 
5.4.15 
7.9.21 
2.2.14 


3.1.10 

6.11.13 
5.10.2 

7.2.1 
1 .6.27 

7.5.21 

5.11.14 

6.4.8 
1.1.31 

5.1.9 

1.1.10 

7.7.6 
1.6.9 

7.4.22 

6.6.6 

3.4.2 
5.11.6 


7.7.10 

5.8.25 

3.2.6 


7.7.10 
1.1.7 

6.4.10 


5.6.35 

3.1.9 

6.11.23 


1.1.29 

7.5.7 

2.2.41 


4.3.5 

5.4.2 

6.7.3 


Summer 83 

Fall 83 

Spring 84 

Summer 84 

Fall 84 

6.13.16 

5.11.30 

1.5.23 

6.4.3 

6.2.13 

5.7.11 

6.10.3 

6.1.10 

6.11.22 

7.9.27 

7.6.25 

2.2.26 

1.4.12 

7.4.14 

1.6.1 

1.4.1 

1.3.17 | 

1.1.20 

7.5.26 

5.11.19 

1.3.18 

7.5.22 

7.5.18 

5.10.14 

3.1.15 

7.1.17 

5.8.7 

1.3.7 

5.8.26 

6.13.14 

1.5.23 

6.6.1 

5.8.8 

2.2.39 

7.2.11 

6.6.5 

7.4.24 

3.4.5 

1.5.8 

7.5.24 

5.7.12 

3.2.8 

7.3.4 

3.4.7 

5.6.36 

1.7.7 

1.5.11 

6.10.15 

4.2.8 

1.4.14 

7.6.24 

1.4.14 

7.7.10 

6.5.2 

6.8.2 

1.2.11 

5.10.1 

3.1.14 

7.1.3 

7.4.25 

7.9.11 

3.4.10 

1.4.23 

7.9.18 

1.6.7 

6.5.12 

7.6.19 

6.10.5 

7.1.10 

5.11.20,5.10.26 

5.4.3 

5.9.3 

5.6.37 

6.11.27 

3.4.9 

5.6.15 

2.2.46 

7.6.2 

1.1.16 

6.11.32 

7.6.14 

6.12.2 

1.4.24 

5.2.12 

7.6.26 

3.1.13 

2.2.34 

1.2.8 

4.3.7 

7.4.30 

5.4.5 

6.11.24 

1.4.2 

3.2.5 

5.6.17 

1 .4.27 

4.1.26 

6.7.9 

5.11.18 

1.1.17 




Spring 85 

Summer 85 

Fall 85 

1.4.3 

7.6.8 

5.11.2 

6.1.11 

1.1.25 

5.8.17 

5.1.3 

7.6.38 

6.11.29 

5.2.14 

6.4.4 

6.12.4 

6.11.28 

6.11.2 

5.8.12 

7.5.32 

5.11.21 

7.5.33 

5.11.31 

1.5.7 

3.1.16 

3.2.13 

1.6.13 

1.5.22 

1.6.29 

1.4.6 

7.8.11 

7.5.12 

5.8.16 

1.6.4 

6.12.7 

6.3.4 

6.5.4 

5.11.21 

7.2.3 

5.7.1 

5.8.18 

6.11.6 

5.4.14 

1.5.24 

6.10.3 

7.5.15 

6.11.3 

5.4.8 

1.5.9 

1.6.30 

1.2.10 

6.12.12 

1.4.13 

5.8.31 

4.3.8 

7.5.23 

3.4.2 

6.1.12 

6.12.8 

1.3.1 

7.8.9 

5.4.21 

6.12.10 

1.5.10 


Fall 87 

Spring 88 

Fall 88 

1.1.1 

1.4.19 

1.6.3 

6.13.18 

6.9.5 

1.5.16 

7.3.3 

5.6.30 


Spring 86 

Fall 86 

Spring 87 

7.4.26 

1.6.16 

4.1.16 

1.7.4 

5.1.4 

2.2.15 

5.10.15 

2.3.4 

5.6.16 

1.4.18 

5.8.22 

6.11.36 

6.9.3 

7.6.27 

1.6.31 

7.4.13 

3.1.18 

5.4.22 

3.4.13 

6.12.13 

3.2.9 

5.8.11 

1.4.22 

5.8.13 

6.4.9 

5.11.28 

7.3.4 

6.9.4 

1.1.5 

6.8.13 

5.11.1 

7.2.1 

1.4.10 

1.8.3 

4.1.15 

1.5.15 

7.5.17 

2.2.4 

2.2.26 

4.1.5 

7.8.15 

6.8.4 

7.4.16 

6.11.24 

5.6.29 

6.11.12 

3.1.19 

4.2.10 

3.4.14 

6.5.3 

3.3.3 

5.2.18 

5.10.17 

7.6.19 

6.7.2 

6.13.1 

6.12.5 

5.10.16 

1.5.12 

5.10.28 

Spring 89 

Fall 89 

Spring 90 

• 

1 .3.25 

6.7.10 

1.4.5 

7.5.3 

1.4.11 

7.6.1 


2.2.37 

7.6.6 

6.6.7 

7.5.34 
6 . 12.1 
5.10.29 

5.4.18 

7.6.17 
7.7.10 

6.2.17 

6.10.2 

5.6.23 

5.8.8 

5.9.5 

3.1.1 

4.3.2 
1.1.30 


5.6.2 

6.1.13 

7.6.13 

6.10.7 
5.10.33 

1.5.21 

5.6.18 

6.5.7 
1.4.20 

6 . 2.8 

5.4.9 

7.6.5 

7.4.17 

5.4.19 

7.6.10 

6.13.19 

1.7.5 


3.4.16 

7.6.30 

1.5.18 

1.2.14 

6.8.5 

5.8.27 
7.5.32 
6.8.12 

5.7.13 

6.11.34 

7.1.12 

6.7.6 

2.2.12 

5.10.4 
5.11.26 

4.3.6 


1.2.15 

5.8.16 

6.4.16 

7.1.13 
3.4.20 

5.4.17 

6.4.7 

7.9.14 
6.9.6 

5.10.18 

6.5.13 

2.2.9 

7.9.16 

5.8.34 

6.10.8 

2.1.4 


7.6.33 

5.4.22 

6.4.17 

4.1.13 

7.6.18 

1.5.23 
6.11.35 

1.3.5 

6.13.20 

5.7.14 

7.2.3 

4.1.18 

6.7.7 
5.8.2 

7.1.11 

1.1.27 


5.8.23 

6.10.9 

1.3.15 

7.2.14 

5.11.9 

6.2.4 
1.2.3 
6.8.6 

5.7.16 

7.5.27 

1.4.16 

7.1.14 

5.3.6 

6.13.21 
1.5.10 

5.1.7 




Fall 90 Spring 91 Fall 91 Spring 92 Fall 92 Spring 93 

1.1.18 6.8.1 6.2.8 6.3.1 7.7.1 1.3.16 

5.10.19 5.6.35 1.2.12 7.6.11 6.11.9 7.9.33 

6.10.11 6.13.22 5.10.20 5.6.25 5.8.5 5.11.7 

1.5.3 6.9.7 7.9.28 4.1.14 3.2.6 6.7.4 

7.5.35 7.2.9 1.4.16 2.2.33 6.2.19 3.2.11 

5.5.2 2.3.8 5.4.10 6.11.33 4.2.12 7.7.14 

6.4.18 5.4.20 3.4.17 6.13.15 5.10.21 1.6.22 

1.5.14 7.2.7 1.3.20 5.11.6 7.5.8 6.8.9 

7.8.4 2.1.5 6.3.6 5.8.15 5.6.20 5.8.28 

7.6.23 6.6.3 7.1.3 7.6.12 6.5.14 1.1.28 

1.2.2 1.3.22 4.2.11 5.2.19 7.8.7 7.4.29 

6.2.9 1.3.24 5.6.24 7.5.28 1.6.18 5.10.6 

5.4.13 5.11.10 7.5.30 2.3.12 5.11.9 6.9.13 

6.11.5 3.4.6 2.3.9 6.11.4 3.1.20 3.1.7 

7.4.19 6.1.8 6.11.8 6.5.8 6.4.8 6.12.1 

1.3.26 7.7.11 4.1.27 1.3.3 2.2.8 2.2.1 

6.1.6 5.6.32 2.2.16 1.1.19 5.9.4 6.4.14 

5.5.11 1.4.21 5.5.13 5.6.26 1.3.6 5.4.16 


Fall 93 Spring 94 Fall 94 Spring 95 Fall 95 Spring 96 

4.2.4 4.1.5 1.3.23 1.6.14 6.2.22 1.3.2 

6.2.17 7.9.34 7.5.11 7.6.40 5.1.10 4.1.5 

5.2.4 5.10.26 5.10.32 5.10.25 5.2.15 5.10.26 

7.2.21 6.4.19 6.2.20 6.12.19 7.7.10 5.8.10 

3.2.10 3.3.5 3.3.4 3.1.21 6.9.15 7.6.7 

6.6.4 7.7.12 7.9.31 6.10.13 3.2.7 7.3.3 

2.2.45 5.1.8 2.2.38 1.1.4 5.6.36 6.11.25 

7.6.1 6.11.17 6.12.15 7.4.6 7.9.32 6.13.17 

5.11.27 5.6.27 5.11.29 5.8.24 1.3.10 6.12.14 

1.1.13 1.5.19 2.1.1 1.6.8 6.12.5 1.1.22 

6.9.10 7.4.20 7.7.14 7.4.15 5.7.10 1.1.32 

5.10.23 5.6.28 5.2.2 5.10.31 1.5.17 2.2.43 

6.8.6 6.12.23 6.12.22 6.5.10 5.2.1 5.6.1 

3.1.3 3.4.18 1.1.12 3.3.6 6.11.7 5.6.35 

7.5.10 1.3.5 7.2.20 6.12.24 1.4.29 7.9.7 

1.6.23 1.1.21 2.3.10 4.3.4 7.7.15 7.5.22 

7.8.5 6.8.6 6.9.12 7.4.10 7.2.15 7.1.7 

5.6.34 5.9.6 5.6.21 5.3.8 1.1.36 6.6.7 




Fall 96 


Fall 97 


Spring 98 


Fall 98 


Spring 99 


Fall 96 

Spring 97 

Fall 97 

1.6.19 

1.3.21 

1.3.4 

1.2.10 

4.2.7 

1.4.4 

5.11.22 

1.5.14 

5.5.4 

5.5.12 

5.5.8 

5.11.24 

7.4.23 

5.11.33 

5.4.17 

7.7.5 

7.4.18 

7.1.16 

7.6.41 

7.5.15 

7.8.12 

6.13.11 

6.8.11 

6.4.12 

6.13.14 

6.10.4 

6.8.8 

1.1.24 

1.2.14 

1.1.8 

1.1.31 

3.2.1 

1.1.17 

5.8.8 

5.11.5 

2.1.7 

5.8.1 

5.6.30 

5.3.7 

5.4.3 

7.9.24 

5.11.13 

7.6.9 

7.2.4 

7.1.13 

7.9.20 

6.12.25 

7.7.7 

6.11.14 

7.1.5 

6.7.6 

6.8.18 

6.4.20 

6.3.7 

Fall 99 

Spring 00 

Fall 00 

7.4.3 

7.7.3 

7.4.7 

4.2.2 

4.2.9 

4.2.3 

6.10.12 

6.2.16 

6.12.27 

5.5.3 

5.8.34 

5.10.11 

2.2.40 

1.3.9 

1.4.15 

7.4.8 

7.9.35 

6.10.6 

6.8.16 

1.4.17 

1.2.4 

5.10.7 

6.9.16 

7.1.6 

3.4.15 

5.10.30 

5.6.14 

1.2.7 

4.1.28 

7.8.3 

7.6.19 

7.5.29 

4.1.9 

5.6.6 

6.2.18 

6.2.21 

6.12.11 

5.8.14 

5.7.7 

4.1.14 

7.4.33 

7.4.9 

7.9.29 

2.2.5 

1.1.6 

5.7.4 

7.7.19 

6.3.8 

6.3.3 

5.11.3 

5.6.7 

1.5.20 

6.8.19 

6.9.8 


5.8.19 

4.1.5 

4.1.11 

5.8.20 

3.3.2 

1.6.5 

4.3.8 

5.11.21 

1.4.9 

1.5.2 

5.4.12 

5.11.21 

6.10.1 

7.8.1 

5.6.19 

6.3.2 

7.4.4 

7.1.1 

7.5.16 

7.9.6 

7.5.5 

6.13.4 

6.9.1 1 

7.7.17 

7.9.10 

6.8.14 

6.1.9 

1.1.12 

1.5.1 

1.1.11 

7.8.2 

2.2.2 

1.4.26 

2.3.3 

2.3.5 

5.8.29 

5.7.3 

5.5.7 

5.2.8 

1.4.7 

5.8.35 

7.6.32 

7.8.6 

7.5.15 

7.7.18 

5.6.33 

7.5.4 

7.9.36 

7.7.16 

7.1.3 

6.12.17 

7.9.30 

6.12.16 

6.6.2 


Spring 01 

Fall 01 

Spring 02 

7.1.4 

7.6.29 

7.1.9 

1.2.5 

1.2.16 

1.2.1 

6.10.10 

6.8.20 

6.5.9 

5.11.23 

5.10.22 

5.10.9 

6.2.15 

5.8.9 

6.13.3 

7.5.31 

7.2.10 

7.4.32 

1.6.17 

2.2.13 

4.2.1 

6.8.15 

6.13.23 

6.12.26 

5.6.11 

5.5.14 

5.5.6 

7.6.28 

7.9.1 

7.6.31 

4.1.21 

1.1.37 

5.5.9 

6.5.7 

6.12.21 

6.8.10 

5.2.13 

5.6.22 

5.7.15 

3.1.17 

5.6.5 

1.3.14 

7.2.6 

7.5.13 

7.9.19 

4.1.4 

3.2.12 

1.5.25 

6.11.26 

6.12.18 

6.12.20 

5.7.9 

5.11.4 

5.11.17 




Appendix B 

Passing Scores 


The passing scores and data presented here go back to the first Preliminary 
Examination, which was held on January 1977. 


Date 

Minimum 
passing score 

# of students 
taking 

# of students 
passing 

% passing 
the exam 

Fall 

03 

63/120 

23 

13 

56.5% 

Spring 

03 

63/120 

20 

15 

75.0% 

Fall 

02 

64/120 

41 

24 

58.5% 

Spring 

02 

67/120 

28 

17 

60.1% 

Fall 

01 

65/120 

41 

22 

53.6% 

Spring 

01 

65/120 

15 

5 

33.3% 

Fall 

00 

65/120 

38 

27 

71.0% 

Spring 

00 

64/120 

11 

5 

45.4% 

Fall 

99 

64/120 

35 

25 

71.4% 

Spring 

99 

66/120 

12 

8 

66.7% 

Fall 

98 

66/120 

29 

16 

55.1% 

Spring 

98 

71/120 

15 

9 

60.0% 

Fall 

97 

64/120 

41 

28 

68.3% 

Spring 

97 

70/120 

10 

5 

50.0% 

Fall 

96 

80/120 

24 

17 

70.8% 

Spring 

96 

84/120 

17 

13 

76.5% 

Fall 

95 

64/120 

41 

19 

46.3% 

Spring 

95 

65/120 

10 

4 

40.0% 

Fall 

94 

71/120 

28 

16 

57.1% 

Spring 

94 

70/120 

11 

5 

45.5% 

Fall 

93 

79/120 

40 

28 

70.0% 

Spring 

93 

69/120 

22 

17 

77.3% 

Fall 

92 

71/120 

53 

34 

64.2% 























Date 


Minimum 

# of students 

# of students 

% passing 

passing score 

taking 

passing 

the exam 


Spring 

92 

58/120 

27 

13 

48.1% 

Fall 

91 

66/120 

66 

42 

63.6% 

Spring 

91 

60/120 

43 

21 

48.8% 

Fall 

90 

71/120 

89 

50 

562% 

Spring 

90 

68/120 

47 

24 

51.0% 

Fall 

89 

71/120 

56 

18 

32.1% 

Spring 

89 

66/120 

31 

16 

51.6% 

Fall 

88 

70/120 

44 

22 


Spring 

88 

74/140 

25 

16 

64.0% 

Fall 

87 

81/140 

29 

21 

72.4% 

Spring 

87 

73/140 

46 

31 

67.4% 

Fall 

86 

93/140 

24 

13 

54.2% 

Spring 

86 

75/140 

37 

25 

67.6% 

Fall 

85 

89/140 

23 

16 

69.6% 

Summer 

85 


16 

11 

68.8% 

Spring 

85 

97/140 

19 

12 

63.2% 

Fall 

84 

99/140 

26 

18 

69.2% 

Summer 

84 

82/140 

10 

6 

60.0% 

Spring 

84 

82/140 

35 

24 

69.0% 

Fall 

83 

92/140 

16 

11 

68.8% 

Summer 

83 

86/140 

14 

7 

50.0% 

Spring 

83 

81/140 

26 

17 

65.4% 

Fall 

82 

84/140 

15 

8 

53.0% 

Summer 

82 

88/140 

23 

17 

73.9% 

Spring 

82 

90/140 

15 

12 

80.0% 

Fall 

81 

82/140 

15 

10 

66.7% 

Summer 

81 

65/140 

21 

14 

67.0% 

Spring 

81 

106/140 

32 

24 

75.0% 

Fall 

80 

99/140 

23 

17 

74.0% 

Summer 

80 

82/140 

24 

12 

50.0% 

Spring 

80 

88/140 

30 

17 

56.7% 

Fall 

79 

84/140 

13 

7 

53.8% 

Summer 

79 

101/140 

15 

wammswm 


Spring 

79 

97/140 

23 


Et m 

Fall 

78 

90/140 

17 

12 

71.0% 

Summer 

78 

89/140 

21 

12 

57.1% 

Spring 

78 

95/140 

32 

19 

59.4% 

Fall 

77 

809140 

13 

12 


Summer 

77 

90/140 

20 

18 

90.0% 

Spring 

77 

90/140 

42 

29 

69.0% 





















Appendix C 

The Syllabus 


The syllabus is designed around a working knowledge and understanding of an 
honors undergraduate mathematics major. Any student taking the examination 
should be familiar with the material outlined below. 


Calculus 

Basic first- and second-year calculus. Derivatives of maps from R m to R" , gra- 
dient, chain rule; maxima and minima, Lagrange multipliers; line and surface 
integrals of scalar and vector functions; Gauss*, Green’s and Stokes’ theorems. 
Ordinary differential equations; explicit solutions of simple equations. 


Classical Analysis 

Point-set topology of R* and metric spaces; properties of continuous functions, 
compactness, connectedness, limit points; least upper bound property of R. Se- 
quences and series, Cauchy sequences, uniform convergence and its relation to 
derivatives and integrals; power series, radius of convergence, Weierstrass M-test; 
convergence of improper integrals. Compactness in function spaces. Inverse and 
Implicit Function Theorems and applications; the derivative as a linear map; ex- 
istence and uniqueness theorems for solutions of ordinary differential equations; 
elementary Fourier series. Texts: [Ros86], [MH93], [Bar76], [Rud87]. 



Abstract Algebra 

Elementary set theory, e.g., uncountability of E. Groups, subgroups, normal sub- 
groups, homomoiphisms, quotient groups, automorphisms, groups acting on sets, 
Sylow theorems and applications, finitely generated abelian groups. Examples: 
permutation groups, cyclic groups, dihedral groups, matrix groups. Basic prop- 
erties of rings, units, ideals, homomorphisms, quotient rings, prime and maximal 
ideals, fields of fractions, Euclidean domains, principal ideal domains and unique 
factorization domains, polynomial rings. Elementary properties of finite field ex- 
tensions and roots of polynomials, finite fields. Texts: [Lan94], [Hun96], [Her75]. 


Linear Algebra 

Matrices, linear transformations, change of basis; nullity-rank theorem. Eigen- 
values and eigenvectors; determinants, characteristic and minimal polynomials, 
Cayley-Hamilton Theorem; diagonalization and triangularization of operators; 
Jordan normal form, Rational Canonical Form; invariant subspaces and canonical 
forms; inner product spaces, hermitian and unitary operators, adjoints. Quadratic 
forms. Texts: [ND88], [HK61], [Str93]. 


Complex Analysis 

Basic properties of the complex number system. Analytic functions, conformal- 
ity, Cauchy-Riemann equations, elementary functions and their basic properties 
(rational functions, exponential function, logarithm function, trigonometric func- 
tions, roots, e.g., Vi). Cauchy’s Theorem and Cauchy’s integral formula, power 
series and Laurent series, isolation of zeros, classification of isolated singularities 
(including singularity at oo), analyticity of limit functions. Maximum Principle, 
Schwarz’s Lemma, Liouville’s Theorem, Morera’s Theorem, Argument Principle, 
Rouche’s Theorem. Basic properties of harmonic functions in the plane, connec- 
tion with analytic functions, harmonic conjugates, Mean Value Property, Maxi- 
mum Principle. Residue Theorem, evaluation of definite integrals. Mapping prop- 
erties of linear fractional transformations, conformal equivalences of the unit disc 
with itself and with the upper half-plane. Texts: [MH87], [Ahl79], [Con78]. 
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